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Universidad Politécnica de Pachuca,
Zempoala, Hidalgo, México
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Abstract— Based on adaptive wavelet neural net-
works, a PID discrete control scheme for induction
motor drives is presented. An auto-tuning wavenet
scheme is synthesized for the PID feedback gains
by means of gradient-descendent algorithm through
online plant identification. The latter uses input and
output data for a radial basis neural network (RBNN)
with different daughter wavelet activation functions.
Infinite impulse response filter in cascade with the
output of the RBNN is introduced to prune nodes that
contribute poorly for an efficient identification even
though gradient-descendent is used. A comparative
experimental study under real noisy conditions and no
load perturbation shows results for different wavelets
(Morlet, RASP1, POLYWOG1 and Shannon); better
performance of Morlet and RASP1 wavenet-based
tuning are obtained due to its better identification
properties.

keywords– Wavelet Neural Network, Induction
Motor, PID Control, IIR Filter.

I. Introduction

PID scheme stands for the main controller used in the
control process. However, the linear PID algorithm is
difficult to regulate processes with nonlinear dynamics or
those with large dead time because its stability, let alone,
depends largely on a linear state representation over a lo-
cal domain. Lot of effort has been dedicated to synthesize
analytical and experimental techniques to tune the PID
feedback gains [1], aiming at regulation with constants
gains, based on the linear or linearised representation of
the process. Fast, ideally critically damped response for
nonlinear plants with PID regulator constitutes an open
problem, whose solution remains largely elusive in the
literature1.

State of the art tuning of constant feedback gains of a
PID controller for linear plants shows a great limitation:
those are synthesized for an assumed state or bounding
conditions of the plant in a linear realm. Then, it sounds

1Although it has been treated widely for robot manipulators in
virtue of its noble structural dynamical properties, [2], [3].

appealing to explore a time-varying tuning scheme for
the actual condition of the plant at each instant, however
this intuitive idea leads to assume that a model of the
plant is available or measurable. When this is not the
case, a network can be used to estimate the plant, then
use this knowledge to tune feedback gain, regardless of
the linear or nonlinear domain of the plant.

Recently, self-tuning or auto-tuning or adaptive tuning
of PID feedback gains have been studied with promising
results over the linear model of the process, which is
valid under rigorous assumptions on a local domain. For
nonlinear plants, PID performance diminishes under a
great deal of tuning effort of constant gains to ensure
local stability. Then, there remains to explore auto-
tuning schemes for the nonlinear plant, which clearly
leads to consider some sort of plant estimation. In [4],
[5], [6], a wavenet neural networks is studied to identify
the nonlinear plant to compute online feedback gains.
Recently, [7] and [8] described autotuning that depend on
plant parameters, which may dificult due to uncertainties
in practice, or subject to noise.

In particular for AC motors, input signals of the flux
model cause the conventional speed estimation techni-
ques to fail at very-low-speed operation in a speed-
sensorless induction motor drive. Therefore, other techni-
ques have been developed to take into account plant va-
riations online, suggesting in particular neural networks,
being among the simplest and most powerful [9], [10],
[11], and fuzzy neural networks, [12], [13], [14], [15].

In this paper, an auto-tuning scheme of a discrete
PID controller is proposed for regulation of AC motor
based on online identification algorithm using wavelet
neural networks. Comparative experimental are presen-
ted for four different wavelets Morlet, RASP1, POLY-
WOG1, and Shannon on a real-time experimental plat-
form. Results show better performance those with better
identification properties, because tuning depends on the
quality of the identification process. Experimental results
establishes the validity of the proposed approach.

2013 European Control Conference (ECC)
July 17-19, 2013, Zürich, Switzerland.

978-3-952-41734-8/©2013 EUCA 4610



II. Wavenet PID Controller

Inspired in [20], a wavenet auto-tuning PID controller
scheme is proposed in this section. The rationale of this
scheme is to extract knowledge of the plant to tune
properly feedback gains according to what the linear
or nonlinear plant is at each instant, indeed mimicking
conceptually an algorithm to tune constant feedback
gains under a given conditions of plant, not at each ins-
tant. Then, clearly, this leads to improved performance
because it feedback gains code and introduces knowledge
of the plant. This allows to get rid of the limiting factor
of well-established classical algorithms to tune feedback
gains that assume linear or linearized plants. However,
this also introduces the necessity to validate it in real-
time experiments, which is presented in Section IV.

Fig. 1: Block diagram of theproposed auto-tuning wave-
net PID controller based on a wavelet neural network for
a SISO plant identification, where r(k) stands for white
noise with zero mean.

Now, consider the block diagram shown in Fig. 1,
which consists of three stages for manipulating the out-
put of a SISO nonlinear system to produce a desired
trajectory. The system is composed of: 1.-Identification
of the system, 2.- Discrete PID controller, and 3.- Auto-
tuning scheme. Notice that the mother wavalet can be
in fact other one that guarantees identification of a non-
linear plant. Now, firstly, we show the plant dynamics,
then the identification scheme, subsequently we show the
controller and finally the auto-tuning procedure.

II-A. Plant Dynamics

Consider a SISO nonlinear dynamic system, it can be
represented by the following discrete state equation [16],

x(k + 1) = f [x(k), u(k), k] (1)

y(k) = g[x(k), k] (2)

where x(k) ∈ Rn, u(k), y(k) ∈ R and f, g ∈ C are
unknown functions. The input u(k) and the system
output y(k) are the only data available. If the linearized
system around the equilibrium point is observable, there

is an input-output representation given by, [17],

y(k + 1) = β[Y(k),U(k)] (3)

where

Y(k) = [y(k) y(k − 1), · · · , y(k − n+ 1)] (4)

U(k) = [u(k) u(k − 1), · · · , u(k − n+ 1)] (5)

this is, if there exists a function β that maps the output
y(k), input u(k) and theirs n− 1 past values in y(k+ 1).
An alternative model of an unknown plant that can sim-
plify the algorithm of the control signal is the following

y(k + 1) = Φ[Y(k),U(k)] + Γ[Y(k),U(k)] · u(k) (6)

if terms Φ and Γ are exactly known, an inverse dynamics
control will provide exact linearization for asymptotic
stability toward the yref (k + 1) is follows

u(k) =
yref (k + 1)− Φ[Y(k),U(k)]

Γ[Y(k),U(k)]
(7)

However, terms Φ and Γ are unknown and thus (7)
cannot be used. To circumvent this, a wavenet neural
network is proposed to approximate Φ and Γ purposely
to tune feedback gains of a PID regulator, rather than
implementing (7).

II-B. System Identification

Let a radial basis neural network identifies a pro-
cess with activation functions ψ(τ) based on different
daughter wavelet functions ψj(τ) and consider an infinite
impulse filter (IIR) in cascade to eliminate those neurons
that have negligible contribution in the identification
process. The latter to reduce the computational com-
plexity without altering the identification capability of
the network by reducing the number of iterations of the
learning process, [18], as shown in Fig. 2. The mother

Fig. 2: Diagram of a wavelet neural network with an IIR
filter in cascade, where ψj(τ) = ψajbj (k) =

k−bj
aj

stands
for daughter wavelets, for 1 ≤ j ≤ L.

wavelet function ψ(k) is generated of different wavelets
by its expansion or contraction and translation by the
following daughter wavelets, [19],

ψa,b(k) =
1√
a
ψ(τ) (8)

τ =
k − b
a

(9)
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TABLE I: Mother wavelets under consideration.

Mother wavelet ψ(τ)
Morlet cos(ω0τ)e−0.5τ2

RASP1 τ
(τ2+1)2

POLYWOG1 τe−0.5τ2

Shannon
sin(2πτ)−sin(πτ)

πτ

where a 6= 0, a, b ∈ R and a a scale variable to expand
and contract, and b to translation at instant k. Different
wavelets fulfill this, in this paper, it is considered those
shown in Table I, [19], whose partial derivative with
respect to b are show in Table II. Signal approximation
of the wavenet with IIR filter ŷ(k) can be calculated as
follows, [20],

ŷ(k) =
M∑
i=0

ciz(k − i)u(k) +
N∑
j=1

dj ŷ(k − j)v(k)(10)

z(k) =
L∑
l=1

wlψl(k) (11)

where L stands for the the number of daughter wavelets,
wl are the weights of each neuron in the wavenet, ci and
dj are the coefficients of forward and backward IIR filter,
respectively, for M and N are the number forward and
backward IIR filters, respectively. The wavenet parame-
ters are given in vector form by:

A(k) , [a1(k), a2(k), · · · , aL(k)]T (12)

B(k) , [b1(k), b2(k), · · · , bL(k)]T (13)

W(k) , [w1(k), w2(k), · · · , wL(k)]T (14)

and the IIR filter parameters:

C(k) , [c0(k), c1(k), · · · , cM (k)]T (15)

D(k) , [d1(k), d2(k), · · · , dN (k)]T (16)

All of them are optimized through the well-known least
mean squares-based learning algorithm [4] to minimizes
a cost function

E =
1

2

T∑
k=1

e2(k) (17)

where the estimation error is

e(k) = y(k)− ŷ(k) (18)

TABLE II: Partial derivative with respect to b, for ν2 =
πτcos(2πτ), ν1 = πτcos(πτ).

Mother Wavelet
∂ψ(τ)
∂b

Morlet 1
a

[ω0sin(ω0τ)e−0.5τ2 + τh(τ)]

RASP1 1
a

3τ2−1
(τ2+1)3

POLYWOG1 1
a

(τ2 − 1)e−0.5τ2

Shannon π
a

−2ν2+ν1+sin(2πτ)−sin(πτ)
(πτ)2

for ŷ(k) neural network output and y(k) the real output
of the plant. Clearly, to minimization of (17) implies
that e(k) → 0 ⇒ ŷ(k) → y(k) as k → ∞. Then, the
problem is to tune coefficients of (10) aiming at e(k)→ 0
by increasing the gradient of the cost function along its
negative direction times a short steep. This leads to the
following update rule for parameter

θ(k + 1) = θ(k) + ∆θ(k) (19)

∆θ(k) = −µ ∂E

∂θ(k)
(20)

where θ = [A(k),B(k),W(k),C(k),D(k)], which will
eventually minimize (17), for µ ∈ R the learning rate
for each of the parameters and

∂E

∂wl(k)
= −e(k)C(k)TΨl(τ)u(k) (21)

∂E

∂bl(k)
= −e(k)C(k)TΨbl(τ)wl(k)u(k) (22)

∂E

∂al(k)
= τl

∂E

∂bl(k)
(23)

∂E

∂cm(k)
= −e(k)z(k −M)u(k) (24)

∂E

∂dn(k)
= −e(k)ŷ(k −N)u(k) (25)

for

Ψl(τ) = [ψl(τ), ψl(τ − 1), · · · , ψl(τ −M)]T (26)

Ψbl(τ) =
[

∂ψl(τ)
∂bl(k) ,

∂ψl(τ−1)
∂bl(k) , · · · , ∂ψl(τ−M)

∂bl(k)

]T
(27)

The problems of local minima, introduced by the gra-
dient descent algorithm, is entertained in Remark 1, at
the end of Section III.

II-C. Discrete PID Control Design

Algorithm (19)-(27) guarantees that the output of the
wavenet neural network approximates the output of the
system, that is

ŷ(k + 1) = Φ̂[y(k),ΘΦ] + Γ̂[y(k),ΘΓ] · u(k) (28)

where, using (6) leads to

Φ̂[y(k),ΘΦ] =
N∑
j=1

dj ŷ(k − j)v(k) (29)

Γ̂[y(k),ΘΓ] =
M∑
i=0

ciz(k − i) (30)

z(k) =
L∑
l=1

wlψl(k) (31)

Therefore, if both nonlinear functions Φ and Γ are es-
timated by wavenet functions Φ̂ and Γ̂ with adjustable
parameters ΘΦ and ΘΓ, respectively, a PID controller
can be designed, [21], [22], [5]. Thus, let

u(k + 1) = u(k) + p(k)[ε(k)− ε(k − 1)] + i(k)ε(k)
+d(k)[ε(k)− 2ε(k − 1) + ε(k − 2)] (32)
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be the discrete PID regulator, where p(k), i(k) and d(k)
are the proportional, integral and derivative gains, for

ε(k) = y(k)− yref (k) (33)

the error at instant k and yref (k) the constant reference.

II-D. Auto-tuning of PID Feedback Gains

Similar to developments to minimize E, auto-tuning of
feedback gains p(k), i(k) and d(k) can be computed as
follows

p(k) = p(k − 1) + µP e(k)Γ̂(k)[ε(k)− ε(k − 1)] (34)

i(k) = i(k − 1) + µIe(k)Γ̂(k)ε(k) (35)

d(k) = d(k − 1) + µDe(k)Γ̂(k)[ε(k)− 2ε(k − 1)+
ε(k − 2)] (36)

where Γ̂(k) as described by (30) and the learning rate
µ = [µP , µI , µD] are computed in next Section.

III. Convergence of Wavelet Neural
Network (WNN)

We are now in position to state the main result in
a theorem, which establishes the stability properties of
the closed-loop system based on bounds of the learning
rates µP , µI , µD of (34),(35),(36), establishing sufficient
condition of the convergence of the WNN.

Theorem 1: Consider a SISO system in closed-loop
with the discrete PID controller (32) with auto-tuning
feedback gains (34),(35),(36). Then the wavelet neural
network (10) with update rule (19) guarantees that
regulation error (33) converges locally exponentially if
learning rates are chosen as follows

0 < µ < 2/(JTŷ,θJŷ,θ) (37)

where Jŷ,θ = ∂ŷ(k)
∂θ(k) and

∂ŷ

∂θ
=

[
∂ŷ

∂a1
· · · ∂ŷ

∂aL

∂ŷ

∂b1
· · · ∂ŷ

∂bL

∂ŷ

∂w1

· · · ∂ŷ
∂wL

∂ŷ

∂c0
· · · ∂ŷ

∂cM

∂ŷ

∂d1
· · · ∂ŷ

∂dN

]
(38)

with convergence of identification error e(k) = y(k)−ŷ(k)
as k →∞, with bounded parameter error ∆θ(k).

Proof: Let a Lyapunov function candidate be chosen
as

V (k) =
1

2
e2(k) (39)

whose increment becomes,

∆V (k) = V (k + 1)− V (k)

=
1

2
∆e(k) (e(k) + ∆e(k) + e(k))

=
1

2
∆e(k) (2e(k) + ∆e(k)) (40)

As it is customary, let the increment of tracking error be
computed as follows [23], [24]

∆e(k) = e(k + 1)− e(k) ≈
[
∂e(k)

∂θ(k)

]T
∆θ(k) (41)

which stands for a reasonable approximation of the
discrete increment of e(k) for enough small sampling
rate k, with respect the bandwidth of the plant. Now,
substituting (41) into (40), using (20), one obtains

∆V (k) = −µe(k)J2
e,θ

[
e(k)− 1

2
µe(k)J2

e,θ

]
= −1

2
e2(k)µJ2

e,θ

[
2− µJ2

e,θ

]
= −1

2
e2(k)µJTŷ,θJŷ,θ(2− µJTŷ,θJŷ,θ)

= −1

2
e2(k)µν1ν2

≤ −1

2
e2(k)ν3

< −ν4V (k) (42)

where Je,θ = ∂e(k)
∂θ(k) , and (37) has been used, for positive

constants ν1, ν2, ν3, ν4. Therefore, (37) drives error e(k)
to zero locally exponentially.
Remark 1. It is well known that gradient descent and
back-propagation algorithms suffer from local minima.
In our proposal, this problem occurs but the role of
the IIR filter prunes along time any node that does not
contribute significantly, then the topology of the network
is constantly changing up to reaching a configuration that
correspond to e(k) → 0, that is ŷ(k) → y(k) as k → ∞.
Certainly, this claim deserves a further insight which is
beyond the scope of this paper.

Fig. 3: Test platform.

IV. Experimental Results

The auto-tuning wavenet PID controller (with the
following wavelets: Morlet, RASP1, POLYWOG1 and
Shannon) was applied experimentally to control the
speed of a triphasic AC motor coupled a tachogenerator
and the main technical specification are: four poles, 2 HP,
which is shown in Fig. 3. The algorithm is implemented
on the platform LabVIEW 8.5 and using a data acquisi-
tion card NI-USB 6008, both from National Instruments.
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Fig. 4: Tracking trajectory, control signal u(k) and trac-
king error ε(k) with Morlet, RASP1, POLYWOG1 and
Shannon wavelets.

The parameters for the wavelet neural network are as
follows: only 3 neurons are considered for IIR filter
coefficients (C,D) = (3, 2), in 20 epochs, at 35ms of
sampling period, and v = 0.1 as a persistent signal. Wa-
venet is initialized as follows: W = [3.78,−3.36,−1.99],
A = [−302.6,−55.5,−20], B = [92.7, 29.4, 107].
C = [−0.4,−0.016, 0.64], D = [0.34, 1.66], and
(p, i, d) = (0.02, 0.02, 0.003). Learning rates are
(µw, µa, µb, µc, µd, ) = (0.1, 0.1, 0.1, 0.1, 0.1), with control
feedback gains (µP , µI , µD) = (0.01, 0.007, 0.009).

IV-A. System Identification Results

From Fig. 5 we can see the online results of the identifi-
cation AC motor and estimation error. The experimental
results show that RASP1 and Morlet wavelets have a
better identification performance that POLYWOG1 and
Shannon wavelets. The RASP1 and Morlet wavelets have
the lowest estimation error e(k) during the experiment.
With all wavelets the estimation error e(k) is bounded.

IV-B. PID Control Results

Fig. 4 shows the tracking of output y(k) toward
yref (k), with bounded tracking error ε(k), with control
signal as voltage applied to the inverter.

Fig. 5: AC motor identification and estimation error, with
Morlet, RASP1, POLYWOG1 and Shannon wavelets.

IV-C. Auto-tuning Results

Fig. 6 corresponds to the behavior presented by the
PID controller gains during all experiments. In all the
cases the p(k), i(k) and d(k) gains are bounded however
with the Shannon wavelet occurs oscillations due to
oscillations at the identification stage.

Here, all four wavenet PID controls have been com-
pared during a test at the rated rotor flux-linkage at
zero-speed. The test has been performed at no-load and
at load. Fig. 4 shows the waveforms of the reference,
measured, and estimated speed during the time interval
of 80 seconds, obtained at no-load with all wavenet PID
controls. This figure shows that the best results are achie-
ved by the wavenet PID controls with Morlet wavelet and
by wavenet PID controls with RASP1 wavelet, which can
work correctly at zero-speed at no-load.

V. CONCLUSIONS

This paper presents a new PID regulator for nonlinear
plants that guarantees high-performance. Experimental
results are obtained for a induction motor drive where we
can conclude that radial basis neural network whith acti-
vation functions given by Morlet and RASP1 daughters
wavelets provide better identification then better online
tuning of the controller than POLYWOG1 and Shannon
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Fig. 6: Behavior of the PID gains p(k), i(k) and d(k) with
Morlet, RASP1, POLYWOG1 and Shannon wavelets.

wavelets. Experimental results show the effectiveness of
the proposed approach, highlighting that it needs only
few wavelets for a fast plant, which suggest that compu-
tational complexity i slower in comparison to common
wavelet neural networks without IIR filter. The final con-
trol architecture exhibits quick estimation, with a smooth
control law with small estimation errors both in transient
and steady-state operation as well as adequate behavior
at zero-speed operation with no load, remarkably without
depending on any mathematical model of the induction
motor.

ACKNOWLEDGMENTS

This works has been partially supported by CO-
NACYT grants for MSc Studies 266520 and Basic Re-
search Projects 133346 and 133544.

References
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