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On distributed cluster consensus for multiple double-integrator agents

Jiahu Qin', Changbin Yu?, and Brian D. O. Anderson?

Abstract— This paper investigates the consensus for multiple
interacting clusters of double-integrator agents under two
different frameworks, viz, the framework that all agents share
the same position and velocity interaction topology and the
framework that the position and velocity topologies are modeled
by totally independent graphs. Different cluster consensus
algorithms are designed and analyzed accordingly. A consistent
structural result is shown for both frameworks that cluster
consensus can be reached if the interaction topologies satisfy
some connectivity assumptions and further, compared to the
interactions among different clusters, the interactions within
each cluster are sufficiently strong. Some lower bounds for such
strengths are specified as well.

I. INTRODUCTION

The (complete) consensus/synchronization problem, as
one of the central and fundamental problems in multi-
agent coordination, has attracted great attention in different
disciplines of science and engineering in the last decade,
see, e.g., [2], [7], [9], [10]. In the networks of agents, the
aim of “consensus” is to reach an agreement regarding the
state of all agents. However, a real-world complex network
may be composed of multiple smaller subnetworks, e.g.,
communities of natural oscillators are usually composed
of interacting sub-populations [12], and such a network in
general exhibits more abundant scenarios than just consensus
or synchronization. Also, in multi-agent systems, several
different clusters of agents may merge into a bigger one due
to certain cooperation task while the agents within the same
clusters are still required to achieve the state agreement. Such
a problem, termed group/cluster consensus/synchronization
has received increasing over the past few years [13]-[16].
A basic question which is still not fully addressed is that
under what conditions each cluster of agents can keep
their consensus/synchronization behavior in the presence of
interaction between different clusters.

Cluster synchronization with the presence of negative
couplings among different clusters for coupled oscillators
is considered in [13] via a pinning control techniques. The
general idea used therein to realize the desired cluster pattern
is that the positively weighted interactions/couplings among
the nodes functioned as a synchronizing scheme while the
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interactions among nodes from different clusters which are
negatively weighted serve as an inhibitory mechanism to
desynchronize such nodes. This idea is later applied to
the classical complete consensus model of single-integrator
agent [4], [7] to consider the group consensus I of ho-
mogeneous multi-agent systems, see, e.g., [15], [16]. Some
necessary and/or sufficient conditions in terms of a series
of linear matrix inequalities (LMIs) for guaranteeing the
group consensus are proposed in [15], [16]; note though
that the feasibility of such LMIs may be difficult to check.
Very recently, this scheme was revisited in [14] for single-
integrator agents, where an algebraic condition of much
simpler form is proposed to guarantee the cluster consensus.
However, such an algebraic condition still cannot specify the
conditions on the interaction topology and strengths of the
interactions under which group consensus can be reached.
Current works concerning group/cluster consensus problem
is still far from complete.

As a separate issue, (complete) consensus of multiple
agents with double-integrator dynamics has also received
much attention recently, due to its ability to model a broader
class of complicated dynamical agents in real applications.
For example, unmanned aerial vehicles and underwater ve-
hicles are adjusted for their desired motion by their ac-
celerations instead of directly by their speeds. To date, a
number of attempts have been made towards the design and
analysis of consensus for double-integrator agents, see, e.g.,
[8], [10]. But there are very few results reported investigating
the clustering scenarios for multiple agents with double-
integrator dynamics.

This gap is essentially the motivation of this paper, which
aims to consider the cluster consensus for a group of N
double-integrator agents moving in R"™ with each agent
dynamics taking in the following form:

T; = v;, i]i:uivievz{vaa"'aN}v (D

where x; € R™ is the position state, v; € R™ is the velocity
state, and u; € R™ is the distributed control input (or called
algorithm) of agent ¢, under two different frameworks, viz,
the leaderless case that position and velocity interactions

ITo clarify the difference between group and cluster consensus, through-
out the paper, by group consensus is meant that for any initial states of
the agents, all the agents within the same cluster finally reach complete
consensus, while there may or may not be consensus between different
clusters, depending on the initial values of the agents [14], [16]. If for
some given initial states, not only all the agents within the same cluster
reach complete consensus, but also there is no consensus between any two
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among agents share the same topology and the leader-
following case that position and velocity interaction topology
are modeled by independent graphs. Two different cluster
consensus algorithms are designed and analyzed accordingly.
Similarly to [13], [16], we also employ the idea of negatively
weighted interactions among different clusters to help design
the cluster algorithms.

Differently from the convergence analysis in [15], [16],
this paper presents not only the convergence analysis but
also the design of appropriate weights for the interactions
within each cluster to guarantee the cluster consensus and
finally comes out with a structural conclusion that complete
consensus for each cluster can be realized if the interaction
topologies satisfy some connectivity assumptions while at
the same time, compared to the interactions among different
clusters, the interactions within the clusters are sufficiently
strong. Some lower bounds of such strengths, in terms of
the weights of the interactions, are also analyzed. Some
simulations examples are also provided to illustrate the
theoretical findings.

Notations: Let ||z|| denote the Euclidean norm of a finite
dimensional vector x. Denote by I,, the identity matrix and
by 0,x» the zero matrix in € R"*", Let 1,, (0,,) be the
column vector with all entries equal to 1 (0). When the
subscripts m and n are dropped, the dimensions of these
vectors and matrices are assumed to be compatible with the
context. Let diag{=1,...,Z,} denote the block diagonal
matrix with the i-th main diagonal block being square matrix
Eir Amin (M) and Ajpq. (M) denote respectively the smallest
and largest eigenvalues of a symmetric matrix M, and
A2(M) denotes the second smallest eigenvalue of M if M
is a symmetric matrix. ® denotes the Kronecker product.

II. BACKGROUND AND PRELIMINARIES

For a group of N agents in R", the interactions among
agents can be modeled by a weighted directed graph (di-
graph) or undirected graph. Let G = (V, ¢, A) be a weighted
graph consisting of a node set V ={1,2,...,N}, a set
of edges ¢ CV xV, and a weighted adjacency matrix
A =[a;;] € RV*N which is defined as a;; # 0 if (j,i) € ¢
and a;; = 0 otherwise. Moreover, we assume a;; = 0 for all
i € V. The Laplacian matrix L = [l;;] of a weighted graph
is defined by

Lij :{ Bt J=i
i

Note that since there may exist negative element in A, the

property for the standard L associated with non-negatively

weighted graph does not apply here. However, there still

holds the fact that L1 = 0.

A digraph has a directed spanning tree if there exists at
least one node, called the root, having a directed path to all
of the other nodes. An undirected graph is connected if there
is an undirected path between every pair of distinct nodes.

Let Vi,...,V, denote the node sets of the g (¢ > 1)
interacting clusters of agents (U7_,V, = V). For i € V, let
1 denote the subscript of the subset to which the integer i

_aij

belongs, i.e. © € V;. Let G denote the underlying topology
of cluster Vo, £ = 1,..., ¢, i.e., Vo = V(Gy). Further, without
loss of generality, assume the number of agents in a cluster,
say V(Gy), is ng, 1 < £ < q, and the n, agents in V(G,) are
respectively indexed as Zf;é n; +1,...,375_gn;, where
ng =0 =ny +---+ngy).

When investigating the group consensus for single-
integrator agents, the following algorithm [14], [16] is con-
sidered

wi(t) =Y ag (1) —wi(t) + Y agz(t). ()
JEV; JEV=V;
Apparently, to guarantee the group consensus, the following
group consensus manifold

S(n) = {[z1,....an]" 12 = 2;,Vi=j}

should be invariant through Eq. (2), which leads to the
following condition.
Assumption 1:

Y oay=0, Vi=1,...,N, i€ V\V(G)), {=1,...,q.
JEV(Gy)

Algorithm (2) will be extended in the paper to deal with
the double-integrator case and the above condition will be
imposed throughout the paper to help design and analyze the
group/cluster consensus algorithm as well. Note that in terms
of the Laplacian matrix, the in-degree balanced condition

is equivalent to the condition that each row sum of L
L1 . Lig

ijs

i # 7, in matrix L = is zero. From the

L ... L
definition of the Laplacianqunatrix, it follows that each L;; is
the Laplacian matrix of G, the underlying graph of cluster
V;, and moreover, it is symmetric positive semi-definite if
G; is undirected.

For future reference, we record the following result.

Lemma 1: (cf. [9]) Assume L is a Laplacian matrix of a
non-negatively weighted connected undirected graph of order
N. Let x = [2T, 28, ... 2%]T € R*™Y, where 2; € R",
i =1,...,N, be any column vector satisfying vazl x; =
0., x1. Then for any symmetric positive-semidefinite matrix
B € R™*™ one has

2 (L ® B)x > X\o(L)x" (Iy ® B)z,

3 T
where A\z(L) = ming 4o 17,=0 %

III. SAME POSITION AND VELOCITY GRAPH
TOPOLOGIES WITH NO LEADERS

In this section, by cluster consensus we mean that a group
of agents will finally evolve into different clusters, in which
the agents within the same cluster reach both the position and
velocity consensus while there is no consensus of position
trajectories among different clusters.

Definition 1: For any given initial states xz(0) =
[21(0),...,2%(0)]T and v(0) = [v](0), ..., v\ (0)]", cluster
consensus for the interacting ¢ clusters of agents is said to
be achieved by employing algorithm wu; for each agent ¢ if
the states of the agents satisfy lim;_. ||z;(t) — z;(¢)| =
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0 and limy . ||v;(t) — vj(¢)| = 0 when ¢ = j, while
limsup,_, . |[|i(t) — z;(¢)|| > 0 when i # j. The veloc-
ities of agents from different clusters may or may not be
consistent, depending on the initial velocities of the agents.

group consensus for the interacting ¢ clusters of agents
is said to be achieved by employing algorithm wu; for each

agent ¢ if, for any initial states of the agents, there hold
limy— oo [|i(t) —2;(t)[| = 0 and limy . [|vi(t)—v; (¢)[| = 0,
Vi =3j.

For each agent ¢, the following cluster consensus algorithm
will be considered:

t) = iy [(w(t) = 2a(t)) + (v () — vi(t))]
jev;
+ Z aij (z;(t) +yv;(t))
JEV-V;

where v > 0 is the velocity coupling gain; a;; > 0 if i = j
and a;; € R otherwise. Under Assumption 1, the consensus
algorithm can be rewritten as

N
=2 ai (@ ()

We are interesting in studying when for such a law
group/cluster consensus is achieved.

Theorem 1: Assume the interaction topology G is undi-
rected and G, the underlying topology of cluster V;, i =
1,...,q, is connected and the interactions between different
clusters satisfy Assumption 1. If

i(t)) +7(v; (1) —wi(®))] . (3)

Xo(Lai)pny oo Lig
P = : > 0,

Lg: )\Z(LQQ)I"Lq

then group consensus for all the agents can be reached by
employing algorithm (3) for any v > 0.

If & > 0 does not hold, scaling the weights of edges
among the agents within the same cluster, say G;, with a

scalar parameter ¢;, ¢ = 1,...,q, such that
0 Liz -+ Lig
L21 0 L2q
_>\min .
L.ql L;;z 0 .
cp > , 1=1,...,q,

A2 (Lii)
“4)
then group consensus for all the agents can be reached by
employing algorithm (3) for any v > 0.

Furthermore, for both cases, v;(t) — - 2kev(c,) vk(0)

and x;(t) — (ni 2 ohev(Gs) vk(())) t+ ni kev(a,) Tr(0),
i=1,...,N,ast — oo. Finally, cluster consensus for all the
agents can be reached if the initial states are chosen such that
either n%/ ZkEV(G{) z(0) with ¢ = 1,: ..,q, are not equal
to each other or ;=37 oy, vk(0) with £ =1,...,q, are
not equal to each other.
Proof: Let Z;(t) = x;(t) — ni ZkeV(G ) Tr(t), vi(t) =
,N, and x(t) =

— 75 Zkev(ay Uk(t), i =
SO V() = [01 (), - .. aUN(t)]T-

It is not difficult to observe from Assumption 1 together
with the condition that G is undirected that both the row
sums and column sums of each L;;, i,j = 1,...,q, are
zeros, which yields straightforwardly that

On the other hand, it follows from the definition of
Laplacian matrix and Assumption 1 that

N
Y ai(s(t) — wi(h))
j=1
q
=— Z Z Lija;(t)
(=1 jeV(Gy)
i 1
= - Z lzy €L (t) - 7,7 Z xk(t)
=1 jeV(Gy) ¢ keV(Gy)
1
+— Z 2y (t)
Ny &
€V(Gy)
N P
== Lz =Y || Do b x
j=1 =1 | \jeV(Gy)
1
" Z (1)
‘ revice)
N
= ai;(#;(t) — z:(1))
j=1

This in turn yields the following compact system dynamics

= (1)

x(t)
{vw:—@®amm ©)

—v(L®l,)v(t)

Notice that for x(t), since >,y .y Zi(t) = 0, it follows
from Lemma 1 that

X' (t)(L @ 1,)x(t)
=x"(t) (diag{L11,. .., Lgq} ® L) X(t)

+ %7 (t) (L — diag{L1, ..., Lgo}) ® L) x(t)
>x"(t) (diag{X2(L11)Iny, - - s A2(Lgg) In, } ® 1)) X(t)
+xT(t) [(L — diag{L11,. .., Ly}) ® L] %(t)
=x"(t) (® @ I,) %(t) > 0, Vx(t) # 0.

Similarly, for v(¢) we have
V(L @ I,)v(t) > v (t) (@ ® I,) v(t)

since } ey Vilt) = 0 as well.
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Since @ > 0, consider the following Lyapunov function
candidate for system (5):

1
V(t) :§>‘<T(L ® I,,)x(t)
1
> 5% (D@ 1)x(1)
Differentiating V' (¢) along (5) gives

V(t)=—v"(t) (L® L) v(t)
< =¥ () (@ ® I,)v(t) <0. (6)

Let S = {(%(t),¥(t)) : V(t) = 0}. From inequality (6),
we know that V() = 0 implies that ¥(t) = 0, and thus
¥(t) = 0. It then follows (5) that (L ® I,,)%(t) = 0, and
thus 0 < xT(#) (P ® ,)%(t) < XT(t) (L® I,)%x(t) = 0,
which in turn implies that X(¢) = 0. As a result, invoking
the Lasalle’s Invariance Principle [6] yields that Z;(t) — 0
and v;(t) — 0, Vi = 1,...,N as t — oo. This completes
the proof for the first statement.

As to the second statement, after scaling the weights of
the edges within each cluster as that described in the first
statement of the theorem, L and ® corresponds respectively
to the following forms

c1lir - Lig
L' = l : : 1
L;21 qu'/qq
and
e (Lin)n, - L,
P = : . :
L;Il CqAZ(qu)Iqu

To guarantee that o > 0, it suffices to choose ¢; such that

)\min (diag{q /\2 (Lll)lnl yee ,Cq)\Q(qu)Inq})
0 Li2 -+ Lig
L2y 0 <o Lag
+Anin > 0,
Ly Ly - 0

which can be guaranteed if ¢; satisfies the condition in (4).

The consensus value can be computed by noting that
ni > kev(a,) Ok(t) = 0 and further, ni Ykev(a;) Tr(t) =
% ZkeV(G;) v (0). |

Remark 1: Note that in the above proof, the condition that
2iev(G;) Li(t) = 0 is crucial in constructing the proposed
Lyapunov function V'(t) since, in general, V'(¢) is only
positive semi-definite.

IV. INDEPENDENT POSITION AND VELOCITY
TOPOLOGIES WITH MULTIPLE LEADERS OF CONSTANT
VELOCITY

In this section, we will consider the scenario that a
group of N agents (termed follower agents in what follows)
will finally evolve into different clusters, (see Definition
2 below for the details), where there is no consensus of
position trajectories among different clusters, but all the
agents asymptotically move with the same velocity due
to the existence of leader agents with the same constant

velocity v, for every cluster. Moreover, considering in real
applications, some interactions among agents may be used
while the others may be neglected in order to optimize the
coordination behavior or reduce the computational complex-
ity, it is assumed that the graphs modeling respectively the
position and velocity interactions among agents are totally
independent (see, e.g., [11] for a flocking algorithm example
where different position and velocity graph neighbors are
required to achieve collision avoidance and cohesion as well
as the velocity alignment).

Consider the ¢ leader agents evolving according to the
following dynamics

$0(t) = vr, 84(0) = sf;, (=1,...,q,

where s/ is the initial position state of leader /.
The following is the definition of cluster and group con-
sensus for all the follower agents in the presence of leader

agents.
Definition 2: For any given initial states xz(0) =
[2T(0),...,25(0)]T and v(0) = [v](0),...,vL (0)], cluster

consensus for the interacting ¢ clusters of follower agents
is said to be achieved by employing algorithm u; for each
agent ¢ if the position states of the follower agents satisfy
limy—, oo [|l2i(t) — s;(¢)| = 0 and limsup,_ . |lz:(t) —
x;(t)|| > 0 if ¢ # j; and the velocity states of the follower
agents satisfy lim; o ||v;(t) — v, (t)]| =0, Vi, 5 € V.

group consensus for the interacting q clusters of follower
agents is said to be achieved by employing algorithm u; for
each agent i if, for any initial states of the follower agents, the
position states of the follower agents satisfy lim;_. . ||z;(t)—
s; ()|l = 0 and the velocity states of the follower agents
satisfy lim; o [|v;(t) — v (2)|| = 0, Vi, j € V.

To realize the desired cluster pattern, it is assumed that
the leaders are moving from different initial positions which
will ensure that lim sup,_, . ||s;(¢t) — s;(¢)|| > 0, Vi # j.

In what follows, G? = (V,eP, A? = [a;;]) and G¥ =
(V,e¥, AY = [b;;]) are employed to represent respectively
the position and velocity interaction topologies of all the N
follower agents, where G is non-negatively weighted while
GP may have negatively weighted edges between agents from
different clusters, i.e., b;; > 0; a;; > 0 if ¢ = j while
ai; € Rif i # j. The Laplacian matrices of G? and GV are
denoted by LP and LV respectively. Further, N = {j € V :
a;j #0} and NV = {j € V : b;; > 0} denote the position
neighbor set and velocity neighbor set of agent ¢ in GP and
G", respectively. G? is undirected and G is directed in this
section. Denote by G”, i =1, ..., p, the underlying position
topology of cluster V.

The nonnegative numbers d;, i = 1,..., N, are used to
specify the accessibility of leader agents’ velocity to the
follower agents in V), i.e., d; > 0 if the follower agent @
can receive the velocity state information of leader agent 7
and otherwise d; = 0. Let G denote the digraph consisting
of G, the ¢ leader agents and the directed edges from these
leader agents to the follower agents in V which have access
to their velocity information v,. Suppose that the initially
given G has a united directed spanning tree (i.e., for each
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of the NV followers, there exists at least one leader agent that
has a directed path in G”) to the follower agent.
Differently from GV, let GV denote the digraph consisting
of G, the sole velocity leader v, and the directed edges from
this leader to the follower agents in G* which have access
to its velocity information. Since all the leader agents are
with the same velocity v, then saying that GV has a united
directed spanning tree is equivalent to saying that GV has a
directed spanning tree. This can be observed by contracting
all the leader agents in GV into one node while keeping all
the edges in GV unchanged, which will come out with graph
Gv. See, for example, Figure 4 in the simulation section.
If G¥ has a directed spanning tree and the velocity leader

v, 1s indexed as agent 0, it is not difficult to derive that the

. . Ny 0 0 v
Laplacian matrix of GV is LIDU v +Dv}, where DV =

diag{di,...,dn}. Then, from [9] we know there must exist
a diagonal positive-definite matrix = such that

E,=Z(L"+ D")+ (L"+ D")T= > 0. (7)

Let = = diag{n1,...,nn}, where n; >0,i=1,..., N.
Remark 2: Details about how to find such a matrix = can
be found in the proof for Theorem 1 in [9] .
Now the distributed cluster consensus algorithm is de-
signed as

wi(t) =n; ' | Y ai((t) — 2i(t) + €(si(t) — 24(t)
+ > by(vs(t) = vi®) + divr = vi(1)), @)

JENY

where ¢; > 0 if agent ¢ can receive the position state
information of leader i and otherwise ¢; = 0; 1; > 0 is
as that designed above.

Let D? = diag{e,...,exn}. Further, denote by G%, ¢ =
1,...,q, the graph consisting of G, the leader agent ¢, and
the edges from this leader agent to those follower agents in
cluster V, which have access to its position information sy(t)
(see the graph topology in Figure 3 for example). Now we
have

Theorem 2: Assume the the position interaction topology
GP is undirected and C_v‘f ,i=1,...,q, is weakly connected
and the position state interactions between different clusters
satisfy Assumption 1; assume that G has a united directed
spanning tree. Then there holds:

(a) If LP + DP > 0, cluster consensus can be reached for
any initial states of the follower agents;

Ly -+ Ly

(b) If LP + DP = > 0 does not hold,

L;zl e I‘qq
scaling the weights of position state interactions among the
follower agents within same cluster as well as their leader
agent, say V (G}) = V, U {leader agent (} (i.e., scale the

weights a;; and ¢; for any i,j € V satisfying i = j = 0),

with a scalar parameter ¢, such that

0 Liz -+ Lig
Loy 0 e qu
_/\min .
Ly Ly - 0
Cp > = ) {= 17 <4,
Amin(Liz)

then cluster consensus can be reached for any initial states
of the follower agents.

Remark 3: Obviously, Theorem 2 shows also that group
consensus can be reached for all the NV follower agents.

Fig. 1. Same position and velocity interaction topologies
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‘ |
i
|
|
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Fig. 2. Agents reach cluster consensus under algorithm (3) for a = 0.8:
GP=G" =G

V. SIMULATION EXAMPLE

Example 1: To illustrate the result in Theorem 1, consider
a group of 7 agents with the underlying weighted interaction
topology as shown in Figure 1, where a and —a are the
weights of the edges between agents from different clusters.

// l\ \\
/ 1 ! \ \
\
! \

! \
'

Fig. 3. Different position and velocity interactions: position interactions
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Fig. 4.
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Fig. 5. Agents reach cluster consensus under algorithm (8) for @ = 0.4:
GP # GY

Let e¥(t) = v;(t) — %Zizl vg(0), when ¢ = 1,2,3, and
el (t) = vi(t) — 130, vk(0), when i = 4,...,7; (t) =

?

ai(t) — (% Y- vk(0)> =152 2x(0), wheni = 1,2,3,
)

and e(t) = ai(t) — (§ 7y 0e(0)) ¢ = § h_y(0),
when 1 =4,...,7.
Subplot 1 in Figure 2 shows the trajectories of

(5581 0e(0)) =3 320y wn(0) and (3 7y 0n(0)) £
3 ZZ: 4 2k (0) for clusters G; and G respectively. Figure 2
shows that cluster consensus can be reached by using algo-
rithm (3) if we choose a = 0.8; and the agents’ position and
velocity trajectories will be divergent if we choose a = 1.
Example 2: To illustrate the result in Theorem 2, consider
also a group of 7 agents with underlying position and velocity
interaction topologies as shown in Figure 3 and Figure 4
respectively. Figure 3 also shows how the agents have access
to the two leaders, from which it is obvious that both G’l’
and G5 are weakly connected and G has a united directed
spanning tree. For illustration, choose v, = 10 (m/s) and the
initial position values of leader 1 and leader are respectively

51(0) = 50 (m) and s2(0) = —50 (m). Initial values
of all the 7 agents are randomly chosen from the interval
[—100,100] C R.

From Figure 5, which plots the trajectories of the 7 agents
under algorithm (8) with a = 0.4, we know that each cluster
of agents follow their leader; while one can easily check that
trajectories of all the agents are divergent for a larger a, e.g.,
a = 0.6.

VI. CONCLUSION

In this paper, we have designed and analyzed respec-
tively two different cluster consensus algorithms under two
different frameworks: in one, the underlying position and
velocity interaction topology are the same and in the other,
the position and velocity topologies are modeled by totally
independent graphs. For both frameworks, through rigorous
analysis we have obtained a consistent structural result that
cluster consensus can be reached if the interaction topologies
satisfy some connectivity assumptions and further, compared
to the interactions among different clusters, the interactions
within each cluster are strong enough.

For future work, one direction of interest would be to
consider the case that all the leader agents are moving with
time-varying velocities which may be different and still there
is only a subset of the follower agents which have access to
the leaders’ velocity information.
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