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Abstract— The paper examines the reachability character-
istics of vehicle actuators in order to analyse their abilities
for the entire vehicle system. A computation method for an
outer approximation of a reachable set is proposed. Simulation
experiments are used in order to formulate the shape of the
reachable sets of actuators. The evaluation of the shape provides
preliminary information in the approximation of the reachable
set. The upper bounds of the reachable set are calculated based
on the constrained LMI feasibility problem in the nonlinear
optimization task. The aim of the analysis is to provide a
theoretical basis for the coordination of the actuators. The
method is illustrated through the influence of the steering
and the brake control systems at various velocities and road
conditions.

I. INTRODUCTION AND MOTIVATION

Several active components are applied in road vehicles to
solve different control tasks. In their simultaneous operation
interference or conflict may occur in the entire vehicle
system. The purpose of the integrated control is to take
into consideration the effects of a control system on other
vehicle functions, create coordination between controllers
and provide priorities for actuators. In the integrated control
there is a possibility to improve safety by modifying the
operation of a local controller. If an actuator fault has
occurred and it has been detected the faulty actuator is
substituted for by another fault-free actuator which provides
the same or similar control signal.

Recently, several important survey papers have been pre-
sented in this topic, see, e.g., [1], [2]. A vehicle con-
trol with four-wheel-distributed steering and four-wheel-
distributed traction/braking systems is proposed by [3]. A
process to design the control strategy for a vehicle with
throttle control and automatic transmission is proposed by
[4]. A yaw stability control system in which an active torque
distribution and differential braking systems are used is
proposed by [5]. An integrated control that involves both
four-wheel steering and yaw moment control is proposed
by [6]. Active steering and suspension controllers are also
integrated to improve yaw and roll stability [7]. A global
chassis control involving an active/semi-active suspension
and brake is proposed by [8]. In integrated control systems
the characteristics of the drivers’ behavior are also taken into
consideration in the control, see e.g. [9].
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The principles of the actuator selection are based on dif-
ferent factors, such as physical limits, energy requirements,
effects and dynamics of the actuators, see [10]. Although
the actuator selection is usually performed by using practical
considerations, in the paper an analysis in which a theory-
based approach is proposed is presented. The aim of the
analysis is to identify the similarities and differences between
the different actuator interventions.

In the proposed method the upper bounds of the reachable
set are calculated based on the constrained LMI feasibility
problem. In the nonlinear optimization task the results of
simulation experiments are used. The reachability sets show
the operation regions of the vehicle system. The sets show
the similarities of the control systems, in which there is a
possibility to substitute an actuator for another one. The sets
show the differences between the control systems, in which
an actuator may not be replaced by another one. In addition,
these sets also identify the specialities of the actuators.

The paper is organized as follows: Section II formulates
the bicycle model for the analysis of the reachability sets. An
approximation of the reachable set is proposed in Section III.
The steps of the algorithm are shown through an example
of a vehicle model in Section IV. The analysis results of
the reachable sets are also presented in this section. A
reconfiguration control strategy based on the analysis results
is presented in Section V. The applicability of the reachable
set is illustrated through a simulation example in Section
VI. Finally, the contributions of the paper are summarized
in Section VII.

II. MODELING OF VEHICLE LATERAL DYNAMICS

The formulation of the vehicle lateral dynamics is based on
the bicycle model, which is widely used in the control design
of steering or braking, see [11]. In the first vehicle system
the control signal is the differential brake moment Mbr. The
equations of vehicle lateral dynamics are the following:

Jψ̈ = C1l1(−β − ψ̇l1/v)− C2l2(−β + ψ̇l2/v) +Mbr

mv(ψ̇ + β̇) = C1(−β − ψ̇l1/v) + C2(−β + ψ̇l2/v) (1)

where m is the mass, J is the yaw inertia of the vehicle and
l1 and l2 are geometric parameters, C1 and C2 are cornering
stiffnesses and v is longitudinal velocity. β is the side-slip
and ψ̇ is yaw-rate of the vehicle.

In the second vehicle system the control signal is the
steering moment Mst. Besides the second-order bicycle
model the formulation of steering dynamics considers steer-
ing resistances, such as the movement of the vehicle chassis
and the gyroscopic effects of the steered wheels, which leads
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to a second-order model of the steering system [10]:

Jψ̈ = C1l1(δ − β − ψ̇l1/v)− C2l2(−β + ψ̇l2/v)

mv(ψ̇ + β̇) = C1(δ − β − ψ̇l1/v) + C2(−β + ψ̇l2/v)

ϑδ̈ +
2Jwv

rw
δ̇ +Bπssusp(sinn)δ =Mst (2)

where ϑ is the inertia of the wheel on the axle, Jw is the
inertia of the wheel, rw is the wheel radius, B is wheel track,
ssusp is suspension stiffness and n is the angle between the
road and the axle. δ is the front wheel steering angle.

Both models (1) and (2) depend on the velocity of the
vehicle v nonlinearly and significantly. In the further analysis
the velocity is chosen as a scheduling variable in the LPV
(Linear Parameter Varying) model, i.e., ρ = v, which is valid
for the entire velocity range. The state space representation
in generic form is

ẋ = A(ρ)x+B(ρ)u (3)

where the state vector of the system x =
[
ψ̇ β

]T
contains

two state variables, i.e., the yaw rate ψ̇ and the side-slip
angle of the vehicle β. When the brake control is used the
input of the system is u = ubr =Mbr and when the steering
control is used the input is u = ust =Mst.

In the paper the regions of the state variables are analyzed
by calculating their reachability sets. In the calculations
different inputs and road conditions are taken into consid-
eration. The aim is to find the smallest outer approximation
of the reachable sets of the LPV models.

III. PROPOSED METHOD FOR THE APPROXIMATION OF

THE REACHABLE SET

Several papers deal with reachable set computation, some
of them are listed in the following. [12] introduces the
ellipsoidal outer approximation of the reachable set for
linear differential inclusion (LDI) systems. The set theoretic
method is applied to design constrained L2 control and an
algorithm is presented for the computation of the maximum
disturbance invariant set in [13]. The reachable set method is
applied in other areas of automotive research, see e.g. [14].
The reachable set computation method for LPV and quasi-
LPV systems are proposed in [15]. Upper bounds for the
reachable set and nonlinear system gains are characterized
by polynomial Lyapunov functions in [16].

The reachable set of the vehicle systems are approximated
by using ellipsoidal forms. According to the preliminary
analysis the ellipsoid form is found as an appropriate se-
lection. [12] presents the conditions to find the minimal
reachable set for LDIs and linear systems. The LMI condition
of the reachable set is formulated as:

[
A(ρ)TP (ρ) + P (ρ)A(ρ) + αP (ρ) + Ṗ (ρ) P (ρ)B(ρ)

B(ρ)TP (ρ) −αI

]

≤ 0

(4)

if there exists P (ρ) and α satisfying P (ρ) > 0, α ≥ 0. The
Lyapunov function of the system is chosen in a parameter-
dependent way V (x, ρ) = xTP (ρ)x, and time derivative of

P (ρ) is handled as Ṗ (ρ) = ∂P (ρ)
∂ρ

ρ̇. The upper limit of ρ̇

is predefined as ν = |ρ̇| and ∂P (ρ)
∂ρ

is computed using the
formulation

P (ρ) =

N∑

i=1

fi(ρ)Pi Pi ∈ R
nxn (5)

and fi are appropriately-chosen basis functions. In the so-
lution of the LMI feasibility problem it is necessary to
find an α value in which log(det(P (ρ)−1)) is minimal and
which represents the volume over an ellipsoidal cylinder. In
the proposed method the solution of (4) is the ellipsoidal
approximation of the reachable set: ε = {x|xTP (ρ)x ≤ 1}.

According to our experience the computation of P (ρ)
may be numerically difficult because of the LMI condition
(4). Moreover, the selection of fi basis functions in (5)
determines the qualification of reachable set approximation.
However, the formulation of the basis function is not a trivial
task.

In the paper a computation method for an outer approxima-
tion of the reachable set is proposed. Simulation experiments
are used in order to formulate the shape of the reachable set.
The evaluation of the shape provides preliminary information
in the approximation of the reachable set.

The operations of the vehicle systems (1) and (2) are
simulated by using a software, in which the model of the
vehicle dynamics is represented with high accuracy. In this
conception it is necessary to realize the suitable input signals,
i.e., the steering moment and the brake yaw moment with
their amplitudes and frequencies, which represent the vehicle
dynamics in the entire range. Based on the appropriate sim-
ulation experiments, it is possible to analyze trajectories of
the state variables x =

[
ψ̇ β

]T
in the function of velocity

ρ = v. According to the visual information it is possible
to identify their shapes and then provide a formulation of
reachable set approximation which fits simulation results
suitably. The trajectories help determine the structure of
P (ρ).

It must be verified whether P (ρ) is the solution of LMI
(4). The advantage of this method is that it is not necessary
to solve the original LMI feasibility problem, because P (ρ)
is already known. If P (ρ) represents the reachable set, then
all of the eigenvalues of the following matrix are negative:

max

(

eig

([
ATP + PA+ αP + Ṗ PB

BTP −αI

]))

< 0 (6)

Note that (6) contains an α ≥ 0 parameter, which is not
known in the computation of eigenvalues. In addition, P (ρ)
function contains some parameters μi, which are also not
known. In the calculation of the reachable set it is necessary
to find the smallest outer approximation. Thus, P (ρ) =
P (ρ, μi) function must be optimized to provide the upper
bound of the reachable set.

The optimization task is to find the solution

min
μi,α

log
(
det
(
P (ρ, μi)

−1
))
, (7)

while the constrains (6) and α ≥ 0 are fulfilled.
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Using the proposed method the numerically complex LMI
feasibility problem [12], [15] is replaced by a constrained
optimization problem. There are several methods to solve the
constrained optimization [17], [18]. The numerical solution
is based on the Nelder-Mead simplex direct search algorithm,
see [19]. The advantages of the replacement of LMI solu-
tion are that the original numerically difficult computation
procedure is replaced by an easier solution and the complex
nonlinear basis functions are substituted for using simulation
experiments.

Remark 1: The simulation experiments have an important
role in the approximation of the reachable set. However, it
is necessary to emphasize that the proposed method always
results in an outer approximation of the reachable set. The
importance of the appropriate simulation is the evaluation of
the shape of the reachable set. It helps formulate a suitable
formulation of reachable set approximation.

IV. SIMULATION CONDITIONS AND APPROXIMATION OF

THE REACHABLE SET

A. Reachable set approximation

The initial step of reachable set approximation is to create
appropriate simulation examinations. In these simulations
both the steering and the brake systems are analyzed and
the input signals are selected in their entire amplitude and
frequency range. Two kinds of signals are used as excitations,
i.e., chirp (sinusoidal with linearly increasing frequency) and
pulse signals. During simulations the velocity of the vehicle
must also be changed because the nonlinear effect of velocity
is analyzed. The velocity range is 50...100 km/h. The
simulations are realized by using CarSim software, which
is acceptable in the vehicle industry. The road condition is
defined by an adhesion coefficient, which is within a narrow
interval.

The formulation of the parameter-dependent Lyapunov
function P (ρ) is the following. The volume and the rotation
of the elliptical cylinder change to the effect of velocity,
therefore this information is used in the formulation of P (ρ).
The description of P (ρ) is used in the approximation of the
reachable set:

P (ρ) = TT (ρ)P0T (ρ) (8)

where P0 is a level of the elliptical cylinder. T (ρ) is
a transformation matrix, which contains both volume and
rotation:

T (ρ) =

(

1 + μ1

(
ρ

ρ0
− 1

))[
cos (μ2ρ) − sin (μ2ρ)
sin (μ2ρ) cos (μ2ρ)

]

(9)
where μ1 and μ2 are parameters and ρ0 is the value of the
scheduling variable at P0 level.

The algorithm of the reachable set approximation is
proposed in Section III. In optimization (6) and (7) it is
necessary to compute the values of μ1 and μ2, which contain
the information about the shape of the ellipsoidal cylinder.
Figure 1 illustrates the approximation of the reachable set
of the steering system, in which the simulation experiments
are used. Red lines illustrate the result of the simulation

experiments in the functions of the state variables β and ψ̇
and the scheduling variable ρ = v, while blue ellipsoidal
cylinders show the outer approximation of the reachable
set. The ellipsoidal cylinders build the reachable set. The

Fig. 1. Simulations and reachable set approximation

computation results show that ellipsoidal cylinders form an
appropriate choice for this problem. The computed reach-
able set approximates the simulation results sufficiently, and
fulfils (6) and (7).

B. Analysis of steering and braking reachable sets

In the following the preliminary results of the reachable
set approximations are presented. The computation of the
reachable sets is based on the proposed optimization method
by using elliptical cylinders. The method requires simulation
experiments. The model of the vehicle is represented with
high accuracy by using CarSim/TruckSim software systems,
which are acceptable in the vehicle industry. Different types
of vehicles, road surfaces and velocities are used in the
examinations. In the analysis a large family car (1823 kg)
with different adhesion coefficients is presented. They are
μ1 = 0.85 (dry asphalt), μ2 = 0.6 (wet asphalt) and μ3 = 0.4
(wet and dirty asphalt or dirt-road). The influences of the
steering moment and those of the differential brake yaw
moment are analyzed.

Remark 2: In the simulation example the effect of adhe-
sion coefficient μ on reachable sets is analyzed. However,
there are other parameters which influence reachable sets
during lateral dynamics, such as cornering stiffness values
C1, C2. These parameters are handled as constant parameters
in (1) and (2), but changes in their values may have an
important role in actuator reachable sets. Parameters Ci,
i ∈ [1, 2] are expressed [11]:

Ci =
∂Fy

∂α
= FzopKy1 sin

(

2 arctan

(
Fz

FzopKy2

))

, (10)

where Fzo is the nominal wheel load, Fz is the actual wheel
load. andpKy1 and pKy2 are parameters, which depend on
the tire-road contact, e.g. the adhesion coefficient, tire tread
and wear. Consequently, other tire parameters also influence
the tendency of reachable sets. It can be seen, however, that
the most important factor of these parameters is the effect the
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adhesion coefficient μ. This fact has motivated the analysis
of μ in the example.

The first analysis focuses on the car. The approximation
of the reachable sets is illustrated in Figure 2. The ellipsoidal
cylinders show the outer approximation of the reachable sets
in the functions of the state variables and the scheduling
variable. Blue ellipsoids illustrate the influence of the braking
system, while the yellow ellipsoids illustrate the influence
of the steering system. The ellipsoidal cylinders build the
reachable set. In the first analysis the effects of the road

(a) μ = 0.85

(b) μ = 0.6

(c) μ = 0.4

Fig. 2. Approximation of reachable sets in the case of car with different
adhesion coefficients (blue: brake, yellow: steering)

conditions are compared, i.e., the effects of adhesion coef-
ficients μ1 = 0.85, μ2 = 0.6, μ3 = 0.4 are illustrated in
Figures 2(a), 2(b) and 2(c), respectively.

In excellent road (high μ) conditions the reachable set of
the steering system is larger than the entire reachable set
of the braking system according to both state variables in
each scheduling variable. Consequently, the steering system
should be used at high μ values, since it includes the
reachable set of the brake system. However, at smaller
adhesion coefficients the reachable set of the braking system
is larger than that of the steering system. Both the volume
and the rotation of elliptical cylinders change. In the case
of wet or dirty asphalt the brake system is more effective
than the steering. Consequently, the braking system should
be used at smaller μ values, since it includes the reachable
set of the steering system. The example shows that the
adhesion coefficient and velocity have important role in the
approximation of the reachable sets of the different actuators.
Changes in the road adhesion coefficient and/or velocity
require the interaction between the steering and the brake
systems.

V. CONTROL STRATEGY BASED ON REACHABLE SETS

In the following a reconfiguration control strategy based
on the analysis results is presented. The aim of the control
system is to avoid the lane departure of the vehicle. In the
solution a reference yaw rate with an acceptable tracking
error is predefined.

The reference yaw-rate signal is calculated by the follow-
ing first-order reference system, which is represented by a
transfer function from steering angle δd to reference yaw-rate
signal ψ̇ref , see [20]:

Gref (s) =
v

l1 + l2 +
η
g
v2

1

τs+ 1
(11)

where η is an understeer gradient [11], g is the gravitational
constant and τ is the time constant. Consequently, the signal
ψ̇ref represents the driver’s requirement. In the control
design the purpose is to handle the tracking problem, i.e.,
the difference between ψ̇ref and the actual yaw rate ψ̇ must
be minimized. The performance of the control system is

z = ψ̇ref − ψ̇, (12)

which guarantees the avoidance of lane departures.
The example in the previous section illustrates that there

are states in the state space, which are not able to achieve
by an actuator. However, these state may be reachable by
another actuator of the vehicle. This is the basis of the
reconfiguration of the control structure, in which the aim is
to guarantee acceptable yaw-rate tracking during the journey.
Figure 3 illustrates the reconfiguration strategy. The initial
state vector of the system is x0 and the reference state vector
is xref = [ψ̇ref , βref ]T , where ψ̇ref is calculated by using
(11) and βref is a parameter, which depends on vehicle
dynamics and road conditions. It is assumed that actuator λ1
provides a reachable set R1, which is illustrated by the solid
blue ellipsoid. Since xref is outside from the reachable set of
actuator λ1, it is not achievable. However, actuator λ2 is able
to achieve xref , which is illustrated by the solid red ellipsoid
R2. Thus, in order to achieve xref the reconfiguration from
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actuator λ1 to actuator λ2 must be solved. Weights ρ1 and
ρ2 are introduced for the selection of actuators λ1 and λ2,
respectively, with the following constrains 0 ≤ ρ1, ρ2 ≤ 1.

β

ψ̇
x0

xref

x1

x2

Fig. 3. Reconfiguration strategy

There are two other ellipsoids in Figure 3: the dashed
blue ellipsoid R1d is related to actuator λ1 and dashed red
ellipsoid R2d is related to actuator λ2. These ellipsoids are
chosen to the borders of reachable sets as close as possible.
Generally, the reconfiguration strategy is the following:
• If (x0 & xref ) ∈ Ri, the reachable set of actuator
λi contains both the initial and reference states. Thus,
xref can be achieved by the actuator λi without actuator
reconfiguration. The actuator weights are selected ρi =
1 and ρj = 0.

• If x0 ∈ Ri and xref ∈ Rj , the reachable set of actuator
λi is not able to achieve xref . Since actuator λj is able
to achieve xref a reconfiguration between actuators is
needed. The abrupt activation of actuators may results
in large transients, which may degrade the performance
properties of the vehicle. The state trajectory of the
system is illustrated by the the green line in Figure 3. In
terms of the state x1 the trajectory achieves the border
of R1d, therefore actuation of λ1 must be reduced and
actuation of λ2 must be increased. In state x2, which
is at the border of R1 the operation of λ1 is stopped
and only actuator λ2 works since R2 contains xref . In
this way the abrupt activation of actuators should be
avoided. The transition between λ1 and λ2 in a given
xk is defined by the following weights

ρ1 =
|xk,2| − |xk|
|xk,2| − |xk,1|

(13a)

ρ2 = 1− ρ1 (13b)

where xk,1 and xk,2 are determined by the actual state
xk. Note that since the value x2 is unknown when the
actual state is xk, an estimation of xk,2 is needed, see
Figure 4. The estimation can be solved by using an
observer.

• If xref 6∈ (Ri ∪ Rj), the available actuators are not
able to achieve the reference state. In this case the
previous reference signal ψ̇ref must be followed until
the reference state is within the reachable sets.

In [21] a supervisory control design method, which integrates
both the steering control Kst and the differential braking

x1xk
x2 β

ψ̇

xk, 2

xk, 1

R1 d

R1

Fig. 4. Illustration of the actuator reconfiguration

control Kbr, is presented. Applying parameter-dependent
weighting functions coordination and priorities between dif-
ferent controllers are achieved. The reconfiguration is pro-
vided by weighting parameters ρst and ρbr:

Kst = Kst(ρst) (14a)

Kbr = Kbr(ρbr) (14b)

The weighting parameters are determined by the proposed
reconfiguration strategy. The strategy requires look-up tables,
which contains the results of the analysis of steering and
braking reachable sets. During the journey the actuator
selection requires four signals: they are the side-slip angle β,
adhesion coefficient μ, yaw-rate ψ̇ and velocity v in order to
select the actual reachable set from the table. In practice, v
and ψ̇ are measured signals, μ is estimated by the algorithm
[22], while β must be estimated on-line by using an observer.

VI. SIMULATION RESULTS

The applicability of the reachable set is illustrated based on
the operation of a supervisory control through a simulation
example. In the example the CarSim software is used in
order to represent the vehicle dynamics with high accuracy.
The maneuvers of the driver along a course are assisted by
the integrated control, which uses both steering angle and
differential brake moment. It is assumed that road frictions
and velocities change along the route.

Figure 5(a) shows the course of the vehicle, while Figure
5(b) and Figure 5(c) show the changes of the velocity and
the adhesion coefficient, respectively. The bends in the course
are hazardous from the aspect of lane departure. The actuator
selection weights ρst and ρbr are shown in Figure 5(d).
The steering system is activated mainly in the first and last
sections of the road, while in the middle sections differential
braking is dominant. This actuator selection is based on
the velocity, the adhesion coefficient and the reachable sets.
Figure 2 shows that using the steering system at high μ it
is possible to achieve an increased state space compared to
the reachable set of the brake system. In the first and last
sections of the road the tire-road friction is high, while in the
middle sections it is low. In a section with low μ the brake
system has a higher reachable set, therefore in the middle
sections the brake is preferred.

The results of the control system are compared to the car
without a driver assistance system. Both the yaw-rate error
and the lateral error of the uncontrolled vehicle are extremely
high, see Figure 5(e) and Figure 5(f). In this case the vehicle
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leaves the road. In these figures the time responses of the
control system are also shown. The control system is able to
guarantee lane departure avoidance, since both the yaw-rate
error and the lateral error are acceptable. Figure 5(g) and
Figure 5(h) show both the steering angle and the differential
brake moment of the control system.
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Fig. 5. Time responses of vehicle maneuvers

VII. CONCLUSIONS

The paper has proposed a computation method for an outer
approximation of a reachable set. Simulation experiments are
used in order to formulate the shape of the reachable set. The
evaluation of the shape provides preliminary information in
the approximation of the reachable set. The calculation of the
upper bounds of the reachable set is based on the constrained
LMI feasibility problem in the nonlinear optimization task.

The reachable sets of different actuators show the similari-
ties and differences between their interventions. The analysis
shows that changes in important factors during maneuvers
require the integration or reconfiguration of control compo-

nents. The analysis provides information for an established
theory whose aims is to coordinate the actuator interventions.

The simulation example has illustrated the efficiency of
the driver assistance system. Based on the reachable sets the
reconfigurable control system is able to handle different road
conditions and velocities.
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