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On a reduced-order two-track car model
including longitudinal and lateral load transfer

Alessandro Rucco, Giuseppe Notarstefano and John Hauser

Abstract—In this paper we propose a novel reduced-order
car model that captures some key features for aggressive
maneuvering of complex car vehicles. The proposed model,
called RigidCar, consists of a rigid body interacting with the
ground at four contact points (two-track car) and including
tire models and load transfer. The model does not include
suspension models, thus keeping a reasonable level of com-
plexity. Load transfer (both longitudinal and lateral) is taken
into account by explicitly imposing the holonomic constraints
and computing the reaction forces of the ground at the four
contact points. Since the vehicle interacts with the ground at
four contact points, it results to be a hyper-static structure so
that reaction forces are not uniquely determined. We use the
Principle of Least Work to get a compatibility equation and
thus resolving the indeterminateness. We provide numerical
computations validating the proposed model with respect to a
multi-body virtual prototype on an aggressive ISO lane-change
maneuver.

I. INTRODUCTION

In order to explore the dynamic capabilities of real vehi-
cles, several software tools have been developed, thus helping
engineers to understand the behavior of real vehicles [1], [2].
The basic idea is to build a virtual prototype that allows to
perform important dynamic analyses of the vehicle before
the construction of a real prototype.

Many models have been introduced in the literature to
capture the main behavior of a car vehicle [3], [4], [5]. The
two-track model is a planar rigid model that approximates the
vehicle as a rigid body with four wheels. Several versions of
this model are available in the literature with many different
levels of complexity [6], [7], [8], [9]. Suspension systems
play an important role in vehicle handling behavior by
distributing the load on the ground, and reducing vibrations
due to the contact of wheels with the ground even with
an uneven road profile. In this paper we do not model the
suspension system, and therefore we refer the reader to [10]
for an overview of the different type of suspensions. Indeed,
our main goal is to build a simplified model reproducing
the main dynamic features of the real vehicle, as well as
the longitudinal and lateral load transfer, without explicitly
modeling the suspensions. The load transfer has an important
influence on the vehicle behavior. For example, it influences
the minimum lap-time trajectory, [11]. For this reason, it is
essential to understand the influence of the force distribution.
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Due to the highly nonlinear distribution of vehicle forces
on the ground, the studies in this field have focused on
the development and analysis of models with increasingly
sophisticated suspension, see, e.g., [8]. On the other hand,
developing a simple model that still is able to take into
account this phenomenon is of key interest. Indeed, such
a model can be used in the design of handling analysis and
control toolboxes for complex vehicle models.

The contributions of the paper are as follows. First, we de-
velop reduced-order model for a two-track car vehicle, which
includes tire models and load transfer (both longitudinal
and lateral). The model does not include suspension models,
thus keeping a reasonable level of complexity. Load transfer
(both longitudinal and lateral) is taken into account by
explicitly imposing the holonomic constraints and computing
the reaction forces of the ground at the four contact points.
Since the vehicle interacts with the ground at four contact
points, it results to be a hyper-static structure so that reaction
forces are not uniquely determined. We use the Principle of
Least Work to get a compatibility equation and thus resolving
the indeterminateness.

Second, we validate the proposed car model. We proceed
as follows. We let a multi-body software generate a trajectory
for a complex car model. Such trajectory is used as desired
curve for an unconstrained Lo minimization problem. By
using a trajectory exploration strategy, based on nonlinear
optimal control techniques and continuation strategy, we
compute an optimal RigidCar trajectory. The numerical com-
putations confirm that RigidCar model captures the main
dynamic features of the full-vehicle as, in particular, the lon-
gitudinal and lateral load transfer, even thought the RigidCar
has not a suspension model.

The rest of the paper is organized as follows. In Section II
we introduce and develop the RigidCar model. In Section III
we provide numerical computations validating the RigidCar
model with respect to a highly complex multi-body model
on an aggressive trajectory.

II. RIGID CAR MODEL DEVELOPMENT

In this section we derive the car model (RigidCar) pro-
posed in the paper. The car model consists of a single rigid
body that interacts with the road at four body-fixed contact
points according to a suitable tire model.

The vehicle is geometrically symmetric about the longitu-
dinal axis, i.e. the center of mass is located at distance d from
the lateral contact points. We denote a and b the distances
of the center of mass from the front and rear contact points,
so that £ = a + b is the wheelbase.



A planar view of the rigid car model is shown in Figure 1.
In Table I we provide a list of the car symbols used in the
paper. A rigorous definition of these symbols will be given
in the following model development.

Fig. 1: RigidCar model. The figure shows the quantities used to
describe the model.

b distance between rear axle and CG m
a distance between front axle and CG m
14 wheelbase, £ = (a + b) m
d distance between lateral axle and CG m
m vehicle’s mass kg
h height of the centre of mass from the ground m
c suspension stiffness coefficient Nodim
Iy, Ips inertia’s terms (wrt z-axis and z-z plane) kg m?2
My Py longitudinal, lateral force coefficients Nodim
B side slip angle rad
g gravity acceleration m/s?
Sz, fy, f= longitudinal, lateral, normal, tire force N
T,y longitudinal, lateral position midpoint rear axle m
P car yaw angle rad
Vg, Vy longitudinal, lateral velocity CG m/s
r car yaw rate rad/s
1) front wheel steer angle rad
K longitudinal slip Nodim

TABLE I: Nomenclature

The first idea at the basis of our RigidCar model is the
following. We start from the (unconstrained) six-degree of
freedom rigid body model and then impose the four contact
point constraints in order to have an explicit expression for
the reaction forces.

The body-frame of the car is located at the midpoint of
the rear (contact points) axle with z-y-z axes oriented in a
forward-right-down fashion. We let x = [z y 2] € R3 and
R € SO(3) denote the position and orientation of the frame
with respect to a fixed spatial-frame with z-y-z axes oriented
in a north-east-down fashion. R maps vectors in the body
frame to vectors in the spatial frame so that, for instance,
the spatial angular velocity w® and the body angular velocity

w® are related by w® = Rw® and w® = RTw®. Similarly,
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x* = x+ Rx" gives the spatial coordinates of a point on the
body with body coordinates x* € R3.

The orientation R of the (unconstrained) rigid car model
can be parameterized (using Roll-Pitch-Yaw parametrization)
as follows

R=R(,0,0) = R.(Y)Ry(0) Ru () =
CypCo  CpSeSyp — SyCp  CypSeCyp + SySy,
= | SyCo SySeSp + CyCyp  SySeCy — CySy | ,
—Sp CoSy CoCyp

where ¢, 6 and v are respectively the roll, pitch and yaw
angles (we use the notation ¢y, = cos(¢), etc.). In the rest
of the paper, for brevity, we use the notation ¢ = [¢), o, 0]
The vector

I 1"

q=[z,y,%,2,0,0" = [, q

provides a valid set of generalized coordinates for dynamics
calculations. The coordinates ¢, = [z,y,]? are the reduced
unconstrained car coordinates, while q. = [z, ¢,0]T are the
constrained coordinates.

A. Tire models

Tires are one of the key components of the vehicle and
have an important impact on the performance. To capture
the complex behavior of the tires several models have been
developed in the literature [6], [12], [13]. We introduce a
general tire model, whose specific expression can be one
of those available in the literature. In particular, in the
numerical computations provided in the paper a suitable
Pacejka’s model is used (see [14] for more details). We
begin by providing some notation. We associate two indices,
i € {f,r} (front/rear) and j € {r,l} (right/left), to each
tire quantity when we want to provide an expression holding
for a generic tire. Thus, for example, we denote the generic
normal tire force f;; , meaning that we are referring to f,,
(ff1.) for the front right (left) tires and f,.., (f.;,) for the
rear right (left) ones.

The forces tangent to the road plane, f;;, and f;; , depend
on the normal tire force and on the longitudinal and lateral
tire slips. The longitudinal slip «;; is the normalized differ-
ence between the angular velocity of the driven wheel w;;,
and the angular velocity of the free-rolling w;j, = Vij.. /Tiju»
with v;;_ the contact point longitudinal velocity and 7;;, the
effective rolling radius of the tire,

Wijy ~ Wijo _ _ Yijeo — TijuwWiju

K =
Y Wijo Vijew
The lateral slip (or side-slip) 3;; is defined as tan3;; =
Vijo, [Vijer» With v;;_ - the lateral velocity.
Assumption 2.1: The forces tangent to the road plane, f;;,
and fijy, depend linearly on the normal forces f;;,, that is

fije = —fig. i, (Kij, Bij),
fij, = = fij. i, (Kiz, Bij),

where 11,5, and p;;, are the combined longitudinal and lateral
force coefficients, respectively. (|



The front forces expressed in the body frame, ffj
and ff] , are obtained by rotating the forces in the tire
frame accordlng to the steering angle 6, so that, e.g.,
ffbjz = frj.cs — [rj,Ss. Substituting the above expressions
for f, and fr,, we get

f fiz =

—Fri (gin (Rpgs Brides — wps, (R p5, Brj)ss)

= —friigi.(Kpjs Brjs 0)-
In the rest of the paper, abusing notation, we will suppress the
‘tilde” and use 55, (kf;,8fj,0) to denote fig;, (Ks;, Bfj,0).
We assume to control the longitudinal slips ;. Thus, the
control inputs of the car turn to be:

e K;j, the front/rear, right/left longitudinal slips,
« 0, the front wheel steering angle.

B. Constrained Lagrangian dynamics

Next, we develop the constrained planar model of the
rigid car that allows to include the load transfer. To describe
the motion in the plane, we derive the equations of motion
of the unconstrained system and explicitly incorporate the
constraints (rather than choosing a subset of generalized
coordinates). This allows us to have an explicit expression
for the normal (constraint) forces. The derivation follows the
idea developed for a single-track car with longitudinal load
transfer, see [15], [14].

We derive the dynamics of the unconstrained system via
the Euler-Lagrange equations. To do this, we define the
Lagrangian £ as the difference between the kinetic and
potential energies L(q, ¢) = T(q,¢)—V (g). The equations of
motion for the unconstrained system are given by the Euler-
Lagrange equations

doc” oct

dt 9q dq
where U is the set of generalized forces. Exploiting the
Euler-Lagrange equations, we get

M(q)i+ C(q,q) + G(q) = ¢))

with M(q), C(q,q) and G(q) respectively the mass matrix,
and the Coriolis and gravity vectors.

The longitudinal and lateral forces arising from the tire-
road interactions at the front and rear contact points, f =
[Frras Ferys Frias Friys Frras freys frios fr, 15, are converted
into the generalized forces U by using the principle of
virtual work, < f, vg >=< U,¢q >, where ng =
[v?rz , v?ry , vfclm , vfcly s Vpr s vlr’ry , vflm , vfly]T are the longitu-
dinal and lateral velocities at the front and rear contact points.
Computing the Jacobian matrix J;(¢) mapping ¢ to the front
and rear contact point velocities expressed in the body frame,

vbp = Jt ()¢, we get < Jp(¢)T f,¢ >=< U, ¢ >, so that

=U

U=Ji()f.
The front and rear, left and right, contact points coordi-
nates expressed in the body frame are X?T = [¢,d,0]7T,
X} = [, —d,0]", = [0,d,0]” and x%, = [0,—d,0]T

The coordinates in the spatial frame, respectively x;;, =
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[:Eijv Yijs Zij

S]T

arex]

in the spatial frame are

vS, =%+ Ruw’ X X;j

¥

b
where X;; i
vector ¢, s
are

Thus,

b

RT Ab

the Jacobian mapping

= x+ Rx?

Zj’

—X—Rx xwl =x—

T (@) = Jup

so that the velocities

R}, J0(0)0,

()4 -

ties to the four contact points velocities,

is the skew-symmetric matrix associated to the
while the velocities expressed in the body frame

the generalized veloci-

Ji(9) =

[J b va R va s va I AT A va R va ]T, turns to
ro Ufry’  Ufla’ VfLy Vet Uyt T r Ty
be
Jf(¢) = [ Jfl (d)) ‘ sz (ql)) =
i CyCo SyCo —dcocy | —so 0 dsy ]
CpS0Se — SyCp SySaSe + Cycy  legcy | cos, 0 —Lsy,
CyCo Sy Co dcocy, | —s9 0 —ds,
CpS0Se — SyCp SySaSe + cycy  legcy |cos, 0 —Lsy,
CyCo Sy Co —dcocy | —so 0 dsy,
CyS6Sp — SyCp  SypSeSy + CyCy 0 c9se, 00
CoCy Sy Co dcocy, | —s9 0 —ds,
LCyS6Sp — SyCp  SS0Se + CyCyp 0 c9se, 0 0 |

Next, we constrain the contact points to the road plane
in order to compute the normal tire forces as the reaction
forces with opposite sign. We impose the constraint that
the contact points have zero velocity along the z axis. The
velocity constraints are given by

Z.'ij == Gg(RTX

— %0, J 0 (9)d) =

where e3 = [0,0,1]7,

v

(@)d

and z;; is the vertical position of the

iJz

=0,

contact point ¢5 expressed in the body frame. The constraints
may be written in the form A(q)¢ = 0, where

T
A@) = [Ty, (@) g, (@) Ty () Ty, (@) ]
= [ Ai(®) | A2(9) | =
CypSoCotsySy SyseCe—Cyse —dsp—Lepsylcoc, d - —Ley
CypsoCotsysy SyseCe—CySp  dse—Lcos, |coc, —d —le,
CpSoCo T SySp  SpSeCe —CySe —dsg cocy d 0
CpS6Cy T 8ySp  SpSeCe—CySe dso cocp —d 0
2)

From the principle of virtual work, we get the vector of
constraint generalized forces, U,, in terms of normal contact-
point forces, A = [—ffr. —fri. — frr. —fri.]T € R* as

U. = —AT ()N

Moreover, for the Assumption 2.1, the forces f depend
linearly on the reaction forces, that is f = F'(u;;)A, for a
suitable F'(p;;). Then we can rewrite the generalized forces,
U, in terms of reaction forces, that is U = Jf(q)F(uij)A.

Hence the constrained equations of motion can be written
as

M(q)i+ C(g,4) + G(q) = J} (@) F (nij)A — AT (g)A
A(q)j+ A(q)q =0,
where M, C, G and A are the one introduced in (1) and (2).



Enforcing the constraints q.(t) = ¢.(t) = §.(t) =0, Vt €
R, the second equation becomes an identity, while the first
equations becomes

i) a5} [ s L
+Gn i)+ &)= o)

so that we can rewrite the dynamics of the constrained system
in terms of the unconstrained coordinates ¢, = [z,y,%]” and
the reaction forces A as

Mii(qr) JF, (@) F (pij) ][ v + C1(qr, Gr) + Gi(gr)| _ |0
MQl(q’r) Ag A CQ(qr,(jr) GQ(q'r) O ’
3)
where
m 0 —mbsy,
Mii(gr) = 0 m mbey, ,
—mbsy  mbey, I.. + mb?

0 0 0
M (qr) = | —mhsy  mhey Iz +mbh |
—mhcy —mhsy 0

—mbcwzf

Ci(qr,Gr)= [ —mbsy? |, Ca(qr,Gr)=
0

0
(I + mhb)y)?

0
Gl(qr) = l 8

—myg
5 G2 (qT) = 0
mgb

Since the dynamics does not depend on the positions x
and y, and the orientation 1, we can work directly with the
longitudinal velocity v,, the lateral velocity v,, and the yaw
rate r 1= 1/1 To do this, note that, defining ¢, = [v, vy, r]7,

Vg — VyT
Uy + VgT
72

QT = Rz(w)(h and ijr = Rz(d))

Expressing the dynamics in the body frame, equation (3)

becomes
Mt Maa(pij) || Go Ci(qv) Gi|_|0
Mo Moo A + Ca(qw) + Go| (O] S
where
(m 0 0
Mip=|0 m mb ,
[0 mb L.+mb
[ = —sL, LT
Mz = —Hfr, —Hfl, —Hrry,  —frly |,
| dpigre — Ligr,  —Lpp, —dpgr,  dper,  —dpiey |
0 0 0 1 1 1 17
Mo =| 0 mh L.tmbh|, Mas= | d —d d —d|,
—mh 0 0 0 00 0
[—mu,r — mbr? 0
C1 (qv): MUzT ,Ca (qv): mhugr )
mbugr mhvyr + (Io= + mhb)r?|

oo O

|

—myg
‘|’ g2 - [ 0
mgb
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The expression of the reaction forces, A, cannot be univo-
cally obtained by equation (4), since Moy € R3*%. This is
due to the hyper-static nature of the contact point constraints.
Next, we show how to develop a model that depends on a
set of parameters related to the suspensions, but keeps the
same level of complexity. In order to develop such a model
we apply the Principle of Least Work to recover the reaction
forces in a hyper-static structure (see [16] for more details).

We proceed as follows. We assume that the contact
between the four contact points and the ground happens
according to a strain model, as shown in Figure 2, and
assume that the car structure is rigid. Then, we compute the
total strain energy of the car due to the reaction forces at the
four contact points, and minimize this energy.

Fig. 2: Representation of the normal forces acting on the RigidCar
model.

To do that, we derive explicitly three reaction forces as
function of a fourth unknown. We choose f,;. as unknown.
From equation (4), we have
-1

fer. 1 1 1
fr, | =—1| d —d d
frr. — —0 0
1
M21q.'u + CQ + g2 - —d f'rlz
0

Then, the total strain energy is given by

E= Y seufh..
i€{f,r}
je{rl}
where c;; are coefficients that include material properties
such as the Young’s modulus. Therefore, for the Principle of
Least Work, the reaction force f,;, is the one that minimize
the strain energy:

OE(fri.) _ S e fs Ofig.(fri.) _

6.f7"lz ie{for} 8frlz
Je{rl}
Since
a ffrz -1
= | fr. | = 1 |,
o | . 1
we have

_Cfrffrz + Cflfflz + Crrf’rrz - Crlf'rlZ =0. (5)



m 0 0 Kfra Wil Lorry, riy, Vg —muyr — mbr? 0 0
0 m mb Hfry, KfL, ey, oty Uy MULT 0 0

0 mb L.+mb® Llugr, —dppe, Cug, +dup,  —dper,  dir, 7 mbu,r 0 0

0 0 0 — -1 -1 -1 Fre. |+ 0 + —mg|=|0
0 mh I, +mbh —d d —d d fri. mhugr 0 0
-mh 0 0 14 L 0 0 e mhvyr + (I + mbh)r? mgb 0
0 0 0 -1 1 1 -1 Jri. 0 0 0
(6)

This equation, known as compatibility equation, enables
the explicit derivation of four reaction forces due the static
load distribution, and the longitudinal and lateral load trans-
fer. Note that the compatibility equation introduces four
strain parameters which may affect the behavior of the
model. How to choose the four strain parameters in an
appropriate way, however, goes beyond the scope of this
work where the aim has been to expose the mathematical
ideas underlying the development of the car model.

Note that by setting ¢;; = 1, Vi € {f,r},j € {r,1}, the
compatibility equation (5) gives us the least squares solution
to

Ma A = —(M21Gy + Ca + Ga).
In this case, the normal forces are given by

B mgb — mhiy + mhoyr + (I, + mbh)r?
B 20
mhy + (Iy. + mbh)r + mhv,r
+ d
B mgb — mhiy + mhoyr + (Iy, + mbh)r?
N 20
B mhoy + (Iy. + mbh)r + mhv,r
d
_ mga+ mhiy — mhvyr — (I, + mbh)r?
20
mhoy + (Iy. + mbh)r + mhv,r
+ d
~ mga+ mhiy — mhvyr — (I, + mbh)r?
N 20
B mhiy + (Iy. + mbh)r + mhv,r
d

ffrz

fri.

frrz -

frlz

To sum up, the dynamics of the constrained system is
given by Equation (6). For sake of space, we omit the
dependence of yi;;, and Hij, from k;j, Bi;, and 0.

III. MODEL VALIDATION ON AGGRESSIVE TRAJECTORIES

In this section we validate the RigidCar model on an
aggressive trajectory with respect to a complex multi-body
model. First, we briefly describe the optimal control based
strategies used to compute aggressive trajectories of the
RigidCar model.

A. Exploration strategy

In order to find a RigidCar trajectory minimizing a suitable
distance from a complex model trajectory we pose an optimal
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control problem defined as
T

1
min o ; Hx(T)—Xd(T)||2Q + Jlu(r) —ua(7) | dr

1 7
f 2@ —xayp,

subj.to & = f(z,u) x(0) = w0,

where (), R and P; are positive definite weighting ma-
trices, for 2 € R™ and W € R™" ||z||3, 2TW2,
and &g := (x4(-),uq(-)) is a desired curve. In our model
validation set-up the desired state-input curve is (part of)
a trajectory of the complex vehicle model, but it is not
a trajectory of the RigidCar model. In particular, in the
numerical computations we acquire the desired curve from
a multi-body tool (Adams/Car).

Several techniques are available to solve optimal control
problems. We use the PRojection Operator based Newton
method for Trajectory Optimization (PRONTO) developed
in [17]. However, the optimal control problem that we
want to solve is an optimization problem in the infinite
dimensional space of state-input curves subject to highly
nonlinear dynamics. This means that the solution is highly
influenced by the desired curve and by the initial trajectory.
For this reason, we use an exploration strategy, developed in
[14], combining the PRONTO algorithm with morphing and
continuation ideas. We refer the reader to [14] for a detailed
discussion on the exploration strategy.

Note that the exploration strategy guarantees the conver-
gence to a local minimum of the optimal control problem in
(7). This is due to the convergence of the PRONTO method
and by continuity of the optimal control problem with respect
to parameters.

B. Numerical computations: 1SO lane change maneuver

We compute the RigidCar trajectory for a ISO lane change
maneuver. The car model parameters are based on a four-
wheeled vehicle of ADAMS/Car tools and are given in [14].
At the beginning the vehicle is at the center of the track, with
initial longitudinal speed to v,q = 100[km/h] (27.78[m/s]).
The vehicle is driven from the initial lane to another parallel
lane and back again to the original lane (lane offset 3.5[m]).
The comparison between the RigidCar trajectory and the
Adams one is shown in Figure 3.

From the numerical computation we observe a good posi-
tion tracking: the maximum displacement error with respect
to the desired position is less than 0.2[m]. In Figure 3b
we show the lateral acceleration profile of the RigidCar
model versus the Adams vehicle one. We highlight how the



= @ o
8 E= E
< >x 26 >>
v 2 T s 0 0 o p : s 0 W0 08y 2 ;I s 0 0
time [s] time [s] time [s]
(a) ISO Lane Change maneuver. (b) Lateral acceleration ajq;. (c) Longitudinal velocity vg. (d) Lateral velocity v,,.
oy - } B P
I " i
5000 !
0 o0 .
= = z = s
=" S S = o
3000 3000 3500
2000 !
time [s] time [s] time [s] time [s]
(e) Wheel load fy,., . (f) Wheel load fyi,. (2) Wheel load frr, . (h) Wheel load f,, .

Fig. 3: Aggressive lane change maneuver. In subplot (a) a snapshot of the ISO lane change maneuver is shown. In (b) the optimal RigidCar
lateral acceleration (solid line) and the Adams lateral acceleration (dash line) are shown. Temporary optimal RigidCar trajectories are in
light dot lines. In (c) and (d) longitudinal and lateral velocity profiles of RigidCar and Adams are compared. In (e)-(f)-(g)-(h) the normal
foces fi;, at the four contact points are shown.
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