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Abstract— Chromatographic separation is a powerful tech-
nique based on the differential adsorption of the components
of a mixture. In simulated moving bed (SMB) chromatographic
processes, a counter-current movement of the liquid and the
solid phases is achieved by periodically switching the inlet and
the outlet ports in a closed loop of chromatographic columns.
This paper addresses the problem of state observation of
simulated moving bed (SMB) chromatographic processes. The
proposed approach is based on a reduced model obtained via
the proper orthogonal decomposition (POD) method. The state
estimation is performed using a nonlinear observer designed for
Lipschitz LPV (linear parameter varying) systems. Numerical
simulations are provided to validate the proposed approach.

I. INTRODUCTION

Chromatographic separation is a powerful technique
based on the differential adsorption of the components
of a mixture. It is widespread in the fine chemicals,
biotechnology and pharmaceutical industries for separation,
extraction and purification of complex mixtures. Originally,
chromatography is a discontinuous process (batch). However,
several continuous processes like the simulated moving
bed (SMB) process have been developed. SMB processes
are characterized by a counter-current movement of the
liquid and the solid phase which is achieved by switching
periodically the inlet and outlet ports of a closed loop of
chromatographic columns.

The problem of designing nonlinear observers has received
great attention in literature. This problem is motivated by
certain applications such as fault diagnosis and control
system design. The challenge in the observer design is to
estimate all states of the considered systems asymptotically
despite the presence of disturbances, based only on few
measurements. In the continuous-time case, various state
observation methods for nonlinear Lipschitz systems have
been proposed, see for example [1], [2], [3], to name only
a few. Other methods dedicated to the discrete-time case are
presented in ([4], [5]). Unfortunately all these approaches can
not be applied in our case since the SMB model combines a
linear parameter varying part and a Lipschitz nonlinearitya.
Therefore, one of the contributions of this paper is to extend
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previous works on nonlinear observers to this larger model
class.

From the application point of view, the challenge in the
design of state observers for SMB processes lies in their
description by a set of nonlinear partial differential equations
(PDEs). Spatial discretization is usually the first step for
observer design, which yields high order models. Therefore,
high dimensional observability problems can be encountered.
In [6], the authors have developed a linear observer based on
a linearized model of the SMB process. The observer gain
is computed using an heuristic approach based on physical
considerations and simulation trials. A different approach
is proposed in [7] based on the stationary regime which
results from the periodic behavior of the SMB process. The
considered observer is used to determine the form, position
and propagation velocity of the fluid concentration profiles.
Based on the approximation of the concentration profiles
by a weighted sum of some chosen truncated exponential
functions, a receding horizon state estimation scheme for
SMB process is proposed in [8]. In [9], a state observer
for SMB process with nonlinear adsorption isotherms is
designed. It is based on a simple Luenberger-like correction
term. The observe gains are calculated using the Riccati-like
approach. An extended Kalman filter for a true moving bed
(TMB) model is proposed in [10] and a Luenberger observer
is designed in [11] based on the approximation of the SMB
profile by wave forms. The extended Kalman filter is also
used in [12] and [13]. Recently, an interesting work based
on moving horizon state and parameter estimation for SMB
processes has been proposed in [14]. Unfortunately, this
approach is computationally demanding since the estimation
problem is formulated as an optimization problem and solved
based on a real-time scheme.

In the work reported here, a reduced order model obtained
by proper orthogonal decomposition (POD) will be used.
Contrary to [6], this model retains the nonlinear effects and
contrary to [7] it allows to describe the complete concen-
tration profiles. The POD approach, based on empirical data
or snapshots, identifies both a useful set of basis functions
and the dimension of the subspace necessary to achieve a
satisfactory approximation of the system. A reduced order
model can be obtained by projecting the dynamics of the
original model to this subspace ([15] and [16]). To further
reduce the computing load, no on-line computation of the
observer gains is performed, as opposed to receding horizon
and Kalman-like approaches. The main objective of this work
is thus to propose a nonlinear LPV observer achieving state
estimation for a SMB process based on POD model.
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II. SMB PROCESS MODEL

The SMB process is subdivided into four different sections
delimited by several material flow outlets and inlets, as
illustrated in Fig 1 where separation of a binary mixture
of components A and B is considered . The two inlets are
the input of the mixture to be separated and the input of a
desorbing solvent. The process also contains two withdrawal
ports, one for the raffinate which is constituted mostly of
the less adsorbable component (component A) and another
for the extract which mostly consists of the most retained
component (component B). The movement of the liquid and
solid phases, as well as the adsorption-desorption phenomena
taking place in each section are depicted in figure 1.

Fig. 1. Equivalent counter-current representation of a simulated moving
bed process for separation of a mixture with two species A and B - material
fliows and adsorption/desorption phenomena in each section.

In the literature various approaches are proposed to de-
scribe the dynamic behavior of the SMB process. They differ
in the assumptions used to build the mass balance equations
[17]. In this work, the linear driving force (LDF) model is
chosen for modelling a SMB plant containing eight columns
(2-2-2-2 configuration) and used to separate a binary mixture
of components A and B. The following assumptions are made
to derive the model equations:
• The columns are assumed to be radially homogeneous;
• Compressibility of the mobile phase is negligible;
• Isothermal operating conditions are considered;
• Only components A and B are adsorbed.
In each column, the mass balance equation in the fluid

phase is expressed by :

∂cik
∂t

= Dk,j
∂2cik
∂z2

− vj
∂cik
∂z
−Kε

∂qik
∂t

, Kε =
1− ε
ε

(1)

where cik the fluid concentration; qik the solid concentra-
tion; vj the fluid velocity; ε the porosity; Dk,j the diffusivity.
t and z are the time and the axial coordinate, respectively.
k = A,B refers to the species in the mixture to separate.
j = I, II, III, IV refers to each zone of the SMB plant
while the upper-index i = 1, ...Nc with Nc = 8 indicates
the column. Note that since two columns per zone are
considered, j = I for i = 1, 2, j = II for i = 3, 4, j = III
for i = 5, 6, j = IV for i = 7, 8 at process start-up. In this
work, it is assumed that the columns are fixed and the inlet
and outlet ports move after each switching period τ .

The mass balance equation in the solid phase, in each
column, is given by :

∂qik
∂t

= kk(qi,eqk − qik) (2)

where kk is the mass transfer coefficient. qi,eqk is the adsorbed
equilibrium concentration which can be related to the liquid
concentration by means of a Langmuir isotherm for the
considered mixture [18]:

qi,eqk =
akc

i
k

1 +
∑2
k=1 bkc

i
k

where ai and bi represent, respectively, the Henry coefficients
and the adsorption equilibrium constants.

To complete the previous equations, boundary conditions
(BC) in the inlet and outlet of each column are required. BC
between columns inside a zone are given by: cp−1

k (L, t) =
cpk(0, t) indicating that, for a given column p, the inlet
concentration is taken as the outlet concentration in column
p− 1. L denotes the column length.

At the startup position, the boundary conditions associated
to the inlet and outlet ports are the following:
• in the eluent stream : vIc1k(0, t) = vIV c

8
k(L, t);

• in the extract port : c3k(0, t) = c2k(L, t);
• in the feed inlet : vIIIc5k(0, t) = vIIc

4
k(L, t) + cFek vFe;

• in the raffinate port : c7k(0, T ) = c6k(L, t).
In the last point of each column, as proposed in (Haag et al.,
2001), a simple advection equation is used :

∂cik(L, t)

∂t
= −vj

∂cik(L, t)

∂z
(3)

The initial conditions are given by : cik(z, 0) = cik,0.
Besides these equations, the operating conditions are spec-

ified by the switching time and the flow rates. A method
to choose the operating conditions based on the triangle
theory is presented in [18]. The relations between the flow
rates are obtained by means of mass balances, so that:

Desorbent node : QIV +QDe = QI
Extract node : QI −QEx = QII

Feed node : QII +QFe = QIII
Raffinate node : QIII −QRa = QIV
where QI−IV are the flow rates in the corresponding

zones, QDe, QEx, QFe and QRa denote the external flow
rates. The relation between flow rates and velocities is
expressed by : Qj = εSvj with j = I, II, III, IV where S
is the cross section of the column.

A. Discretization with the Finite Element Method

In order to solve the system of equations (1)-(2) together
with their boundary conditions and their initial conditions,
the finite element method is chosen. The structure of model
(1)-(2) is a special case of the following reaction-diffusion-
convection system:

xt = Dxzz − vxz + f(x) (4a)
x(t = 0, z) = x0(z) (4b)

where xt = ∂x
∂t , xz = ∂x

∂z and xzz = ∂2x
∂z2 with the boundary

conditions : Dxz + qx = g(x) (5)
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Dirichlet BC, also known as essential BC, are not included
in this formulation since they can be approximated using
Neumann (or natural) BC (5) by selecting a large transfer
coefficient q and setting g = qx∗ where x∗ is the value of
x on the boundary. The reason for employing this approxi-
mation is that Neumann BC can be included into the FEM
formulation in a natural way. Notice that in our application,
Dirichlet and Neumann BC are considered at each column
inlet and outlet, respectively.

In the FEM method, the spatial domain is discretized into a
number of finite elements. The original model (4a)-(5) with
boundary conditions is then approximated by a number of
ordinary differential equations. For more details about this
method, the reader is referred to the literature ([19], [20]
and [21]). Consider the spatial domain divided into N finite
discrete elements, the ODE system associated to the PDE
given by equations (4a)-(5) can be expressed as:

dX

dt
=−M−1

M (D.DM+v.CM+q.BM )X+F (X)+M−1
M G

where MM , DM , CM and BM are, respectively, the mass,
diffusion, convection and homogenous boundary matrices.
X is the discretized version of x over z. F corresponds to
the value of discretized version of the nonlinear function f .
G is a vector with all elements equal to zero except in the
boundary points (in 1D problems these correspond to the first
and last points) in which it takes the value of g in Eqns (5).
In the same way, matrix BM is a matrix of zeros except in
the boundary (for 1D problems BM (1, 1) and BM (N,N)).
The non-zero entries take the value 1 for Robin boundary
conditions (BC), 0 for Neuman BC and a large number (e.g.
105) for Dirichlet BC.

B. State-Space Representation

In each column of the SMB plant, the ODE approximation
of the concentrations cA, cB, qA and qB can be written as
follows :

dXi
cA

dt
= −M−1

M (DA,i.DM + vi.CM +BM )Xi
cA

+ F icA(Xi
cA, X

i
cB , X

i
qA) +M−1

M GicA(XcA, vFe) (6)

dXi
cB

dt
= −M−1

M (DB,i.DM + vi.CM +BM )Xi
cB

+ F icB(Xi
cA, X

i
cB , X

i
qB) +M−1

M GicB(XcB , vFe) (7)

dXi
qA

dt
= F iqA(Xi

cA, X
i
cB , X

i
qA) (8)

dXi
qB

dt
= F iqB(Xi

cA, X
i
cB , X

i
qB) (9)

where Xi
st is the concentration st in column i with st =

cA, cB, qA, qB and Xst =
[
X1
st
′
X2
st
′ · · · X8

st
′ ]′.

Each entry of the vector field F ist(X
i
cA, X

i
cB , X

i
qA) is a

nonlinear function of Xi
cA, Xi

cB and Xi
qA that takes the form:

F icA(κ) = −Ki
εk
i
A(

aAX
i
cA(κ)

1 + bAX
i
cA(κ) + bBX

i
cB(κ)

−Xi
qA(κ)) (10)

F icB(κ) = −Ki
εk
i
B(

aBX
i
cB(κ)

1 + bAX
i
cA(κ) + bBX

i
cB(κ)

−Xi
qB(κ)) (11)

F iqA(κ) = kiA(
aAX

i
cA(κ)

1 + bAX
i
cA(κ) + bBX

i
cB(κ)

−Xi
qA(κ)) (12)

F iqB(κ) = kiB(
aBX

i
cB(κ)

1 + bAX
i
cA(κ) + bBX

i
cB(κ)

−Xi
qB(κ)) (13)

for κ = 1, · · · , N .
The function Gist is a vector with all elements equal to

zero except the first element. This one is given by g = qx∗

where x∗ is the value of x on the boundary. As an example,
let us take G1

cA :G1
cA =

[
BM (1, 1)X8

cA(N) 0 · · · 0
]′

where N is the number of finite elements or the number of
spatial discretization points in each column.

In the end of each column, the following equations hold :

dXi
sst(N)

dt
= −vi.grad(N, :)Xi

sst (14)

where sst = cA, cB and grad = M−1
M CM which represents

the discretized version of the operator ∂
∂z in (3). We recall

that the notation Λ(N, :) indicates the N th line of matrix Λ.
The equations (6)-(14) can be represented together as

follows :
dXi

cA

dt
=

[
−MM (1 : N − 1, :)(DA,i.DM + vi.CM +BM )

−vi.grad(N, :)

]
Xi
cA

+

[
F icA(1 : N − 1, :)

0

]
+MMG

i
cA(XcA, vFe) (15)

dXi
cB

dt
=

[
−MM (1 : N − 1, :)(DB,i.DM + vi.CM +BM )

−vi.grad(N, :)

]
Xi
cB

+

[
F icB(1 : N − 1, :)

0

]
+MMG

i
cB(XcB , vFe) (16)

dXi
qA

dt
= F iqA(Xi

cA, X
i
cB , X

i
qA) (17)

dXi
qB

dt
= F iqB(Xi

cA, X
i
cB , X

i
qB) (18)

with MM = M−1
M .

The concentrations of the two substances of the mixture
are measured in three positions only : the extract port, the
raffinate port, and behind the first column. The first two
sensors (in the extract and raffinate) are moved after a period
τ and the third sensor is fixed at the end of the first column.
Each sensor measures the concentration in component A and
the concentration in component B; therefore, it is represented
by two components in the output vector y below. The output
equation can be written as:

y = HTX T = 1, 2, · · · (19)

with X =
[
XcA

′ XcB
′ XqA

′ XqB
′ ] , where T de-

notes the number of switching periods (multiple of τ ).
Before the first switching instant, matrix H0, can be given

as: H0 =

[
H0
mov

Hfix

]
, where :

Hfix=



N︷ ︸︸ ︷
0 · · · 1 0 · · · 0 0 · · · 0

0 · · · 0︸ ︷︷ ︸
8N

0 · · · 1︸ ︷︷ ︸
N

0 · · · 0


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H
0
mov=

2N︷ ︸︸ ︷
0 · · · 0 1 0 · · · · · · 0 0 · · · · · · 0

6N︷ ︸︸ ︷
0 · · · 0 1 0 · · · · · · 0 0 · · · · · · 0

8N︷ ︸︸ ︷
0 · · · · · · 0

2N︷ ︸︸ ︷
0 · · · 0 1 0 · · · · · · 0

8N︷ ︸︸ ︷
0 · · · · · · 0

6N︷ ︸︸ ︷
0 · · · 0 1 0 · · · · · · 0


As already mentioned, we suppose that the columns
are fixed and the inlet and outlet ports are moved pe-
riodically in the direction of the liquid flow. Letting
v̄T =

[
v′T,1 v′T,2 · · · v′T,Nc

]′
where vT,i denotes

the fluid velocity within the i-th column (i.e, vT,i = v̄T (i)),
the velocity vector v̄T at time instant T + 1 is updated as :

v̄T+1 = Mv × v̄T (20)

In (20), Mv is a permutation matrix that shifts the velocity
vector at each switching time T and is given by:

Mv =

[
0 1

INc−1 0

]
Matrix HT+1 is computed, in the the same manner, as
follows :

HT+1 =

[
HT
movzh
Hfix

]
(21)

with zh = diag(Mh,Mh,Mh,Mh), where Mh =[
0 IN

IN×(Nc−1) 0

]
. diag(A1, · · · , Ai) indicates a block

diagonal matrix with the square matrices A1, · · · , Ai on the
diagonal.

The boundary functions GT+1,i
cA and GT+1,i

cB have the
structure examplified by G1

cA above equation (14). However,
the first component changes depending on the activated mode
or equivalently on the position of the inlet and outlet ports.
By introducing vT,i, G

T,i
cA , GT,icB and HT into (15) - (19) in

order to characterize the cyclic behavior of the process, the
following model is obtained:

dXi
cA

dt
=

[
−MM (1 : N − 1, :)(DA,i.DMv +vT,iCM+BM )

−vT,igrad(N, :)

]
Xi
cA

+

[
F icA(1 : N − 1, :)

0

]
+MMG

T,i
cA (XcA, vFe) (22)

dXi
cB

dt
=

[
−MM (1 : N − 1, :)(DB,i.DM+vT,iCM+BM )

−vT,igrad(N, :)

]
Xi
cB

+

[
F icB(1 : N − 1, :)

0

]
+MMG

T,i
cB (XcB , vFe) (23)

dXi
qA

dt
= F iqA(Xi

cA, X
i
cB , X

i
qA) (24)

dXi
qB

dt
= F iqB(Xi

cA, X
i
cB , X

i
qB) (25)

y = HTX (26)
T ≤ t ≤ (T + 1) (27)

C. POD-based model order reduction

Proper orthogonal decomposition (POD) is a powerful and
elegant method to obtain a low-dimensional approximate
description of a high dimensional process. In the SMB
application, it consists in approximating the concentration
profiles ciA(t, z), ciB(t, z), qiA(t, z), qiB(t, z) by truncated

series developments whose coefficients become the new state
variables. To explain the principle of the approach, let us
consider the general system given by equations (4a)-(4b).

The procedure consists in obtaining an orthonormal basis
φ(z) for the axial coordinate z so that the solution of the PDE
model given by equations (4a)-(4b) can be approximated as
a truncated series of the form :

x(z, t) =

P∑
k=1

mk(t)φk(z) (28)

where mj(t) are the modal coefficients that collect the
time evolution of the field x. P represents the retained
POD modes. The spatially dependent functions φj(z) (eigen-
functions) are the solution of the eigenvalue problem (29)
below. In the POD technique, the set of basis functions are
computed as those which minimize the distance between
the solution of PDE equation computed around different
operating points (snapshots) and the subspace built with such
basis. The solution of this optimization leads to the following
eigenvalue problem:

φj(z) = λj

∫
Ω

K(z, w)φj(w)dw (29)

with
∫

Ω
φi(z)

′φj(z)dz =

{
1 if i = j
0 otherwise

where Ω = [0;L]. The eigenvalues λj will be arranged so
that | λi |≥| λj | for i < j. K(z, z′) ∈ RN×N represents a
two points correlation kernel obtained from simulations.

As in practice it is impossible to take measurements in
an infinite number of spatial points, the discrete version of
K(z, z′) will be employed. It is constructed as ([22] and
[16]):

K =
1

k

k∑
j=1

χjχj
′

(30)

where χj ∈ RN are measurements of the original state
variable x(z, t) at a finite number N of spatial points and at
a specific time t.

The solution of problem (29) can be numerically computed
(approximated) by using the FEM matrix MM as follows:

φj = λjKMMφj (31)

with K constructed as in Eqn (30). More details about the
approximation of the eigenproblem (29) are given in [23]. It
is important to point out that the set of eigenvectors contains
the spatial information of the solution (28). Notice that the
approximation is carried out by selecting the most energetic
basis functions based on the captured energy :

E(%) = 100×
∑p
j=1 λj∑N
j=1 λj

(32)

Now we can apply this procedure to each concentration
(st = cA, cB, qA, qB) in each column. In order to be able, to
reconstruct the solution, the modes mi

st (time information),
with i = 1, · · · , Nc and st = cA, cB, qA, qB, have to
be computed. For that purpose, let us define the spatial
projection operator as P ist = Φist

′
MM , where Φist represents

the eigenfunctions for the concentration st in column i.
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Applying this operator to (22)-(26) the following equations
are obtained:

dmicA
dt

= ρicA(vT,i)m
i
cA + P icA

[
F icA(1 : N − 1, :)

0

]
+ ΦicA

′
GT,icA (ΦcAmcA, vFe) (33)

dmicB
dt

= ρicB(vT,i)m
i
cB + P icB

[
F icB(1 : N − 1, :)

0

]
+ ΦicB

′
GT,icB (ΦcBmcB , vFe) (34)

dmiqA

dt
= P iqAF

i
qA(ΦicAm

i
cA,Φ

i
cBm

i
cB ,Φ

i
qAm

i
qA) (35)

dmiqB

dt
= P iqBF

i
qB(ΦicAm

i
cA,Φ

i
cBm

i
cB ,Φ

i
qBm

i
qB) (36)

where

ρ
i
cA(vT,i) =P

i
cA

[
−MM (1 : N−1, :)(DA,i.DM+vT,iCM+BM )

−vT,igrad(N, :)

]
Φ
i
cA

ρ
i
cB(vT,i) =P

i
cB

[
−MM (1 : N−1, :)(DB,i.DM+vT,iCM+BM )

−vT,igrad(N, :)

]
Φ
i
cB

and
y = HTdiag(ΦcA,ΦcB ,ΦqA,ΦqB)m (37)

with m =
[
m′cA m′cB m′qA m′qB

]′
,

Φst = diag(Φ1
st,Φ

2
st, · · · ,Φ

Nc
st ), mst =[

m1
st
′
m2
st
′ · · · mNc

st

′
]′

and T ≤ t ≤ T + 1.

Notice that the state variable Xi
st can be reconstructed

using :
Xi
st(t) = Φistm

i
st(t). (38)

III. OBSERVER DESIGN FOR LIPSCHITZ NONLINEAR LPV
SYSTEMS

We shall focus on the observer design problem in this
section. It will be shown that the previous POD model can
be written in a LPV form given by (39a)-(39b) below. Based
on this model, a nonlinear LPV observer will be designed
such that its state estimation error asymptotically tends to
zero.

Let us consider the class of nonlinear systems described
by the following equations :

ṁ(t) = Aδ(t)m(t) + fδ(t)(m,u) (39a)
y(t) = Cδ(t)m(t) (39b)

where
Aδ(t) =

j=nδ∑
j=1

δj(t)A
j , Cδ(t) =

j=nδ∑
j=1

δj(t)C
j

fδ(t)(m,u) =

j=nδ∑
j=1

δj(t)f
j(m,u),

and m(t) represents the state vector, u(t) is the input vector
and y(t) denotes the measured system output. The matrices
Aj and Cj for j = 1, · · · , nδ are constant with adequate
dimensions. The weighting functions δj are assumed known
and depend on measurable variables. They verify

nδ∑
j=1

δj(t) = 1, 0 ≤ δj ≤ 1, ∀j ∈ {1, · · · , nδ}(40a)

Each nonlinearity f j(m,u) is assumed to be Lipschitz in
m with a known Lipschitz constant γj , i.e. ‖f j(m,u) −
f j(m̂, u)‖ ≤ γj‖m− m̂‖, ∀m, m̂.

The system (33)-(37) can be easily put in the form of
system (39a)-(39b) by an appropriate choice of δj , since the
switching period τ is known. Indeed, the cyclic behaviour of
the considered SMB process can be separated into 8 modes
corresponding to the 8 possible positions of the input and
output ports, each mode lasting for a time period of duration
τ . Model (39a)-(39b) can be defined in such a way that mode
i corresponds to δi = 1 and δj = 0 for all j 6= i.

The following nonlinear LPV observer is proposed to
estimate the state trajectory m :

˙̂m(t) = Aδ(t)m̂(t) + fδ(t)(m̂, u) +Kδ(t)(y − Cδ(t)m̂(t)) (41)
ŷ(t) = Cδ(t)m̂(t) (42)

with Kδ(t) =
∑j=nδ
j=1 δj(t)K

j .
Notice that the only unknown parameter in the observer

model is the gain matrix Kδ(t). Thus, the problem amounts
to finding this matrix while ensuring the asymptotic conver-
gence of m̂ to m. By defining the estimation error m̃ =
m− m̂, its dynamics can be written as :

˙̃m =
(
Aδ(t) −Kδ(t)Cδ(t)

)
m̃+ f̃δ(t)

with f̃δ(t) = fδ(t)(m,u)− fδ(t)(m̂, u).
The following theorem gives sufficient conditions for

the existence of matrices Kδ(t) that guarantee asymptotic
convergence.

Theorem 1: The observation error m̃(t) converges asymp-
totically towards zero if there exists matrices Rj1 , with
j1 = 1, · · · , nδ , a positive definite symmetric matrix P and
a positive scalar τ̄ such that the following LMIs are satisfied

P > 0 and
[
Ψj1,j2 P
P −τ̄ I

]
< 0 (43)

∀j1, j2 = 1, · · · , nδ where

Ψj1,j2=(Aj1)′P+PAj1−(Cj2)′(Rj1)′−Rj1Cj2+τ̄(γj1)2I (44)

Solving LMIs (43) amounts to determining matrices P and
Rj1 . The matrices Kj1 , with j1 = 1, · · · , nδ , can be obtained
from Kj1 = P−1Rj1 . �

Proof: The Lyapunov function candidate for observer
design is defined as Υ = m̃′Pm̃, where P is a symmetric
positive definite matrix (P > 0). Then its derivative is :

Υ̇=m̃′
[(
Aδ(t)−Kδ(t)Cδ(t)

)′
P+P

(
Aδ(t)−Kδ(t)Cδ(t)

)]
m̃

+ m̃′P f̃δ(t) + f̃ ′δ(t)Pm̃ (45)

By substituting Aδ(t), Cδ(t), Kδ(t) and f̃δ(t) by their expres-
sions, we have

Υ̇=

nδ∑
j1=1

nδ∑
j2=1

δj1δj2{m̃
′
[(
Aj1−Kj1Cj2

)′
P+P

(
Aj1−Kj1Cj2

)]
m̃

+ m̃′P f̃j1 + (f̃j1 )′Pm̃} (46)

with j1, j2 = 1, · · · , nδ .
Based on the Lipschitz property of each f j1 , one can

obtain : (γj1)2m̃′m̃ − (f̃ j1)′f̃ j1 ≥ 0. Then, for any pos-
itive constant τ̄ , the Lyapunov function derivative can be
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expressed as

Υ̇≤ Υ̇ +

nδ∑
j1=1

τ̄(γj1 )2m̃′m̃− τ̄(f̃j1 )′f̃j1

=

nδ∑
j1=1

nδ∑
j2=1

δj1δj2{m̃
′
[(
Aj1−Kj1Cj2

)′
P+P

(
Aj1−Kj1Cj2

)]
m̃

+ m̃′P f̃j1 + (f̃j1 )′Pm̃+ τ̄(γj1 )2m̃′m̃− τ̄(f̃j1 )′f̃j1} (47)

and therefore

Υ̇ ≤
nδ∑
j1=1

nδ∑
j2=1

δj1δj2

[
m̃

f̃ j1

]′ [
Ψj1,j2 P
P −τ̄ I

] [
m̃

f̃ j1

]
(48)

with

Ψj1,j2 =(Aj1 )′P+PAj1−(Cj2 )′(Kj1 )′P−PKj1Cj2 +τ̄(γj1 )2I

By setting Rj1 = P (Kj1), we have Υ̇ < 0 if[
Ψj1,j2 P
P −τ̄ I

]
< 0 (49)

since each δj1 , δj2 ≥ 0, with j1, j2 = 1, · · · , nδ . Ψj1,j2 is
defined by (44). The sufficient conditions for the existence
of the gain matrices Kj1 is based on the existence of a
positive constant τ̄ and a positive definite matrix P such
that the LMIs (49) hold. Once the solution is obtained, the
gain matrices can be determined by Kj1 = P−1Rj1 .

IV. SIMULATION RESULTS

Fixed working conditions are considered (constant injected
concentrations, constant flow rates and constant switching
time) and the observer is fed with data corresponding to
the cyclic steady state operation. The process parameters
used in this work are presented in Table I. The operating
conditions are chosen as : cFeA = cFeB = 0.5 vol%,
QFe = 0.13159cm3s−1, QRa = 0.13631cm3s−1, QEx =
0.32969cm3s−1 and Q1 = 0.10568cm3s−1. For obtaining

TABLE I
MODEL PARAMETERS

Number of components 2
Column length L=25cm
Column radius R=1cm
Number of theoretical plates Np = 50

Column diffusivity vj
L
Np

cm2s−1

Column distribution 2/2/2/2
Mass transfer coefficient kA = 0.5s−1, kB = 0.5s−1

Total porosity ε = 0.83
Henry’s constants aA=5.97,aB=8.52
adsorption equilibrium constant bA = 0.154l/g, bB = 0.295l/g
Switching time τ = 180s

reliable simulation results, it is important to choose the
value of N (number of discretization points) properly. To
do this, the state space model (22)-(25) is simulated with
different values of N . As in [16], a FEM scheme with
N = 71 per column provides a good approximation of
this model. Note that N = 71, with eight columns and
two components in both liquid and solid phases, implies
solving more than 2000 differential equations which makes
this scheme computationally demanding for diagnosis and

observation purposes. As we discussed before, an alternative
consists in reducing the order of the FEM model using the
POD method. In this work, A POD−reduced order model
(ROM) with p(XcA, XcB , XqA, XqB)b= 10/10/10/10 is
chosen for representing the FEM model since it gives an
accurate result compared to other ROMs. This POD model
is validated at several operating points in the neighborhood
of the nominal operating point. Besides, it is important to
note that the computation time of the obtained POD model
is drastically reduced with respect to the computation time
of the FEM model. As an example, for a simulation running
from t = 0min to t = 600min, the computation times of the
FEM model and the POD model are 52.41min and 11.99min,
respectively.

For the observer application presented in this work, the
SMB process with constant flows is considered. The gains
Kj , with j = 1, · · · , 8 are obtained by solving the LMIs
(43) using YALMIP, a toolbox for modeling and optimiza-
tion in Matlabr. The observer initial conditions are chosen
arbitrarily. The convergence of the observer described above
is illustrated in figures 2 where the evolution of the spatial
profiles of component A (blue) and B (red) at, respectively,
the end of the 1st and 7th cycle is presented. We recall that
one cycle is complete after 8 switching periods. It can be seen
that the observer states reach the real state within 7 switching
periods. Also, the rapid convergence of the observer for
raffinate and extract concentrations in components A and B
is observed in figures 3-4.

V. CONCLUSION

A state observer able to estimate the complete concentra-
tion profiles within a SMB process from three concentration
sensors has been developed. It is based on a two step proce-
dure. The first step consists in the determination of a reduced
order model that reproduces the process behavior in an
operating region of interest. Next a nonlinear state observer
with guaranteed convergence is developed for the resulting
nonlinear model. Simulation results show the effectiveness of
the procedure for model reduction and for observer design.
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