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Stochastic /7, Control and Estimation of State-multiplicative Discrete-time
Systems with Delay

Eli Gershon, Uri Shaked

Abstract— Linear, state delayed, discrete-time systems with stochastic
uncertainties in their state-space model are considered. The problems
of both H., state-feedback control and filtering are solved, for the
stationary case, via an input-output approach by which the system is
replaced by a nonretarded system with deterministic norm-bounded
uncertainties. In both problems, a cost function is defined which is the
expected value of the standard H, performance index with respect to
the uncertain parameters.
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I. INTRODUCTION

We address the problems of H., state-feedback control and
filtering of state-delayed, discrete-time, state-multiplicative linear
systems via the input-output approach based on the stability
and Bounded Real Lemma (BRL) of these systems, which are
developed here. The multiplicative noise appears in the system
model in both the delayed and the non delayed states of the system.

The analysis and design of controllers for systems with stochastic
uncertainties have matured greatly in the last two decades (see
[1] and the references therein). Numerous solutions to various
stochastic control and filtering problems including those that ensure
a worst case performance bound in the H, sense, have been derived
and solved for both: delay-free [1]- [8] and retarded linear stochastic
systems [9]-[18].

Delay-free systems with parameter uncertainties that are
modelled as white noise processes in a linear setting have been
treated in [2] -[4], for the continuous-time case and in [5]
-[8] for the discrete-time case. Such models of uncertainties
are encountered in many areas of applications (see [1] and the
references therein) such as: nuclear fission and heat transfer,
population models and immunology. In control theory, such
models are encountered in gain scheduling when the scheduling
parameters are corrupted with measurement noise.

The stability and control of stochastic delayed systems of various
types (i.e constant time-delay, slow and fast varying delay) have
been a central issue in the theory of stochastic state-multiplicative
systems over the last decade [9]-[17]. The results that have been
obtained for the stability of deterministic retarded systems, since
the 90’s, have been extended also to the stochastic case, mainly
for continuous-time systems [19] - [25]. In the continuous-time
stochastic setting, for example, the Lyapunov-Krasovskii (L-K)
approach is applied in [12] and [13], to systems with constant
delays, and stability criteria are derived for cases with norm-
bounded uncertainties. The H., state-feedback control for systems
with time-varying delay is treated in [11] for restricted LKFs that
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provide delay-independent, rate dependent results. Also [10] con-
siders Hoo control (both state and output feedback) and estimation
of time delay systems.

In the discrete-time setting, the mean square exponential stability
and the control and filtering problems of these systems were treated
by several groups [16]-[18]. In [16], the state-feedback control
problem solution is solved for norm-bounded uncertain systems, for
the restrictive case where the same multiplicative noise sequence
multiplies both the states and the input of the system. The solution
there is delay-dependent.

To the best of our knowledge, the input-output approach has not
been applied to the discrete-time stochastic setting. In [14],[15], this
method was shown to achieve better results, in the continuous-time
case, over other solution methods. Also this method allows for the
solution of the latter problems for polytopic-type uncertain systems
(in addition to norm-bounded uncertain systems).

The point of view taken in the present paper is similar to the one
taken for the solution of both the continuous-time state-feedback
control and filtering problems in [14],[15]. Here, we adopt the
input-output approach of [23], [24] for deterministic systems, to
delay-dependent solutions of the above discrete-time counter part
stochastic problems. This approach is based on the representation
of the system’s delay action by linear operators, with no delay,
which in turn allows one to replace the underlying system with an
equivalent one which possesses a norm-bounded uncertainty, and
therefore may be treated by the theory of norm bounded uncertain,
non-retarded systems with state-multiplicative noise [1].

In our system we allow for a time-varying delay where the
uncertain stochastic parameters multiply both the delayed and the
non delayed states in the state space model of the system. Unlike
the solution of [16], in our model the system is subjected to three
different white noise sequences that multiply, the states, the delayed
states and the system input.

This paper is organized as follows: Based on the input-output
approach, the solution of the stability issue is achieved in Section
III, followed by the solution of the BRL in Section IV. The state-
feedback control problem is treated in Section V. The filtering
problem is treated in Section VI, for a general-type filter, resulting
in a single LMI that yields the filter parameters.

Notation: Throughout the paper the superscript “I” stands for
matrix transposition, R"™ denotes the n dimensional Euclidean
space, R™*™ is the set of all n x m real matrices, A is the set
of natural numbers and the notation P > 0, (respectively, P > 0)
for P € R™ ™ means that P is symmetric and positive definite
(respectively, semi-definite). We denote by L?(€2, R™) the space of
square-integrable R™ — valued functions on the probability space
(Q,F,P), where Q is the sample space, F is a o algebra of a
subset of 2 called events and P is the probability measure on
F . By (Fi)ren we denote an increasing family of o-algebras
Fr C F. We also denote by I*(N;R") the n-dimensional space
of nonanticipative stochastic processes {fx}rens With respect to
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(Fr)ren where fr € L?(92,R™). On the latter space the following
I?-norm is defined:

I{AeHZ, = B0 I} = 2207 E{IAIP} < oo,
{fr} € (N5 R™),

where || - || is the standard Euclidean norm. We denote by Tr{-}
the trace of a matrix and by J;; the Kronecker delta function.
Throughout the manuscript we refer to the notation of exponential
12 stability, or internal stability, in the sense of [6] (see Definition
2.1, page 927, there).

()]

II. PROBLEM FORMULATION

We consider the following linear retarded system:

zp1 = (Ao + Dug)ay + (A1 + Fug)ei— )

+Bywy, + (Bs + GG )ug, =0, 1<0, (2a,b)
yx = Cazx + Daing
with the objective vector
zr = Crzy + Digu, (3)

where xr € R" is the system state vector, wr € R? is the
exogenous disturbance signal, ni € R? is the the measurement
noise signal, ur € R’ is the control input, yr € R™ is the
measured output and 2z € R" is the state combination (objective
function signal) to be regulated and where the time delay bound is
denoted by h. The variables {Cx} {pr} and {vx} are zero-mean
real scalar white-noise sequences that satisfy:

E{viv;} = 6kj, E{GG} = 0ksy E{prps} = Ok,
E{Cru;} = E{Gev;} = E{prv;} =0, Vk,j =0.

The matrices in (2a,b), (3) are constant matrices of appropriate
dimensions.
We treat the following two problems:

i) H.. state-feedback control:
We consider the system of (2a) and (3) and the following
performance index:

A
Te = |2kl — ¥*[wkl]}- “4)

Our objective is to find a state-feedback control law u, = Kxy
that ac}lieves JE < 0, for the worst-case of the process disturbance
wy € l%rk_ ([0,00); R?) and for the prescribed scalar y > 0.

ii) H filtering:
We consider the system of (2a,b) and (3) where By = 0, G =
0, D12 = 0 and consider the estimator of the following general

form: . .
Thy1 = AcZr + Beyr,

2 = Cedre (Gab)
We denote
er = Tk — Tk, and Zp = zr — Zk, (6)
and we consider the following cost function:
A2 2 2 2
Ir = Zkllz, = 7 lllwellg, + el g, )- ™

Given v > 0, we seek an estimate C.Zy of Cixi over the
infinite time horizon [0, co) such that Jr given by (7) is negative
for all nonzero wy,nr where wr € l~2;k([0,oo);72q), ne €
%, ([0, 00]; RP).

III. MEAN-SQUARE EXPONENTIAL STABILITY

In order to solve the above two problems we start with the sta-
bility issue of the retarded discrete-time system. We first introduce
the following scalar operators which are needed, in the sequel, for
transforming the delayed system to a norm-bounded nominal one:

k—1
Ai(ge) = ge-n, D2(ge) = D g5

j=k—h

(8a,b)

Denoting 4 = k41 — o and using the fact that Aq(gx) =
Tk — Tk—h, the following state space description of the system
is obtained:

Zp+1 = (Ao + Dvg + M)xg + (A1 — M + Fug)Aq(xk)
—M A2 (gr) + Biwk + (B2 + Glr)u,

yr = Coxp + Da1ng,
2z = Ciak + Digug,

z;=0,1<0,
(9a-c)

where the matrix M is a free decision variable that will be
determined later.

We consider then the following auxiliary system where we take
Bs =0and G = 0:

Trt1 = (Ao + Dy + M)zg + (Ar — M + Fpg)w,k

1
—Mws i, + Brwg, (10)
with the feedback
w1,k = Al(.l‘k), Wa,k = AQ(gk) (11a,b)

We consider the system of (10 ) where B; = 0 and the following
Lyapunov function:

Vi £ 27 Quy. (12)

Taking expectation with respect to vy, px and solving for (10 ) we
obtain:

E{Vis1} = Vi = B{[ai (A§ + M +D"wy)

Hwi g (AT =MT+FT ) —w3 MT]Q

[(Ao + M + Duvg)zi + (A1 — M+ Fug)w . — Mws ]}

T
—x3, Q.
13)

We thus arrive at the following condition for E{Vi41} — Vi < 0.

Theorem 1:  The exponential stability in the mean square sense
of the system (2a) where B1 = 0, B> = 0 and G = 0, is
guaranteed if there exist matrices @ > 0, R1 > 0 and R2 > 0, and
an X n matrix M that satisfy the following inequality:

11 Ii2 0 0 s

x  —Q Tes QM 0

* * f33 0 f35 <0, (14)
* * * —Ry —hMTR,

* * * * —R>

where

1= —Q+ DT (Q + h*R2)D+Ry,
12 = (Ao+M)"Q,
I's = h(AY + MT)Ry — Rah,
[33 = —Ri+FT(Q+ h*R»)F,
o5 = Q(Ar — M),
I35 = h(AT — MT)R,.
Proof: Define i’k+1 = Tk4+1 — DVkCCk — Fukwlyk and :ljk =
Y — Dvgxr, — Fugw,, and denote

Mk = col{xr, Trr1, Wik, Wak, Ak}
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If (14) is satisfied for the appropriate (), R1, Rz, and M, then the
following is satisfied:

Ox 2 i Ty < 0. (15)

Carrying out the multiplications in (15) we find that

0, = —CL‘ZQJ?;C + CL‘%DT(Q =+ hQRQ)DIk + Z'{RLCL‘}C
—&h1QE ks + Tk — wi (R — FT(Q 4 Ra)F)ws &
+h>§i, Rafjk — w3, Rowa k,

where 7, = 2z (AT + MT)QFrs1 — 2wi MT Qi1 +
251 ,1Q(A1 — M)wr = 23,1 QFp+1. It thus follows that

0, = .’fg+1ka+1 — CL‘%QJS}C + .’[EDT(Q + hZRQ)DCCk
ok Rize — wi yRiw ] + [RPG8 Rofie — w3, Rowa k]

+wi , FT(Q + h*Ra) Fwy k.
Since E{§f R2Gr} = E{§FRofin} + E{zFf DT RyDxy}
+E{w] ,F" RyFwi x} and
E{zj 1 Qur} = E{#,Qirn} + E{z{ D"QD "z} +
E{w! ,FTQFw: 1},
we find that if (14) is satisfied then:

E{0x} = E{a}, Qi1 — 2 Qur}

+E{y; h* Ro, — w3 p Rowa 1 } (16)
+E{z{ Rizy — wi yRiwik} < 0.
Since for all sequences {rx} in R™
[Avrel* < flrell?, and (| Agre]* < B |lrell?,
we have that E{h°yf Rofx — w3 Rowzr} > 0 and

E{zf Rize — wi yRiws ik} > 0.
Thus, (16) implies that E{Vi11} — Vi = E{a} Qzri1} —
x} Qxy < 0 and the stability is guaranteed.

We note that inequality (14) is bilinear due to the terms QM
and Ro M. Similar bilinearity is observed in the continuous-time
counterpart of the stability problem. There exist few algorithms
that may solve bilinear matrix inequalities, however they do not
always converge to a global minimum and they may require
considerable computational effort. In order to remain in the linear
domain, we choose Ry = eQ) where € is a positive tuning scalar.
Defining Qs = QM we obtain the following result:

Corollary 1:  The exponential stability in the mean square
sense of the system (2a) where By = 0, B, = 0 and G = 0,
is guaranteed if there exist n X n matrices @ > 0, Ry > 0 and
an xn matrix @ and a tuning scalar e > 0 that satisfy the
following inequality:

11 ATQ+QT, 0 0 I
A -Q QAL —Qn QM 0
I'= * * I's3 0 T'ss <0,

* * * —eQ 7h€Q]7C{

* * * * —eQ

a7
where
I'y=-Q+ DTQ[l +¢h®|D + Ry,

15 = eh[ATQ + Q] — chQ,
sz = —Ry + (1+eh®)FTQF,
55 = eh[ATQ — Q.

IV. THE BOUNDED REAL LEMMA

In the case where wi # 0, (15) implies that E{[Tx+1 —
Blwk]TQ[ka — Biwyg]} — ¥ Qi < 0. Denoting
Jp = B{ai 1 Qi } — ok Quy + 2 2k — Y whwe,  (18)

where 2z, = Cizk, we add Biwy to the previously defined Zx1
and readily find that Jp < 0, V wy € I7, ([0,00); R?) if
i D, < 0, (19)

where ’f]k = col{xk, ‘i.k+17 W1,k, W2k, hﬂk, Wk, Zk} and where
F =

Ty Tio 0 0 INT 0 ClT
* —-Q T3 QM 0 QB 0
* * f33 0 0 0
* * * —Ry —hMTR, 0 0 , (20)
* * * * —R> hR2 By 0
* * * * * —'yQIq 0
* * * * * * —I,

where

1?‘11 = —-Q+D"(Q+h?R2)D + Ry,

['hp = (Ao + M)TQ,

Pas = Q(A1 — M),

T35 = —Ri+FT(Q+ h’R2)F,

1:‘35 = h(A{*MT)RQ.fHQ = (A0+M)TQ,
['5 = h(AF + MT)Ry — Roh.

Note that when carrying out the multiplications in (19) the
product &7 Hf‘gﬁk is zero, where I's denotes the second row block
of I. We also note that the matrix in the 5th row and the 6th
column blocks in the latter inequality stems from the fact that the
expression for 7 includes now the additional term Bjwy.

Similarly to the stability result of Corollary 1, the following
result is readily obtained:

Theorem 2 Consider the system (2a) and (3) with By =
0, G = 0 and D12 = 0 . The system is exponentially stable
in the mean square sense and, for a prescribed scalar v > 0 and a
given scalar tuning parameter €, > 0, the requirement of Jp < 0 is
achieved for all nonzero w € lg—k ([0, 00); RY), if there exist n X n
matrices @ > 0, Ry > 0 and a n X n matrix ()., that satisfy the
following LMI:

[Ty T2 O 0 s 0 Cf ]
* —Q T2 Qm 0 QB 0
* * f33 0 f35 0 0
* * * —e,Q —hebQ% 0 0 < 0,
* * * * —eQ evhQB1 0
* * * * * —72](1 0
| * * * * * * -1, |
(21)
where

I =—-Q+ D"Q[1+&h*ID + Ry,
Fip = ATQ +Qn,

[15 = &uh[A5 Q + Q] — &4hQ,

Loz = QA1 — Qm,

[s3 = —R1 + (1 + e,h*)FTQF,

f35 = €bh[A{Q - Qﬂ
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V. STATE-FEEDBACK CONTROL

In this section we address the problem of finding the following
state-feedback control law

up = Ky, (22)

that stabilizes the system and achieves a prescribed level of atten-
uation. We consider the system of (2a) and (3) and we apply the
control law of (22), where Ay is replaced by (Ao + B2 K) and C\
is replaced by C'1 + D12 K. We obtain the following inequality:

[ T Yoo 0 0 Tis 0 Ti7
¥ —Q Yoz Qum 0 QB 0
* * Y33 0 Tss 0 0
* * * —aQ Yas 0 0 < 0,
* * * * —e,Q  her@QB1 0
* * * * * —~21, 0
* * * * * * —1I,
) T(23)
where

Tii=—-Q+Ri+Tii,a,

Yi1,. = DTQ[1 4+ e,h*]D + KTGTQ[1 + ¢,h?|GK,
Ti5 = eh[(Ao + B2K)"Q + Q1] — erhQ,

Y17 = [C1 + D12K]T,

Yoz = QA1 — Qur,

Tss = —Ri + (1 +eh®)FTQF,

T35 = eoh[AT Q — Q1]

T45 = —hEbQij.

Multiplying the above inequality by
diag{Q™", Q" Q7 QT Q7 I, I}

, from the left and the right and denoting , R1 = Q 'R1Q™', P 2
Q7 ', Mp = MP, Kp = KP, we obtain the following LMI:

[—P+Ri T 0 0 Tis
* -P AP—-Mp Mp 0
* * —Ry 0 Tgs
* * * —e P —hEbM}::
* * * * —ep P
* * * * *
* * * * *
* * * * *
* * * * *
L * * * * *
0 Y1, ePDT 0 eEKLGT T
B: 0 0 0 0
0 0 0 ePFT 0
0 0 0 0 0
ﬁ:’fz 8 8 8 g <0. (29
* —1I, 0 0 0
* * -P 0 0
* * * -P 0
* * * * -P |

where

Y12 = PAY + KEBT + M7,

Y15 = eyh[PAL + KL BT + M%) — eyhP,
Y17 = PCY + K Dy,

Y5 = eh[PAT — ME],

& =1+ eh’

We thus arrive at the following theorem:

Theorem 3  Consider the system (2a) and (3). For a prescribed
scalar v > 0, and positive tuning scalar €, > 0, there exists a
state-feedback gain that achieves negative Jg for all nonzero w €
Zka([O, o0); RY), if there exist n x n matrices P > 0, R1 > 0,
n X n matrix Mp and a [ X n matrix Kp that satisty the LMI of
(24). In the latter case the state-feedback gain is given by:

K =KpP'. (25)
VI. DELAYED FILTERING

In this section we address the filtering problem of the delayed
state-multiplicative noisy system. We consider the system of (2a,b)
and (3) with B, =0, G =0, Dy2 = 0 and the general type filter
of (5). Denoting &F 2 [xf 27F], wi 2 [wi n}] we obtain the
following augmented system:

Eet1 = Aok + Bk + Ar€u_r(iy + D&k + Féuriioy i,

Z=C&, &=0,1<0
(26a,b)
where
_ A 0 - B 0
A() = 0 5 B = ! )
B.Cy A, 0 BcDoy

~ A1 0 . D 0 . ct
A=| " , D= L CT=| T
0 0 0 0 -

(27a-f)
. Using the BRL result of Section IV we

F

0 0
obtain the following inequality condition:

and F =

T YTz O 0 Tis 0 cr 18 |
x  —Q Yoz Qu 0 QB 0 0
* * Yaz 0 Tss 0 0 0
* * * 7EfQ T45~ ~O 0 0 <0
* * * * —e;Q  Tse 0 0 ’
* * * * * 7'721 0 0
* * * * * * —1I, 0
L * * * * * * * —Q_
(28)
where
?11 =-Q + R}, T}Z = AOTQ + Q?\}:
Ti5 = esh[AJQ + Qi — e£hQ,
Ylg = bTQ\/W7 TZS = QAI - QI\/17
T33 = —Rl —|— (1 —|— thQ)FTQF,
Tas = ph[AT0 - QL)) Tus = —hes O,
T56 = hefQB.
Defining P = Q7 denoting the following partitions
5 X MT - Yy NT
- [ M T ] B I and
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J Xy liply (28) by J
= ,  we multi

0 N ply y
djag{PJ, PJ,PJ,PJ,PJ,I,I,PJ} from the right and by
JT, from the left. Denoting R, = J' PR, PJ, X = X!,

_ X X - O

Xy = [ X Vv ]7PM=JTPQ£1PJ»
and carrying out the various multiplications and further denoting
Ko=NTAMX, U= NTB. and Z = C.MX, the following
result is obtained:

[ —X,+R, U 0 0 U5
* —)_(y \1~123 PA{ 0
* * —Rp 0 \1135
* * * —Ef)_(y —hefPM
* % * * *Evay
* * * * *
* * * * *
b3 * b3 b3 *
* * * * *
0 Ui, Ug 0
Uog 0 0 0
0 0 0 @39
0 0 0 0
Vs 0 0 0 <0, (29)
~¥Igrp 0 0 0
* —1I, 0 0
* * —Xy 0
* * * —Xy
where
_ ATX  ATY +CTUT + KT -
WUio = OT _ 0 T ? TyrT 0 + P,
AO X AO Y + C2 U
. AFTX ATy +cTuT + K
Uis =erh T % T T77T
AV X Ay +cfu
5 X X7: cr -2
+erh Py —eph { X v } Wi = { or ;
i DTX DTy & XA, XA .
T pTx DTy |7 P T | vAa va M
& XB; 0 & F'X FTy
20 YB, UDs |7 P | FTX FTy |’
U h ALX ATy hP
=€ _ € s
BTN AT ATY Fe
- XB; 0
\IJ = h 5 &2 =1 + h2.
e { YB, UDx } ‘ “

We thus arrive at the following theorem:

Theorem 4  Consider the system of (2a,b) and (3) with By =
0, G = 0 and D2 = 0. For a prescribed scalar v > 0 and a

positive tuning scalar €y, there exists a filter of the structure (5)
that achieves Jr < 0, where Jr is given in (7), for all nonzero

w € 12([0,00);RY), n € [*([0,00); RP), if there exist n x n
matrices X > 0, Y > 0, 2n x 2n matrix R, > 0, n X n matrices
Ko and U, 2n x 2n matrix Py and a n x  matrix Z, that satisfy
(29). In the latter case the filter parameters can be extracted using

the following equations:

A, =NTK XM, B.=N"TU, C. =ZXM™'.
(30a-c)
Noting that XY — MTN = I, the filter matrix parameters
Ac, B., and C. can be readily found, without any loss of
generality, by a singular value decomposition of I — XY.

VII. CONCLUSIONS

In this paper the theory of linear H,, state-feedback control
and filtering of state-multiplicative noisy systems is developed for
discrete-time delayed systems, where the stochastic uncertainties
are encountered in both the delayed and the non delayed states
in the state space model of the system. The delay is assumed
to be unknown and time-varying where only the bound on its
size is given. Delay dependent analysis and synthesis methods
are developed which are based on the input-output approach, in
accordance with the approach taken for the solution of the state-
feedback and filtering problems, in the continuous-time counterpart.
This approach transforms the delayed system to a nonretarded
system with norm-bounded operators. Sufficient conditions are thus
derived for the stability of the system and the existence of a solution
to the corresponding BRL. Based on the BRL derivation, the state-
feedback control and filtering problems are formulated and solved.
An inherent overdesign is admitted to our solution due to the use
of the bounded operators which enable us to transform the retarded
system to a norm-bounded one. Some additional overdesign is also
admitted in our solution due to the special structure imposed on
Rs.
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