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Network reconstruction using knock-out and over-expression data

David Hayden, Ye Yuan' and Jorge Gongalves

Abstract— This paper outlines necessary and sufficient con-
ditions for network reconstruction of linear, time-invariant
systems using data from either knock-out or over-expression
experiments. These structural system perturbations, which
are common in biological experiments, can be formulated as
unknown system inputs, allowing the network topology and
dynamics to be found. We assume that only partial state
measurements are available and propose an algorithm that
can reconstruct the network at the level of the measured
states using either time-series or steady-state data. A simulated
example illustrates how the algorithm successfully reconstructs
a network from data.

I. INTRODUCTION

For the vast majority of systems, it is not possible to
measure every single state. Hence, while keeping in mind
the existence of hidden states, we focus our attention on
identifying networks between measured states. Here we
would like to know exactly how measured states affect each
other in a causal way. For example, if A affects B which
in turn affects C, the causal network structure is given by
A — B — Cand not A — B and A — C (one may be
tempted to write it this way since A does affect both B and
C, though A affects first B, which then affects C').

A particular focus on this problem has grown most re-
cently in the systems biology community. Molecules inside
a cell form a complex network with multiple feedback loops.
Once an organism’s DNA has been sequenced, the next step
is to understand the functionality of the identified genes:
what regulates what and how? This complex network is
critical for understanding how the system works and hence
for constructing a map from genotype to phenotype [1].

Motivated by this problem, there now exist a large
number of network reconstruction tools [2]. These include
information-theoretical (e.g. ARACNE [3]), Bayesian infer-
ence (e.g. Banjo [4]) and ODE-based methods (e.g. [S]-[9]).
However, the first cannot identify causality, while the second
assumes that the time-series measurements are independent
and identically distributed (iid). Many methods based on
ODE models assume that all states are measured or impose
restrictions on the network topology, such as sparsity, in
order to obtain a solution. If these assumptions are incorrect,
there is no guarantee that the correct network will be found
or even that the network obtained will be close to the true
one.

Recent work [10] characterised the exact amount of in-
formation required for network reconstruction, for networks
of Linear, Time-Invariant (LTI) systems driven by known
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external inputs. This work was extended to include systems
with noise and nonlinearities [11], and with algorithms
solved in polynomial-time [12]. However, this framework did
not include some of the most common types of biological
experiments currently performed: gene knock-out and over-
expression, which is the topic of this present paper.

In a gene knock-out, the gene is either deleted from the
DNA or its protein is rendered non-functional, either through
genetic modification or by treatment with a reagent such
as a short DNA or RNA oligonucleotide with a sequence
complementary to the mRNA transcript or gene. In gene
over-expression, the gene is constitutively expressed, i.e. it
is constantly being produced. In both gene knock-out and
over-expression, no transcription factor regulates the gene,
effectively removing its inputs from the rest of the network.

A similar problem was considered recently in [8] for
consensus networks, where a sufficient condition for network
reconstruction was given. This required every state and every
pair of states to be knocked-out, which is more restrictive
than the conditions we impose here. Thus, the major theo-
retical contribution of this paper is to provide necessary and
sufficient conditions for network reconstruction using such
mutant data.

Finally, it is important to point out that the scope of this
paper is not limited to biological systems. Applications in-
clude distributed network control of multi-agent systems and
dynamics in social networks [13]-[15]. In some biologically-
inspired phenomena, such as flocking [16] and synchronisa-
tion [17], to achieve a desired collective behaviour, agents
transmit their state to their neighbours and update their own
values accordingly. Knowledge of the dynamical network
structure is key to understanding both the network topology
and dynamic interactions between agents.

Notation
For a matrix A, A(i,j) denotes the element in the i*" row

and j'" column, A(i, :) denotes its i*" row and A(:, 5) its j**

column. Similarly, for a vector z, the it" element is denoted
II. PRELIMINARIES
We consider networks characterised by the following lin-
ear, time-invariant (LTT) system representation, which may
be obtained by linearization of a nonlinear system:
i = Ax + Bu
y=[ 0]z
where x € R", u € R™ and y € RP. The network structure
is completely specified by the matrices A and B but is in

)
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general not obtainable from input-output data alone. Given
the transfer function, GG, from inputs to measured states, there
are many possible state-space realisations.

From measured data it is possible to consistently estimate
transfer functions and Laplace transforms using system iden-
tification techniques [18], [19]. Whilst there are significant
practical considerations and requirements here (some of
which are discussed in Section I'V), this aspect of the problem
is identifiable and we seek to determine further conditions
on the identifiability of structural network information from
this unstructured data. Specifically, we seek to infer the direct
causal dependencies between the p measured states, y, where
typically p < n and n itself is unknown.

A. Dynamical Structure Functions
Partition (1) as follows:

Y A Apg Y B,

1] - [ sl
Y

-]
where x = [y? 2T]7T is the full state vector and z € R"~P
are the n — p “hidden” states. Taking the Laplace transform
of (2) and eliminating Z (where uppercase letters denote
Laplace transforms of their lowercase counterparts) yields
sY =WY +VU, where W = A1+ Ao (SI - AQQ)_l Asq
and V = Ay (sI — Agy) ' By + By. Now, letting D be the
diagonal matrix composed of the diagonal elements of W,
we write (sI — D)Y = (W — D)Y + VU and rearrange:

Y =QY + PU 3)

where Q = (sI — D)"' (W — D) and P = (sI — D) ' V.

Given the system (2), the dynamical structure function is
defined as (@, P). If all the measured states are removed
from the system except for Y (i) and Y (j) then Q(4,j) cor-
responds to the transfer function between Y (j) (considered
as input) and Y (i) (considered as output). The same holds
for P in terms of U(j) and Y (). Note that the effect of
subtracting DY above is to fix the diagonal elements of Q)
to be zero.

It is straightforward to show that () and P are related to
G as follows:

G=I-Q)'P “)

and that the solution (Q, P) for a given G is in general not
unique. The problem of inferring (Q, P) from G was the
subject of [10] and the main results are summarised in the
following subsection.

B. Network Reconstruction

Under the assumption that G is full rank, the following
theorem gives necessary and sufficient conditions for net-
work reconstruction:

Theorem 1 ( [10]). The dynamical structure function,
(Q, P), can be obtained uniquely from the transfer matrix,
G, if and only if p elements in each row of [Q P] are known.

Note that if G is not full rank, then at least one of the input
experiments is redundant and hence provides no new infor-
mation. Redundant columns of G may simply be removed
until the remaining columns are full rank.

Since @ has zeros on the diagonal, this constitutes one
known element for each row, hence a further p — 1 known
elements are needed. If nothing is known about the network
structure, (), then these known elements must come from the
input structure, P. By designing targeted input experiments,
we can choose the structure of P and therefore satisfy this
condition. However, assuming that we do not know the
nonzero transfer functions P(i,j), we must rely on zero
elements of P. The following corollary outlines a protocol
for reconstruction in this manner:

Corollary 1 ( [10)). If m = p, G is full rank and nothing
is known about the internal structure, @, then the dynamical
structure function, (Q, P), can be obtained uniquely from G
if P is square and diagonal. In this case, the elements of @
and P are given by:

where H = G~1.

The knowledge that each input directly and uniquely affects
a single measured state provides sufficient knowledge of the
zero elements of P to satisfy the condition of Theorem 1.

C. Special Case: Full State Measurement

It is common in the network reconstruction literature to as-
sume that all the system states are available for measurement
and this greatly simplifies the problem. For completeness
here we demonstrate this special case within our framework.
The system equations are given as in (2) with p = n:

T = A11£C + Blu

Y= Iz (6)

Given the transfer function, G, from U to Y, the state space
realisation with C' = I is unique. To see this, note that any
state transformation (eg. ¢ = T'z) would change the output
matrix to 7!, hence the only permissible transformation
to retain C = I is T' = I. From G, obtain any realisation:

j = A.q+ Byu
Ao )
y=Cyq
The true state-space matrices can then be computed:
Ay = C'quCq_l, B, =C,B, (8)

Hence if there are no hidden states, knowledge of G is
sufficient to recover the entire network topology. However,
the presence of a single hidden state nullifies this result [10].
Since in practice one may not even know the number of
states in a system, let alone be able to measure all of them,
we return to the general case.

3628



III. MAIN RESULTS

This section addresses a number of issues with the ap-
proach outlined in Section II; firstly, knowledge of G requires
knowledge of the inputs, U, which we may not have;
secondly, although we are applying targeted inputs, there
may be extraneous inputs to the system, also unknown and
beyond our control; thirdly, we may not be able to apply
inputs to the system as such, but rather targeted perturbations
(such as a knock-out), which do not fit directly into the
existing framework.

A. Extraneous and Unmeasured Inputs

Consider first the ideal case for network reconstruction
under the conditions of Corollary 1, where we have per-
formed p input experiments and have perfect knowledge of
the Laplace transforms of the measured states and the inputs.
Let Y; and U; denote the Laplace transforms of the measured
states and inputs respectively for the i*" experiment, which
are related by: Y; = QY; + PU;. Combine the data for all p
experiments as follows:

MYV, =QV1Ys... Y| + P [UUs... Uy (9)

and note that P and also U = [U; Us ... U,] must be diag-
onal. By forming G = YU™!, where Y = [V; Y5 ... Y],
we may solve for (Q, P) from Corollary 1.

Now suppose that the inputs U; are in fact unknown (but
still diagonal) and, in addition, there is an unknown input
Uy applied at every experiment. The former restriction is
realistic in gene knockdown or silencing operations in bio-
logical systems, where it may be known that the expression
of a certain gene has been disrupted, but not by exactly
how much. The latter may represent an unknown initial
condition, such as that caused by transferring cells to a
different medium. By performing one additional experiment,
it is possible to reconstruct (), but not P, as follows.

Let Y, denote the Laplace transform of the measured states
in a wild-type experiment, that is, where the only input is the
extraneous input, Uy:

Yo = QYo + PUo (10)

Now perform the p experiments as before:

Y = QY + P(U + Uy) (11)

where Ug = [Uy Uy Uy]. Subtracting Yo =
[Yo Yy ... Y] from both sides gives (via (10)):

Y - Yo = Q(Y — Yo) + PU (12)

This is equivalent to (9) with an alternative state matrix Y =
Y — Yy, hence the effect of the extraneous input has been
removed.

Lemma 1. Under the conditions of Corollary 1, if the
applied inputs are not measured, but Y =Y — Yq is full
rank, then the dynamical structure function (Q, PU) can be
obtained uniquely from Y.

Proof. The system equations are given by:
Y =QY + PU
- - (13)
=QY +PU
where Y = Y — Y, is known, P = PU and U = I. The

matrix [Q P] now satisfies the condition of Theorem 1 and
we can solve for ) and P by Corollary 1 with G=Y. N

Thus, if the values of the targeted inputs are unknown,
we can still solve for @ but not P, and, in the presence
of an unknown extraneous input, one additional wild-type
experiment allows us to distinguish the effect of this input
and remove it.

B. Structural Perturbations

We now consider perturbing the system by making tar-
geted changes to the network structure. Motivated by cell
biology, we consider two operations: node knock-out and
node over-expression. The former represents an effective
removal of a node from the network and can be modelled
by deleting all incoming links to the node and initialising it
at zero. In the latter, a dominant input is applied to a node,
effectively overpowering all other inputs, and this can be
modelled in a similar way by again deleting all incoming
links then adding such an input. Figure 1 illustrates the
concepts.

These perturbations can be replaced by certain (unknown)
inputs and the reconstruction problem can then be solved
using the results of Section III-A. First, note that in the
case of only node knock-out data, an extraneous input is
required in order to perturb the system. In fact, this input
must ensure that every measured state is perturbed, either
directly or indirectly, in the wild-type experiment.

Therefore, we assume the presence of an unknown extra-
neous input, Uy, as before and perform a wild-type experi-
ment to obtain: Yy = QYy+ PUy. Now perturb the first state
and partition the measured states as: Y7 = [V} Y[5]7, where
Y11 is the scalar Laplace transform of the first measured state.
The system equations are:

Y Qu 0 | |Yn 0 Ci1

[le} B {Qm Q22:| |:Y12:| - {PJ Uo+ [ 0 ] (14)
where Q117 = 0 by definition, since () has zeros on the
diagonal, and (17 is equal to zero in the case of a knock-out
perturbation or is an unknown input signal in the case of
over-expression.

In order to restore the original network topology that we

wish to obtain, replace the structural changes by a fictitious
input signal, V7 as follows:

Y1 Q1 Q2| | Y11 P Vi1
= U, 15
[Ym} [Qm Q22| [Yi2 - Py Y o (15)
where Vi1 £ —Q12Y12— P1Uy+(11. The input V;; is simply

cancelling the effect of all other inputs to the knocked out
state, forcing it to be equal to (1. In general, we can replace
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Fig. 1: Examples of input experiment (a), node knock-out (b) and
node over-expression (c); circles denote measured states, solid
arrows denote causal transfer functions and dashed arrows denote
deleted connections. In (a), the correct network is shown and an
input is applied to node 1; in (b), the knock-out of node 1 is
modelled by deleting all inputs to that node; in (c), node 1 is
over-expressed by deleting all its inputs and adding a new input,
(1. For clarity, extraneous inputs are omitted.

the perturbation of the i*" state by applying the following
input to it:

Vi = =Q(i,:)Y; — P(i,:)Uo + Gii (16)

Combining the results for m experiments yields:
Y =QY + PUy+V (17)
where asbefore Y = [V1 Vs ... Y;,,], Ug = [Upg Uy ... U]
and V is the p x m matrix with entries V(i,5) = V; if

state 7 is perturbed in the j** experiment. Subtracting Yo =
[Yo Yo ... Yp] from (17) allows the extraneous input to be
removed, as in Section III-A, resulting in:

Y=QY+V (18)
where Y =Y — Y. We can now extend the results of [10]
as follows:

Lemma 2. If Y = Y — Y is full rank, the dynamical
structure function (Q, V') can be obtained uniquely from Y
if and only if p elements in each row of [Q V] are known.

Proof. The problem can be expressed as:

Y=QY+VI (19)
from (18), which is equivalent to (3) with ¥ « \7, P+ V,
U « I and hence G = Y. The proof follows by direct

analogy with Theorem 1. ]

We can now, analogous to Lemma 1 where the inputs are
unknown, state conditions under which the reconstruction
problem can be solved with system perturbations.

Corollary 2. If nothing is known about Q and Y is Sull
rank, the dynamical structure function (Q,V) can be re-
covered uniquely from Y if p perturbation experiments are
performed, where a unique measured state is perturbed in
each experiment.

Proof. The conditions of the corollary require that V' can be
written as the following square, diagonal matrix:

Viie.:. 0 ... 0
0 Vyp ... 0

V=|. . . (20)
0 0 Vi

The problem as given in (19) now satisfies the conditions of
Corollary 1, hence we can solve uniquely for V' and, most
importantly, Q. Specifically, letting H = Y ~1:

H(, j)
H(i, )

H(i, 1)
n

Note that the perturbations applied to satisfy the condition
of Corollary 2 need not all be of the same type, for example
some may be knock-outs and some may be over-expressions.
The method is summarized as follows:

Algorithm 1 Network reconstruction using structural pertur-
bation data

Perform wild-type experiment to obtain Y.

fori=1:pdo
Perturb state ¢ to obtain Y.
Y(:,i)=Y; - Y.

end for

H=Y"!

fori=1:pdo
forj=1:pdo

Q.j) = —ql 14

end for

end for

IV. PRACTICAL CONSIDERATIONS

The preceding section provided necessary and sufficient
conditions to obtain the network structure and dynamics
(Q) from identifiable quantities (Y and Yg). In practice,
the estimation stage may be a significant source of error,
particularly in biological applications where data availability
is typically sparse. Here we show how previous results on
robust and steady-state identification may be applied in the
case of structural perturbations.

A. Robust Reconstruction

Previous work [11], [12] addressed this issue for the case
of input experiments by modelling the error in the estimated
transfer matrix, GG, as a feedback uncertainty as follows:

Gi=I+MN"'G (22)

where G is the true transfer matrix and A is a dynamic per-
turbation. Since GG is no longer known exactly, the network
topology (the Boolean structure of ) can no longer be found
uniquely and we must solve a subset selection problem to
obtain the topology that is most likely, given G. A certain
transfer matrix G, is said to be consistent with a given
(Qi, P;) if it satisfies (4). This matrix, G;, can be related
to G by a perturbation A; as follows: G; = (I + A;)71G,
which, by eliminating G; using (4), allows us to relate the
estimated transfer matrix, G, to any (Q;, P;). Therefore, by
minimising:

1A = |GP7H I — Q;) — I (23)
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subject to the constraints of the Boolean structure of @);, we
can define a measure of distance between the topology of @;
and the estimated transfer function G. With an appropriate
choice of norm, (23) is convex, hence we can obtain a
residual, ; = min(q, p,) ||Aill for every possible topology
and use a model selection procedure to select the most likely
solution. In [11], this was done by exhaustive search and in
[12] by a polynomial-time algorithm.

These existing results are directly transferable to the struc-
tural perturbation case. Under the conditions of Corollary 2,
the system equations are given by (18). Post-multiply (22)
by P~V to give:

Ye=(T+AN)'Y (24)
where the subscript ¢ denotes the true, exact, transfer func-
tions. The method now proceeds as before using Y instead
of G and V instead of P.

B. Steady-State Reconstruction

Theorem 1 and Corollary 1 provide conditions under
which the dynamical structure function (Q(s), P(s)) can
be reconstructed exactly from G(s). Section III-B extends
these results to obtain (Q(s), V(s)) from Y (s). If G(s) (or
Y (s)) is only known at a particular frequency, then we can
obtain the dynamical structure function at that frequency. For
example, if Y (jw) is known, then under Corollary 2 we can
obtain (Q(jw), V(jw)).

In particular, we can obtain 3?(0) from steady-state data,
allowing reconstruction of (Q(0),V(0)). Providing no ele-
ment Q(i,7) # 0 has a zero at s = 0, the Boolean structure
of Q(0) will be the same as that of Q(s), revealing the
network topology.

V. EXAMPLE

Here we demonstrate the approach with a simulated net-
work reconstruction example. Fig. 2(a) shows a network
of six states, three of which are measured, where arrows
between states represent first-order linear dynamics. Fig.
2(b) shows the representation of the network between only
the measured states, where arrows denote direct relations
containing all the dynamics of the hidden states. The dy-
namical structure function describes both the topology and
dynamics of these interactions and it is this which we aim
to reconstruct.

This example contains network features which are typi-
cally difficult to identify such as feedback between states
x9 and x3, co-regulation of states xo and z3 by z; and
connections of different orders (the connection from z; —
x3 is third-order, while all the others are second-order). The
arrangement of measured states interacting via hidden states
may be representative of gene RNA (measured) interacting
via translated proteins (unmeasured).

The network is fully characterised by the following state-
space matrices, where numerical values were chosen at
random (subject to A being stable) and, for simplicity, inputs
directly affect all states:

//@\\

@Hi )
(a) (b)

Fig. 2: An example network topology of six states, three of which
are measured. Solid circles denote measured states, dashed circles
denote hidden (unmeasured) states and arrows denote direct
causal connections. In (a) all states are shown, whereas (b) is the
representation of the network between measured states, which we
seek to obtain. The labels @Q;; refer to the elements of (26).

e 0 0 —-41 0 9.6 0
—6.8 0 0 —7.7 0 0 (25)
0 4.8 0 85 74 0
0 0 1.5 0 0 -71
B=1[26 —47 19 79 59 -39]"
with C' = [I O}. The resulting @) is then:
0 0 0
Q= |Qan 0 Qa3 (26)
Qs Q32 0

where the nonzero elements are the transfer functions of the
links of Fig. 2(b) with the following dynamics:

Out = ~12.9
T (s 104)(s +2.5)
s — 46.1
7 (s+86)(s+25)
—554.9 @7
Q =
BT (54894 3.0)(s + 8.9 — j3.0)(s + 2.0)
-9.9
Q32 =

(s +8.7)(s + 2.0)

We now simulate the above network and aim to recover (26)
directly from data by knocking-out each of the measured
states.

First, a unit step input was applied to the network to gen-
erate a wild-type experiment. This could represent the cells
being placed in a different medium or undergoing a particular
treatment. A step was used for convenience and neither this
nor B need be known. Time-series data was generated by
sampling the wild-type response at regular intervals and three
experimental replicates were then obtained by adding zero-
mean Gaussian noise to these samples (see Fig. 3a).

Next, each of the measured states was knocked-out in turn,
the same step input applied and three replicates generated
again by adding Gaussian noise. This data is shown in Figs.
3b-d. We now use only this noisy data to reconstruct Q; for
simplicity here we consider only steady-state data (of the last
three time points) and estimate (Q(0).
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Fig. 3: Simulated time-series data for a) wild-type and b)-d)
knock-out cases. The solid lines show the actual trajectories for
each of the measured states; the data points were obtained by
adding zero-mean Gaussian noise with variance 0.25 to these and
represent three experimental repeats.

Using the procedure of Section IV-A, we computed a
residual §; for each of the 64 possible topologies with
three measured states. We then applied AIC model selection
which selected the correct structure for () with the following
numerical values for Q(0):

0 0 0 |
QO0)~ |-082 0 —-0.84 (28)
—0.61 0890 0 |
which is a reasonable estimate of the true Q(0):
0 0 0
Q)= [-067 0 —0.56 (29)
238 152 0 |

Most importantly, the topology is correct, but, in addition,
the sign and approximate magnitude of the steady-state
interactions are also obtained.

VI. CONCLUSION

This paper addressed the network reconstruction problem
for partially observed LTI systems from mutant data. Rather
than probing the system with inputs, each experiment repre-
sents a mutation of the network structure. Specifically, data
is obtained from knock-out and over-expression experiments,
which are typical in biology (e.g. in the identification of gene
regulatory networks). We provide necessary and sufficient
conditions under which exact reconstruction is possible,
leading to an algorithm for guaranteed reconstruction from
noiseless data. Previous results are applicable to make this
procedure robust to the presence of noise in the data and to
nonlinearities in the system.

We recognise that a major limitation of this approach is
the restriction to LTI systems. Whilst for some applications,
a linearised model may be reasonable, gene regulatory net-
works are likely to contain significant nonlinear components.
In addition, gene mutations may cause the expression of
other genes to saturate, potentially moving the states beyond
their linearised range. Nevertheless, our theoretical contribu-
tion is important and the extension to nonlinear systems is
significantly more challenging. The limited amount of data
typically available in biological experiments also restricts the
complexity of models that can reasonably be considered.
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