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Abstract— In this paper, an adaptive integral sliding mode is
proposed. The main interest of gain adaptation is the reduction
of the chattering and the possibility to control uncertain non-
linear systems whose the uncertainties have unknown bounds.
The proposed control approach consists in using dynamically
adapted control gain that ensure the establishment, in a finite
time, of a real high order sliding mode. The control is applied
by simulation to an academic example to evaluate its efficiency.
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I. INTRODUCTION

The objective of this paper is to propose a new control

strategy based on high order sliding mode theory. This latter

theory emerges at the beginning since 30 years [11], [6],

[12], [13], [9], [10], [5], [15] and allows to reduce the

chattering phenomenon [6], [23], [8], [3], [4], which is

the wellknown drawback of the sliding mode theory, by

applying the discontinuous sign-function on high order time

derivative of the sliding variable, and eventually on time

derivative of the control input. An other and recent way

to reduce chattering appears by using adaptive gains in the

controller. The gain adaptation strategy has also an other

advantage : in fact, the sliding mode control design re-

quires the knowledge of uncertainties/ perturbations bounds

which are difficult to find in many practical applications.

It yields an over-estimation of control gain with respect to

uncertainties bound that amplifies the chattering problem.

In order to overcome such a constraint and eliminate the

need of a priori knowledge of uncertainties upper bound,

controllers with dynamical gains have been developed. The

interest is the adaptation of the gain magnitude with respect

to uncertainty/perturbation effects. Then, a reduced gain

induces lower chattering. In [16], an adaptive version of first

order sliding-mode position controller was developed for a

pneumatic actuator. The idea is to dynamically adapt the

control gain, checking all the time whether a sliding mode

is established or lost. It has been proved in [16] that the

proposed method allows to adapt the gain magnitude to the

uncertainties/perturbations. As a result, the gains are reduced

as well as the chattering effect. As the reduction of chattering

is the major objective, the solution consists in combining

gain adaptation with high-order sliding-mode control. This

strategy has been successfully applied for the control of an

electropneumatic actuator [17].
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The adaptation strategy has been recently extended to two

well-known second order sliding mode controller, i.e. the

twisting [1] and the super-twisting algorithms [19]. Note

that these both control strategies have been already applied

to experimental systems [20], [19], [18]. Furthermore, these

controllers do not require full informations on the bounds

of uncertainties and perturbations. This last point relaxes the

identification process.

In this paper, the objective is to extend the previous results

of gain adaptation to high order sliding mode control. The

controller is based on the integral sliding mode concept [22],

this concept being already used for high order sliding mode

controller [5], [10], [14]. In [5], the authors are using an

homogeneous control law as the so-called "nominal" control

whereas, in [10], an optimal controller has been chosen

for this "nominal" part. The main feature of these both

"nominal" control laws is the finite time convergence. The

basic idea is that this "nominal" control can be viewed as

a desired trajectories generator : the closed-loop system is

forced, thanks to the discontinuous control, to track these

trajectories. Given that these trajectories converge to the

origin in a finite time, a high order sliding mode can be

established.

Section II recall some definitions and states the problem of

high order sliding mode control of an uncertain nonlinear

system as the stabilization of a perturbed chain of integrators.

Section III recall some results on homogeneous controller

and a constant-gain high order integral sliding mode [5] :

this latter result is modified in order to give an adaptive

version, which is the main result of the paper. This adaptive

version of the integral sliding mode controller is applied, by

simulation, to an academic example in Section IV.

II. PROBLEM FORMULATION

Consider the following nonlinear uncertain system

ẋ = f(x, t) + g(x, t)u
y = σ(x, t)

(1)

with x ∈ IRn the state vector, u ∈ IR the control input, and

σ(x) ∈ IR a smooth output function (sliding variable). f and

g are uncertain smooth vector fields and are differentiable.

The uncertainties in f(x, t) and g(x, t) are due to parameter

variations, unmodelled dynamics or external disturbances.

Assumption 1. The relative degree r of system (1) with

respect to σ is constant and known, and the associated zero

dynamics are stable.

The rthorder sliding mode is defined through the following
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definition

Definition 1 ([12]): Consider the nonlinear system (1)

and the sliding variable σ. Assume that the time derivative

σ, σ̇, . . . , σ(r−1) are continuous functions. The manifold de-

fined as

Σr = {x | σ(x, t) = . . . = σ(r−1)(x, t) = 0}

is called “rth-order sliding mode set”, which is non-empty

and is locally an integral set in the Fillipov sens [7]. The

motion on Σr is called ‘rth-order sliding mode” with respect

to the sliding variable σ.

One can introduce also the notion of "real" sliding mode

which is directly connected to real systems, in particular due

to the presence of sampling period for the computation of

control law.

Definition 2 ([12]): Consider the nonlinear system (1)

and the sliding variable σ. Assume that the time derivative

σ, σ̇, . . . , σ(r−1) are continuous functions. The manifold de-

fined as

Σr
∗
= {x||σ| ≤ µ0τ

r−1, |σ̇| ≤ µ1τ
r−1, · · · , |σ(r−1)| ≤ µr−1τ}

with µi ≥ 0 (with 0 ≤ i ≤ r − 1), is called “real rth-

order sliding mode set”, which is non-empty and is locally

an integral set in the Fillipov sens [7]. The motion on Σr
∗

is called “real rth-order sliding mode” with respect to the

sliding variable σ.

Given the form of system (1), the rth-order sliding mode

control (SMC) approach allows the finite time stabilization

to zero of the sliding variable σ and its (r − 1) first

time derivatives by defining a suitable discontinuous control

function. The rth time derivative of σ satisfies the equation 1

σ(r) = ψ(x, t) + ϕ(x, t)u (2)

Assumption 2. Solutions of equation (2) with discontinuous

right-hand side are defined in the sense of Fillipov [7].

Assumption 3. Functions ψ and ϕ are smooth uncertain but

bounded functions ; furthermore, they can be partitioned into

a well-known nominal part (respectively ψ̄ and ϕ̄) and an

uncertain bounded one (respectively ∆ψ and ∆ϕ), i.e.

ψ(x, t) = ψ̄(x, t) + ∆ψ(x, t)
ϕ(x, t) = ϕ̄(x, t) + ∆ϕ(x, t)

(3)

Functions ϕ and ϕ̄ are such that ϕ > 0 and ϕ̄ > 0. There

are an upper bound constant ξ and a priori known constant

0 < γ ≤ 1 such that the uncertain functions satisfy the

following inequalities
∣

∣

∣

∣

∆ϕ(x, t)

ϕ̄(x, t)

∣

∣

∣

∣

≤ 1− γ, |∆ψ(x, t)| ≤ ξ (4)

1. All over this paper, σ(·)(k) (k ∈ IN ) denotes the kth time derivative
of the function σ(·). This notation is also applied for every function.

To summarize, the design of a rth-order SMC of (1)

with respect to the sliding variable σ is equivalent to

the finite time stabilization of the uncertain system

(1 ≤ i ≤ r − 1)

żi = zi+1

żr = ψ(x, t) + ϕ(x, t)u
(5)

with z = [z1 . . . zr]
T = [σ . . . σ(r−1)]T . Consider the

following state feedback control

u =
1

ϕ̄

(

−ψ̄ + v
)

(6)

with v the auxiliary control input. Note that this state feed-

back control linearizes (by an input-output point-of-view)

the nominal system, i.e. system (5) with no uncertainties.

Applying (6) to system (5), one gets

ż1 = z2
...

żr−1 = zr

żr = ∆ψ − ∆ϕ

ϕ̄
ψ̄+

(

1 +
∆ϕ

ϕ̄

)

v

(7)

The control objective is now the following : how to define

a discontinuous control law v ensuring the stabilization of

the previous system, in a finite time and in spite of the

uncertainties ?

III. CONTROL DESIGN

This section proposes two high order sliding mode control-

lers based on integral sliding mode concept [10] : this first

requires knowledge of the uncertainties bounds, whereas, for

the second one, no knowledge of the bounds is required. This

latter feature is due to an adaptation law for the control gain.

A. Finite time stabilization of an integrator chain system [5]

The following theorem proposes a continuous finite time

stabilizing feedback controller for a chain of integrators, by

giving an explicit construction involving a small parameter.

One gets an asymptotically stable closed-loop system ; the

system is homogeneous of negative degree with respect to

a suitable dilation which implies the finite time stability.

Consider the system (7) with no uncertainty (∆ψ = 0 and

∆ϕ = 0)
ż1 = z2

...

żr−1 = zr
żr = v

(8)

Theorem 1 ([5]): Let k1, . . . , kr > 0 be such that the

polynomial λr + krλ
r−1 + . . .+ k2λ+ k1 is Hurwitz. There

exists ǫ ∈]0, 1[ such that, for every α ∈]1−ǫ, 1[, the origin is

a globally finite time stable equilibrium point for system(8)

under the feedback

v = −k1sign(z1)|z1|α1 − . . .− krsign(zr)|zr|αr (9)

with α1, . . . , αr−1 satisfy

αi−1 =
αiαi+1

2αi+1 − αi

for i = 2, . . . , r with αr = α and αr+1 = 1.
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B. Robust finite time controller design based on integral

sliding mode

Consider the following function, named “integral sliding

variable”, defined as (t0 being the initial time)

s(z(t)) = zr(t)− zr(t0)−
∫ t

t0

vnom(τ)dτ (10)

with the term vnom defined by (9) in Theorem 1. Note that

s(z(t0)) = 0 : then, the system is evolving on the sliding

manifold early from the initial time.

This latter feature is a key point of the integral sliding mode

controller ; in fact, the definition of the integral sliding va-

riable allows to ensure that a sliding mode is established early

from the initial time, thanks to the finite time convergence

property of vnom. Then, it is necessary to force the system

to evolve on the integral sliding surface s = 0 in spite of

the uncertainties and perturbations : it will be the role of

the discontinuous part of the controller. In fact, the therm

vnom appearing in s can be viewed as a desired trajectory

generator. By supposing that, ∀t ≥ t0, s = 0, one has

ṡ = żr − vnom = 0 → żr = vnom (11)

From the previous inequality, it is clear that, if the control

v guarantees that s = 0, ∀t ≥ t0 and given the features of

vnom, system (7) is stabilized at the origin in a finite time.

Then, in order to stabilize system (7), the following control

law is defined

v = vnom −Ksign(s) (12)

This controller has two parts

– the first one vnom, named “ideal control”, is continuous

and stabilizes (7) at the origin when there are no

uncertainties. This controller is also used in order to

generate the ideal trajectories of the system ;

– the second part, −Ksign(s), provides the complete

compensation of uncertainties and perturbations, and

ensures that control objectives are fulfilled, where the

gain is satisfying

K >
(1 − γ)(|vnom|+ |ψ̄|) + ξ + η

γ
. (13)

Theorem 2: [24] Consider the nonlinear system (1) and

assume that Assumptions 1-3 are fulfilled. Then, if the gain

K fulfills the condition (13), the control law

u = ϕ̄−1(x, t)(−ψ̄(x, t) + vnom −Ksign(s)) (14)

ensures the establishment of a rth order sliding mode versus

the sliding variable σ, i.e. the trajectories of system (2)

converge to zero in finite time.

Proof. Choose the following Lyapunov function

V (s) =
1

2
s2 (15)

It yields

V̇ = sṡ

= s
[(

1 + ∆ϕ(x,t)
ϕ̄(x,t)

)

v − ∆ϕ(x,t)
ϕ̄(x,t) ψ̄(x, t)

+∆ψ(x, t)− vnom]

= s
[

−
(

1 + ∆ϕ(x,t)
ϕ̄(x,t)

)

Ksign(s)− ∆ϕ(x,t)
ϕ̄(x,t) ψ̄(x, t)

+∆ψ(x, t) + ∆ϕ(x,t)
ϕ̄(x,t) vnom

]

≤ K|s|+ (1− γ)K|s|+ (1− γ)|ψ̄(x, t)| + ξ

+(1− γ)|vnom|
≤ −γK|s|+

[

(1− γ)(|vnom|+ |ψ̄(x, t)|) + ξ
]

|s|
≤ −η|s|

(16)

Equation (16) implies that, under the condition (13) on the

gain K , the manifold {x ∈ R|s = 0} is attractive ; given that,

at the initial time, s = 0, it means that system trajectories

are evolving on the manifold for t ≥ 0. Substituting (12)

into (7), one gets the equivalent closed-loop dynamics, in

sliding mode, similar as the nominal system (8). Given that

the control law v ensures the stabilization around the origin

of the uncertain system (7), a rth order sliding mode with

respect to the sliding variable σ is then established for the

system (1).

C. Robust finite time adaptive gain design

The HOSM controller developed in the previous section

requires, for its design, the knowledge of the bounds of

ξ and γ ; the problem is that these latter are often not

easy to precisely determine. Then, these bounds are often

overestimated, which engender large gain. A large gain

induces a larger chattering phenomenon. Then, there is a real

interest to reduce the controller gain, in order to attenuate the

chattering.

In the sequel, an adaptive gain law is proposed in order first

to reduce chattering problem. This approach has to also allow

to guarantee precise tracking. Furthermore, an objective is

to avoid the knowledge of the perturbations/uncertainties

bounds. Then, the adaptive gain law for controller (12) reads

as

K̇ =

{

ρ|δ| 14Ksign(δ) if K > Km

ηK if K ≤ Km
(17)

with Km > 0 constant chosen arbitrarily small, ρ > 0 a

positive adaptation parameter and δ the adaptation criterion

chosen as follows

δ = |σ|+ τ |σ̇|+ . . .+ τr−1|σ(r−1)| − µτr (18)

with some µ > 0, and τ the sampling time. Note that, if

δ ≤ 0, it yields

|σ| ≤ µ0τ
r , |σ̇| ≤ µ1τ

r−1, · · · , |σ(r−1)| ≤ µr−1τ (19)

with µi ≥ 0 (with 0 ≤ i ≤ r − 1). If the r previous

inequalities are fulfilled, it means that a “real” sliding mode

is established with respect to σ. The parameter ηK in gain
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adaptation law (17) is introduced to guarantee only positive

values of the gain. Obviously ηK > 0.

Theorem 3: Consider the system (1). Given the sliding

variable σ chosen to satisfy the control objective, the control

law (14) and the adaptation law (17)-(18), then a real rth

order sliding mode with respect to the sliding variable σ

will be established in finite time, i.e.

|σ| ≤ µ0τ
r , |σ̇| ≤ µ1τ

r−1, · · · , |σ(r−1)| ≤ µr−1τ (20)

with µi ≥ 0 (with 0 ≤ i ≤ r − 1).

Proof. Choose a Lyapunov function candidate as

V (s) =
1

2
s2 +

1

2
(K −K∗)2 (21)

where K∗ is the upper bound of the gain K . It’s obvious

that the gain is bounded since the uncertainties are bounded.

The first time derivative of V

V̇ = sṡ+ K̇(K −K∗)

= sṡ+ ρ|δ| 14Ksign(δ)(K −K∗)
(22)

with

sṡ = −K(1 +
∆ϕ

ϕ̄
)|s|+

[

∆ϕ

ϕ̄
(vnom − ψ̄) + ∆ψ

]

s

≤ −γK|s|+
[

(1 − γ)(|vnom|+ |ψ̄(x, t)|) + ξ
]

|s|
(23)

Consider now the following two cases

Case 1. Suppose that δ > 0, which means that the rth

order sliding mode with respect to σ is not yet established.

According to adaptation law (17), the gain K will increase

until the condition (13) is verified. Then

sṡ ≤ −η1|s| (24)

It yields

V̇ ≤ −η1|s| − ρδ
1

4Km|K −K∗|
≤ −η1|s| − η2|K −K∗|

≤ −η
(

s2

2
+

|K −K∗|2
2

)

1

2

≤ −ηV 1

2

(25)

where η2 = −ρ|δ| 14Km and η=min(
√
2η1,

√
2η2). Therefore,

the finite time convergence to the domain δ < 0 is guaranteed

viewed that, in this case, the condition on K of Theorem 2

is fulfilled. Then, of course, the criterion (18) is satisfied in

a finite time and |σ| < µτr, |σ̇| < µτr−1 . . . and |σ(r−1)| <
µτ . A “real” sliding mode with respect to σ is established.

Case 2. Suppose now that δ < 0. The gain K will decrease

according to adaptation law (17) : then, there can exist a

time for which the condition (13) is violated. It comes that

V̇ would be sign indefinite, and then it becomes not possible

to conclude on the closed-loop system stability. Therefore the

δ can increase over 0. As soon as δ becomes greater than 0,

the gain increases over (13) and V̇ ≤ −ηV 1

2 and so on.

IV. EXAMPLE

Consider the following nonlinear system






ż1 = z2
ż2 = z3
ż3 = ψ(t) + ϕ(t)u

(26)

with ψ(t) = 10+2sin(0.1t) and ϕ(t) = (2+cos(t)). Suppose

that the sliding variable is defined as σ = z1, which gives that

the relative degree of (26) versus σ equals 3 (Assumption 1

fulfilled). The objective is to stabilize, in a finite time, z1, z2
and z3 in a vicinity of the origin. One has ψ and ϕ defined

through nominal and uncertain parts (see (3)) such that

ψ̄(t) = 10, ∆ψ(t) = 2sin(0.1t)
ϕ̄(t) = 2, ∆ϕ(t) = cos(t)

(27)

One gets

|∆ϕ(t)|
ϕ̄(t)

≤ 1

2
and |∆ψ(t)| ≤ 2. (28)

which gives that Assumption 3 is fulfilled given that

γ =
1

2
and ξ = 2. (29)

Then, the control law is derived from (6) as

u =
1

2
(−10 + v) (30)

with v reading as (12)

v = vnom −Ksign(s)

The “nominal” term of v is defined from (9)

vnom = −sign(z1)|z1|
1

2−1.5sign(z2)|z2|
3

5−1.5sign(z3)|z3|
3

4

whereas the switching sliding variable is defined as (10)

s = z3(t)− z3(t0)−
∫ t

t0

vnomdτ

The gain K is tuned according to (17) with adaptation

parameters chosen as follows (the tuning has been made in

order to get good compromise between accuracy and smooth

response)

ρ = 0.05, µ = 2.106, Km = 2, ηK = 5,

Simulations have been done with two different values of τ :

τ = 10−4s and τ = 0.5.10−4s.

V. CONCLUSION

In this paper a novel adaptive control based on an homoge-

neous control and an integral sliding mode was proposed. the

homogeneous control drives the nominal part of the system

to an rth order sliding mode where the integral sliding mode

control try to force the perturbed system to respond as the

nominal part. the strategy was proved using a Lyapunov

function and was evaluated on an academic example. The

next step is to evaluate its efficiency on an electropneumatic

actuator.
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Fig. 1. σ, σ̇ and σ̈ versus time (sec)(τ = 0.1ms)
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Fig. 7. Gain K and control input versus time (sec)(τ = 0.05ms)
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