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Abstract— We present the design of a robust lateral stability
controller to track yaw rate and lateral velocity reference
signals while avoiding front and rear tire force saturation.
The controller takes into account the driver’s intent at the
design stage by treating it as a measured disturbance. The
uncertainty in the driver’s input is modeled as a set–valued
function of the vehicle states. The control design is based on
a hybrid piecewise affine bicycle model with input–dependent
and state–dependent uncertainties. The performance of the
controller and the importance of driver behavior modeling are
demonstrated through experimental tests on ice with aggressive
driver maneuvers.

I. INTRODUCTION

Modern passenger vehicles are equipped with active safety
systems which assist drivers in order to stabilize the vehicle
and prevent accidents. In this work, we focus on the integra-
tion of two active safety systems, Electronic Stability Control
(ESC) and Active Front Steering (AFS), which enhance
vehicle stability by applying braking torques to the wheels
and correcting the front steering, respectively [1], [2]. This
problem has been studied in the past by several authors.
For instance, optimal control methods have been studied in
[3], generalized predictive control in [4] and state feedback
linearization in [5]. In [6], [7], the authors of the present
work presented a model–based predictive control technique
in which a piecewise affine (PWA) vehicle dynamics model
was used for the control design.

Four elements make the control problem nontrivial: the
vehicle model uncertainty, the nonlinear tire characteristics,
the presence of state and input constraints, and the uncer-
tainty in driver behavior. We present a systematic approach
to design a robust lateral stability controller which addresses
all four challenges in a unified framework during the control
design process. In particular, the nonlinear vehicle dynamics
are modeled as a PWA system in which the states and inputs
are subject to hard constraints. Model mismatch is captured
by introducing an additive uncertainty in the input. Finally,
the driver’s steering input is treated as a bounded disturbance
in the model, whose bounds are a set–valued function of the
vehicle states.

The principal goal of our control strategy is to enlarge
the vehicle’s stability region when it undertakes aggressive
maneuvers. Such maneuvers are primarily determined by the
front wheel steering angle which is a combined effect of the
driver’s steering input and the AFS correction. In order to
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take both contributions into account, we propose the use of
a predictive control framework which considers the driver’s
input as a measured disturbance, and the AFS correction as a
constrained control input. Our main motivation is to ensure
robustness to the uncertainty in the driver’s inputs at each
time step. In this work, we extend the methodology presented
in [7] to account for this uncertainty.

We use set–theoretic methods for the control synthesis [9].
The theoretical framework developed in [7] forms the basis
for our control design. In particular, we compute the robust
control invariant (RCI) set for the PWA vehicle model using
results on min–max and max–min reachability [9]–[11]. Such
a RCI set constitutes the target set of a robust time–optimal
control algorithm. Experimental tests at high speeds on ice
with aggressive driver maneuvers show the effectiveness of
the proposed scheme.

The paper is structured as follows. Section II describes
the derivation of the PWA model starting from the nonlinear
bicycle model. The construction of the set–valued bounds on
the driver steering is also shown. In Section III, we discuss
the theoretical framework used for the design of the robust
controller. We present experimental results in Section IV,
followed by final remarks in Section V.

II. VEHICLE MODEL

The following notation is introduced: (·)f and (·)r denote
variables associated with the front and the rear wheels,
respectively. (·)? is used to refer to both wheels.

A. PWA hybrid model

The classical nonlinear bicycle model [12], [13] is given
by

mÿ = −mẋψ̇ + 2Fcf + 2Fcr , (1a)

Iψ̈ = 2aFcf − 2bFcr +M, (1b)

where ẏ is the lateral speed, ẋ is the longitudinal velocity,
ψ̇ is the yaw rate, M is the external yaw moment, Fc?
are the lateral cornering forces, a and b are the distances
from the vehicle center of gravity to the front and rear axle,
respectively, and I is the moment of inertia of the vehicle
about the z-axis. The notation used is depicted in Figure 1.

The lateral tire forces Fc? are given by the Pacejka model
[14], and are nonlinear functions of the tire slip angles α?,
slip ratios σ?, normal forces Fz? and friction coefficient
between the tire and road µ?. That is,

Fc? = fc,?(α?, σ?, Fz? , µ?). (2)

The nonlinear relationship between the lateral force and the
wheel slip angle (for σ = 0), and its PWA approximation are
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Fig. 1. Schematic of bicycle model of vehicle [7].
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Fig. 2. Lateral tire forces and the PWA approximation [7].

depicted in Figure 2. We introduce the following assumptions
to derive the PWA model approximating (1).

Assumption 1: The friction coefficient µ and the normal
force Fz are known, constant and identical for both wheels.

Assumption 2: The longitudinal velocity ẋ is known and
constant. The longitudinal vehicle dynamics are ignored, and
σ? is assumed to be zero (pure cornering).

Under these assumptions, Fc? is only a function of α?.
Using the small angle approximation and assuming zero rear
wheel steering, α? can be expressed as a linear function of
the states and inputs [13], [14]:

αf =
ẏ + aψ̇

ẋ
− δf , αr =

ẏ − bψ̇
ẋ

, (3)

where δf is the front wheel steering angle relative to the
longitudinal axis of the vehicle. The PWA approximation of
the nonlinear function fc,?(·) in (2) is given by

fpwac,? (α?) =


csα? + (cl + cs)α̂? if α? ≤ −α̂?,
−clα? if − α̂? ≤ α? ≤ α̂?,
csα? − (cl + cs)α̂? if α? ≥ α̂?,

(4)
where cl and cs are the cornering stiffnesses of the tires in
the linear and saturated regions, respectively, and α̂? is the
slip angle at which the lateral force is maximum. The hybrid
bicycle model is obtained by combining (1), (3) and (4), and
can be written as[

ÿ

ψ̈

]
= Ai

[
ẏ

ψ̇

]
+Bi

[
δf
M

]
+fi, (i = 1, 2, ..., 9). (5)

Model (5) has nine modes resulting from all possible com-
binations of the three modes for the front wheels and the
three modes for the rear wheels. It is important to note that
in a vehicle equipped with an AFS system, the front wheel
steering angle δf is the sum of the steering angles resulting

from two independent inputs: (i) the driver’s input at the
steering wheel, and (ii) the AFS input. That is,

δf = δd + δAFS . (6)

We also introduce an additive uncertainty wu in the input to
account for unmodeled actuator dynamics and input delays.
The modified PWA bicycle model can then be written in a
discrete–time state–space form as

z(k + 1) =Adi z(k) +Bdi u(k) +W d
i δd(k) + fdi +Bdi wu,

(7)
(z, u, δd) ∈ Qi (i = 1, 2, ..., 9), wu ∈ Wu(u),

where z := [ẏ, ψ̇]T and u := [δAFS ,M ]T . {Qi}9i=1 is a
collection of polyhedral regions which defines the state and
input constraints corresponding to the nine modes of the
vehicle, and Wu(·) is a set–valued mapping which defines
bounds on wu. The regions Qi are obtained from the slip
angle inequalities associated with each of the cases in (4).
Note that Wu(·) is defined to be a set–valued function as
the uncertainty in the input may depend on its value. In
this paper, we assume an uncertainty of 10% in each of the
control inputs.

Reformulating (5) as (7) has several advantages:
• It allows us to impose bounds (arising from design

constraints) directly on δAFS as opposed to imposing
bounds on δf . This ensures that the input commanded
by the controller can actually be attained.

• It enables us to guarantee vehicle stability for any
anticipated behavior of the driver. This is achieved by
treating δd in (7) as a measured disturbance which is
bounded by a function of the vehicle states. We design
the controller to be robust to this disturbance.

B. Uncertain driver model

In this section, we construct constraints of the form δd ∈
Wz(z), where Wz(·) is a set–valued mapping of the state z.
Conservative bounds on δd can be obtained by assuming a
worst–case scenario. We derive less conservative bounds on
δd based on a steady–state cornering analysis of the linear
bicycle model [13], [15]. At steady–state, the relationship
between ψ̇ and δf is given by:

ψ̇ss =
vx

l(1 + v2x/v
2
ch)

δf,ss =:
δf,ss
Kψ,ss

=: Gψ,ssδf,ss, (8)

where l = a+ b, vx = ẋ and vch is the characteristic speed
[13]. Gψ,ss := 1/Kψ,ss represents the steady–state yaw rate
gain. Inverting (8) and assuming no control (δAFS,ss = 0)
at steady–state gives

δf,ss = δd,ss = Kψ,ssψ̇ss. (9)

We use the value of δd,ss obtained from (9) as a linear state–
dependent estimate of the driver’s steering input. We then
assume that the actual value of δd lies in an interval centered
at δd,ss. Thus,

Wz(z) =
{
δd : |δd −Kψ,ssψ̇| ≤ ε, |δd| ≤ δd,max

}
, (10)
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Fig. 3. State–dependent constraints on δd validated with data from different
sets of experiments and the same driver.

where ε is a non–negative parameter which must be chosen.
The constraint δd ∈ Wz(z) can also be expressed in terms
of a polytopic constraint in R3. That is,

δd ∈ Wz(z)⇔ (z, δd) ∈ Wd ⊆ R3. (11)

Note that the bounds on δd are derived assuming the ve-
hicle is cornering in a steady–state condition. Therefore, in
practice, the average gain (δd/ψ̇) differs from Kψ,ss. We
account for this by using a modified gain Kψ in (10). This
is illustrated in Figure 3, in which we plot the values of δd
vs ψ̇ obtained from experimental tests. The empirical value
of Kψ was computed to be Kψ ≈ 0.5 sec. The projection
of the polytope Wd defined in (11) on the δd–ψ̇ space is
also plotted in Figure 3. Note that the choice of Kψ and ε is
critical to our analysis. For example, in Figure 3(b), a higher
value of ε is needed to ensure constraint satisfaction. The
choice of ε is a trade–off between being too conservative on
one hand, and having the possibility of violating constraints
on the other.

III. ROBUST CONTROL DESIGN

The objective of the robust stability control system is to
keep the front and rear tires in the linear region for all
admissible values of δd and wu. This linear mode of the
vehicle is denoted as “Mode 1”. If the vehicle goes outside
mode 1, we want the controller to compute a feasible input
which ensures that the vehicle goes back into mode 1 in
a finite number of time steps. Moreover, when the vehicle
is in mode 1, the controller action should be such that the
predicted state at the next time step should also lie in mode 1.
These notions of reaching a specified target set in the state–
space and staying within the target set for all admissible
values of the disturbance variables can be formalized using
the framework of robust reachability analysis [9], [16].

A. Robust reachability framework

We make use of the notion of robust controllable or
backward reachable sets which are defined below.

Definition 1: The one–step robust backward reachable set
to a given target set Z in the state–space is defined as:

Pre(Z) := {z : ∀δd ∈ Wz(z),∃u such that

(z, u, δd) ∈ Q, z+ ∈ Z,∀wu ∈ Wu(u)}, (12)

where z+ is the predicted state at the next time step given
by (7) and Q :=

⋃9
i=1Qi.

The Pre(·) mapping gives us the set of states from which
there exists at least one feasible input that can ensure that
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Fig. 4. 4–step controllable sets to Z1
∞, µ = 0.3, vx = 50 kph. The

different colors correspond to the various steps.

the predicted state is inside the target set, for all admissible
values of the disturbances δd and wu. In addition to the one–
step controllable sets, we introduce the notions of the robust
control invariant (RCI) set associated with mode 1, and the
corresponding control mapping. Let P1 = Projz(Q1), where
Q1 ⊆ R5 defines the state and input constraints for mode 1.

Definition 2: A set Z1
i ⊆ P1 is called a mode 1 RCI set

if for every z ∈ Z1
i and each δd ∈ Wz(z), there exists a

control u such that (z, u, δd) ∈ Q1 and z+ ∈ Z1
i , for all

wu ∈ Wu(u).
Definition 3: The maximal mode 1 RCI set Z1

∞ is the RCI
set which contains all mode 1 RCI sets Z1

i .
Definition 4: The control mapping U1

∞(·) corresponding
to Z1

∞ is defined as

U1
∞(z, δd) :=

{
u : (z, u, δd) ∈ Q1, z

+ ∈ Z1
∞,

∀wu ∈ Wu(u)} . (13)
If the state z of the vehicle lies in Z1

∞, then for each
δd ∈ Wz(z), any choice of input u from U1

∞(z, δd) would
cause the predicted state at the next time step to remain in
Z1
∞. However, it is possible for the state of the vehicle to

go outside Z1
∞ due to unmodeled factors such as sudden

disturbances, change in surface friction coefficient, etc. In
such a scenario, we would like to drive the state of the
vehicle back into the mode 1 RCI set in a finite number
of time steps. This leads to the notion of N–step backward
reachable sets or N–step controllable sets.

Definition 5: The N–step backward reachable sets ZN to
a given target set Z are recursively defined as:

Zk = Pre(Zk−1), (k = 1, ..., N), Z0 = Z. (14)
If the state of the vehicle lies in ZN , there exists a sequence
of control inputs {u(k)}N−1k=0 which ensures that the predicted
state of the vehicle will lie inside the target set Z in N
steps. We can compute ZN by using Algorithm 1 (discussed
in Section III-B) to recursively compute Pre(Zk), (k =
0, ..., N). Figure 4 shows the 4–step backward reachable sets
to Z1

∞ for µ = 0.3 and vx = 50 kph. Note that ZN is
non–convex in general as it is a union of convex sets. We
now define the control mappings corresponding to the k–step
backward reachable sets.

Definition 6: The control mapping Uk(·) corresponding to
Zk is defined as:

Uk(z, δd) :={u : (z, u, δd) ∈ Q,
z+ ∈ Zk−1,∀wu ∈ Wu(u)}. (15)
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When the state of the vehicle goes outside the RCI set, our
control strategy identifies the smallest k such that z ∈ Zk.
For each δd ∈ Wz(z), choosing any input from Uk(z, δd)
ensures that the predicted state of the vehicle will lie inside
Zk−1. Repeating this procedure at every time step ensures
that the controller will eventually drive the state back into
Z1
∞ in a finite number of time steps. Note that the analysis

guarantees robustness to the uncertainty wu as well as to the
disturbance δd so long as the constraints wu ∈ Wu(u) and
δd ∈ Wz(z) are satisfied.

B. Reachability analysis of the PWA bicycle model

We apply the algorithm developed in [7] for the robust
reachability analysis of the PWA hybrid bicycle model with
input and state–dependent disturbances. The algorithm for
the computation of the one–step backward reachable set and
RCI set can be derived in terms of set operations on the target
set. The reader is referred to [7] for details of the proof. It
is useful to define the following sets which represent state,
input and disturbance constraints, and their projections:

Ω := {(z, u, δd, wu) : (z, u, δd) ∈ Q,
δd ∈ Wz(z), wu ∈ Wu(u)} ⊆ R7, (16a)

Ωz,u,δ := Projz,u,δ(Ω), Ωz,δ := Projz,δ(Ω),

Ωz := Projz(Ω). (16b)

The steps for the computation of Pre(Z) are given by
Algorithm 1. Based on this method, the iterative procedure to
compute the mode 1 RCI set is given by Algorithm 2. Note

Algorithm 1 Pre set computation
1. Φ(Z) = {(z, u, δd, wu) ∈ Ω : z+ ∈ Z}
2. ∆1 = Ω\Φ(Z),
3. Ψ = Projz,u,δ (∆1),
4. Σ1 = Ωz,u,δ\Ψ,
5. Σ2 = Projz,δ (Σ1),
6. ∆2 = Ωz,δ\Σ2,
7. ∆3 = Projz (∆2),
8. Pre(Z) = Ωz\∆3

Algorithm 2 RCI set computation
i = 0
Zi = P1

repeat
i = i+ 1
Zi = Pre1(Zi−1) ∩ Zi−1

until Zi == Zi−1
Z1
∞ = Zi

the use of Pre1(Z) instead of Pre(Z) in Algorithm 2. This
notation implies that we perform the one–step reachability
analysis using the constraints and dynamics associated with
mode 1 only. Figure 5 shows the output of Algorithm 2 for
µ = 0.3 and vx = 50 kph. Since the model (7) is affine,
and the state and input constraints are polyhedral, the sets
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Fig. 5. Maximal RCI set Z1
∞, µ = 0.3, vx = 50 kph.

Pre(Z) and Z1
∞ are also polyhedral by construction [7],

[16]. The Multi–Parametric Toolbox (MPT) [17] in MAT-
LAB can efficiently perform set operations on polytopes,
and hence was used for the reachability analysis and RCI
set computations.

C. Robust control design with reference tracking

The stability control system provides front steering cor-
rections and yaw moment commands in order to track a
given reference in the state–space. The reference signals,
r = [ẏref , ψ̇ref ]T , are a function of the current states and the
driver’s steering input. We use a standard reference generator
for ESC systems [12] which is based on a steady–state
cornering analysis of the linear bicycle model. The optimal
control input, u? = [δAFS ,M ]

T , is computed by minimizing
a quadratic cost function as:

u? = arg min
u∈U?(z,δd)

(z+−r)TQ(z+−r)+(u−upre)TR(u−upre),

(17)
where Q and R are suitably chosen positive definite matrices,
z+ is the predicted state at the next time step given by model
(7), and upre is the control input commanded at the previous
time step. Depending on the current value of the state z, the
set of admissible control inputs U?(z, δd) is given by either
(13) or (15). In particular, if z ∈ Z1

∞, then U?(z, δd) =
U1
∞(z, δd), otherwise U?(z, δd) = Uk(z, δd), where k is the

smallest positive integer for which Uk(z, δd) is not empty.
Note that the controller is switched based on the polytopes
U1
∞ and Uk which are computed offline.
The cost function in (17) is used only when the vehicle

is in mode 1 or when the front tires are not saturated. If the
front tires are saturated, we impose a penalty on the high
positive or negative slip angle in order to drive it to that value
at which maximum lateral force is obtained. Since the AFS
only provides control of the front slip angle, we ignore the
rear slip angle in the modified cost function. In this case, we
obtain the control input u? as the optimizer of the following
problem:

u? = arg min
u∈U?(z,δd)

(z+ − r)TQ(z+ − r)

+ (u− upre)TR(u− upre) + P (α+
f − α̂f )2, (18)

where P > 0, α+
f is the linear approximation of the predicted

front slip angle at the next time step given by (3), and α̂f
is the value of the front tire slip angle at which the lateral
force is maximum. The definition of U?(z, δd) is the same
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as that for the optimization problem (17). The optimization
problems (17) and (18) are quadratic programs as z+ and α+

are affine in u, and the sets U?(z, δd) defining the constraints
on u are polyhedral. Note that the optimal control input
u? has two components: i) the front wheel steering angle
u?(1) and ii) the yaw moment u?(2). While we can directly
set δAFS = u?(1), the yaw moment command must be
converted to four individual braking torques that can be
applied to the four wheels. The wheel braking torques are
computed from u?(2) using the algorithm presented in [8].

IV. EXPERIMENTAL RESULTS

A. Experimental setup

The effectiveness of the proposed stability controller is
demonstrated through tests on a prototype Jaguar S equipped
with an AFS system and four wheel independent braking.
The tests were performed through February and March
2012 at the Smithers Winter Test Center, Raco, Michigan,
in collaboration with the Ford Motor Company. The body
frame states (lateral and longitudinal velocity, and yaw rate)
were measured by an Oxford Technical Solution (OTS)
RT3002 sensing system, and the real–time computations
were performed on a dSPACE c© rapid prototyping system.
The sampling time for all the experiments was Ts = 0.05s.

B. Results

We performed several tests on an icy surface (µ ≈ 0.3),
and present the results from two relevant experiments in this
work. In the first experiment, the driver performed a standard
double lane change maneuver with an entry speed of 60 kph
and maintained an almost constant position of the accelerator
pedal. The tuning parameters are: N = 4; inside Z1

∞, we set
Q = diag [0.1, 30] and R = diag [2, 0.1]; outside Z1

∞, we
set Q = diag [0.1, 10] and R = diag [2, 0.1], P = 0.07.

The vehicle response is shown in Figures 6–8. In Figure 6,
we show the performance of the controller in tracking yaw
rate and lateral velocity signals. We also compare the vehicle
states with the controller being active to the states when the
active safety system is disabled. We obtain a satisfactory
tracking performance and are able to prevent the vehicle from
attaining high values of lateral velocity and yaw rate.

In the upper plot of Figure 7, we plot the driver’s steering
input, the AFS command and the measured total front wheel
steering angle. The controller imposes a counter–steering
correction which results in vehicle stabilization. The AFS
command is opposite to the driver’s input in order to generate
a counter–yaw moment to avoid a spin–out. In addition, the
braking moment command supports this action as shown in
the bottom part of Figure 7.

Figure 8 depicts the evolution of the state trajectory
superimposed on the 3–step backward reachable set which
were computed offline. The controller is able to compute an
input command such that the vehicle states always lie in Z1

∞.
The second experiment was performed on an icy cir-

cular track (µ ≈ 0.2) of diameter 110 m at a speed of
approximately 40 kph. The aim of this test was to verify
the controller action i) when the vehicle simultaneously
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Fig. 6. Experiment 1: Tracking performance and comparison with case in
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experiences front and rear tire saturation and ii) when model
mismatch occurs as a result of any of the assumptions 1
and 2 not being satisfied. In particular, our control model
assumes a friction coefficient of 0.3, which is different from
the actual friction coefficient observed in this experiment.
The tuning parameters are the same as those used in the first
experiment. The vehicle response is shown in Figures 9–12.

Figure 10 shows the state trajectory superimposed on the
3–step controllable set. Although the state of the vehicle
goes outside the mode 1 RCI set Z1

∞, the controller is able
to bring the state back into Z1

∞ within a short time. In
Figure 9, we note that the tracking performance is affected
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Fig. 8. Experiment 1: Evolution of state trajectory. The states always stay
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by the excursion of the state outside Z1
∞. The main reason

for the relatively poor tracking in such a situation is that
the reference trajectory is generated using a steady–state
cornering analysis.

We illustrate the effectiveness of using the modified cost
function (18) in Figures 11 and 12. In the top part of Figure
11, we plot the driver’s steering input, the AFS command
and the measured total front wheel steering angle. Figure 12
shows that around t = 185s, the absolute values of both,
the front and rear tire slip angles become greater than α̂f
and α̂r, respectively. In order to stabilize the vehicle in this
case, the controller generates a negative yaw moment by the
combination of a negative AFS command and a negative yaw
moment command, as desired. This causes the front tire slip
angle to return to the linear region at t = 187s.

V. CONCLUSIONS

In this paper, we presented the design of a robust vehicle
stability controller which uses AFS and differential braking.
The control approach explicitly considers the driver’s intent
in the control design process, taking into account the uncer-
tainty in both, the driver behavior and the commanded input.
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Fig. 12. Experiment 2: Computed front (top) and rear (bottom) slip angles.
The dotted line denotes α̂?.

The experimental results illustrate the effectiveness of the
proposed controller, which is able to guarantee convergence
into the maximal RCI set despite model mismatch and the
presence of state and input constraints.
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