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Consensus of multi-agent systems with nonuniform non-differentiable
time-varying delays
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Abstract—In this paper the consensus problem for continu-
ous time multi-agent systems in the presence of time-delay is ad-
dressed. A novel sufficient condition for the case of nonuniform
non-differentiable time-varying delays with minimum value
greater than zero and a method to compute an estimate of
the convergence rate are given. Simulation examples are given
to show the performance of the proposed method.

I. INTRODUCTION

The study of distributed multi-agent systems has called the
attention of several research groups in the past few years.
This is mainly due to the vast number of applications that
may benefit from the results in this field. For an interesting
review of recent results refer to [1].

An important problem in distributed multi-agent systems
is the one of reaching a group agreement. More specifically,
let x; be the value of a physical variable associated to agent
v;, where ¢ = 1,2, ..., n. This physical variable may be the
agent height, position, velocity, orientation, etc. depending
on the application. We say that agent v; is in agreement
with agent v; if and only if x; = x;. Moreover, if all agent
values reach a common value, we say that there is a group
agreement (consensus).

One of the main concerns of researchers in this field is
the derivation of techniques that adequately cope with the
number of agents. Usually in this case only local informa-
tion should be taken into account by agent control laws
(consensus protocol) to solve the consensus problem. This
means that each agent should compute its actions based on
information provided by only a subset of the group. Several
works have studied these local information based control
laws to solve consensus problem in different scenarios such
as double integrator dynamics [2], input saturation [3], etc.

In the present paper we are interested in the case where
information exchange between agents cannot happen in-
stantaneously due to the characteristics of the available
communication channels. This is important since most real
applications rely on a computer network to provide this
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information exchange, and such a network may be subject
to delays. More specifically, we are interested in the case of
fixed communication topology, continuous-time multi agent
systems in which both the state information of neighbor
robots and the state information of the agent itself are subject
to delay.

In the case of constant uniform time-delay, a necessary
and sufficient condition for average consensus was presented
in [4]. Considering the same time-delay configuration, [5]
obtained a sufficient condition in the presence of external dis-
turbance and model uncertainty. Systems subject to uniform
differentiable time-varying delays were studied in [6]. Other
works, such as [7] and [8], studied nonuniform differentiable
time-varying delays. By nonuniform, we mean there may be
a different time-delay value for each communication channel.
In [9] and [10] the authors also considered the possibility
of nonuniform non-differentiable time-varying delays that
satisfy 0 < 7;;(t) < h;;, where h;; > 0 are constants.

In this work, differently from previous works found in
the literature, we present a novel sufficient condition for
consensus in the context of single integrator agents and
nonuniform non-differentiable time-varying time-delays that
satisfy 7;;(t) € [T— tom, T+ fm], where 7 > 0 is a constant,
[m 1s also a constant, and 7;; > 0. Note that in this case
7;;(t) may have a minimum value greater than zero, which
can be applied in cases where the time-delay has an estimated
value, varying in a given range. This is important since it will
allow to show consensus in different regions in the domain of
time-delay [11]. Other methods would find only the region in
the domain of time-delay where the minimum value of 7;;(¢)
is zero. In addition to that, a method to compute an estimate
of the convergence rate is also presented. Finally, our linear
matrix inequality (LMI) condition provides similar results
to those obtained when considering other recently published
conditions in the simple case of single constant time-delay.

Next section reviews some necessary background theory.
In Section III we show how the consensus problem can be
transformed to a stability problem. By using techniques that
provide conditions for the stability of systems with time-
delay we devise a novel sufficient condition for consensus
in Section IV. Simulations showing the efficacy of the of
proposed methodology are presented in Section V. Finally,
conclusions are given in Section VL.

II. BACKGROUND

A. Algebraic Graph Theory

Let G(V, &, .A) be a simple undirected graph of order n,
where V = {vy,...,v,} is the set of vertices, £ is the set
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of edges which have no orientation, and A = [a;;] is the
weighted adjacency matrix. Let Z = {1,2,...,n} be the set
of graph node indexes. The elements of the adjacency matrix
are given by: (i) a;; = 0 if 7 = j or if there is no edge
connecting v; to v;; and (ii) a;; = a;; > 0 if and only if
there exists a link between v; and v;.

The degree matrix, A = [A;;], is a diagonal matrix with
AV Z?Zl ai;. The Laplacian matrix associated with the
graph is then defined as L = A — A.

A graph is called connected if there is a path from each
node to every other node. A path is a sequence of graph
edges of the form (v;1,v;2), (vi2,vi3),... , where v, € V.

Next lemma regarding connected graphs will be useful in
later sections:

Lemma 1: [12] If a graph G is connected then its Lapla-
cian satisfies the following conditions:

1) There exists a unique eigenvalue of L equal to
zero, and 1,, is the corresponding eigenvector, i.e.,
L1, =0.

2) The remaining (n — 1) eigenvalues are all real and
positive.

B. Consensus Protocol

In this work, a multi-agent system with information
exchange model given by a simple undirected graph is
considered. An agent ¢ is represented by a graph node
(vertex) v; and the communication channels between agents
are represented by graph edges. Nodes sharing an edge are
said to be neighbors. Each agent is assumed to have the
following simple dynamics

where z; € R is the state variable of agent ¢ and u; € R is
the control input.

It is well known that the following protocol [4] solves
the consensus problem if information can be exchanged
instantaneously:

= D aylei—ay) 2)

where N, is the set of neighbors of node v;. It should be
mentioned that v; and v; are neighbors if and only if a;; # 0.

In this work, we consider the presence of time-delay
during information exchange and the following protocol is
studied:

u; = — Z aij(@i(t — 7i;(t)) — z;(t —73;(1)))  3)

vj EN,;

where 7;;(t) is the time-delay in the communication between
v; and wv;. It should be clear that we assume different
delays for different communication channels. Moreover, we
consider that this delay is independent of the information
direction, i.e., 7;;(t) = 7;;(t). It should be also emphasized
that, in this work, the considered time-delays may be time-
varying and non-differentiable.

Similarly to [10] and considering (1) and (3) the system
dynamics may be written as:

B(t) = =Y Lya(t — (1) 4)
k=1

where 7 is the number of different delays satisfying r <
n(n —1)/2, and Ly is the Laplacian matrix associated with
the graph connections with delay 7% (t).

III. STABILITY PROBLEM FORMULATION

The protocol u; given in (3) will solve the consensus
problem if and only if: limy_,o0 |2; — ;| = 0, V (3,5).
In this section, we show how the consensus problem can be
translated into a stability problem. Basically, this is done by
using the same strategy presented in [5].

Let V¥,, be the matrix:

n—-1 -1 ... -1
-1 n-1 ... -1
2 : _ ] (&)

n—1

where U,, has n — 1 eigenvalues equal to n and a zero
eigenvalue [5]. Let U be an orthogonal matrix representing
the eigenvectors of W,. This matrix can be written as
U = [U; U], where each column of U; is an eigenvector
associated with the eigenvalue at n and U, is an eigenvector
associated with the zero eigenvalue of V,,. Therefore

Ul = 0 (©)

and the following properties can be verified

\I/nUl = nU1
v, U, = 0 (7
U, = aft 1...1)7
Ul = al, s
where « is a constant. Moreover,
vlo, = 1
1,1, =1
oin = 1
= T
thus,
U, = 17" 9)
Now, consider the following transformation:
2(t) 1 _ [ Uf _ T
[ A(8) } = [ or x(t) =U" z(t). (10)
After computing the derivative we obtain:
2| _ s
L(t)} = U &(t). (11)

Due to Lemma 1, the Laplacian matrix Ly in (4) satisfies:
Li1, = 0 and lka = 0 (since a;; = aj;). By also

1885



considering the dynamics in (4) and equation (10), the system

in (11) becomes:
tgg] = TS Lya(t — (1)
k=1

_ _ZUTL U[ tTkEgﬂ
-SR] o

where Lj, = [Iy;;] and Ly, = Uy T L, U;.

In the next lemma we show that the group consensus in
the case of the system in (4) can be achieved by studying
the stability of part of the system in (12):

— Zikz(t — T}g(t)),
k=1

where L, € R(—Dx(n-1)
Lemma 2: 1f the system in (13) reaches the origin, then
the system defined in (4) reaches consensus.
Proof: Consider the system output given by y(t) =
Cx(t), where C = LW, Note that this output represents the
distance of the agent state variables from the average value

3o

Thus, consensus is achieved if and only if y = 0. By usmg
the identities in (7):

y(t) =
_ op A
h z(t
1
n
_ 1 z(t)| _
-~ Lo [Z( t)} — U2 (1)
Since matrix U; is composed of linearly independent
vectors the nullity of its null space A/(U;) is zero. Therefore
y(t) = 0 if and only if z(t) = 0. [ |

Next section presents an LMI condition for stability anal-
ysis of the system in (13).

(13)

T T T T ]T

y=Cx=z{ —Z', 23 —z",---]*, where T = —

CUUT:c(t)
)
)

(14)

IV. CONSENSUS ANALYSIS

Definition 1: The multi-agent system in (4) achieves con-
sensus with exponential convergence rate ¢ if

p(9) o0t
Amin{P} ’

where z(t) is given in (10), Apnin{P} is the minimum
eigenvalue of a symmetric real positive matrix P and § and
p(0) are positive scalars.

Theorem 1: Let be given 7 > 0, u,, and 6 > 0. Then the
system in (4) with all 7,(t) € [T — pm, T + pm] achieves
consensus with exponential consensus rate ¢, if there exist
real matrices: F, G, P = PT, S = ST, Q, Ry = RT, Ry,

=) < vt >0,

R3 = R3T and 7 = Z,?, k = 1,2,...,r, of dimension
(n—1) x (n—1), such that the following LMIs are satisfied
P Q
[ « g ] >0, (15)
where e; = e~ 207
= | Ry RY
R—{R2 Rs >0 (16)
and
o | row{l';}
[ * ‘ —e20m*T) yy, diag{Zy} <0 an

where © is given in (18), on the top of the next

page, row{l';} is a block-row matrix, i.e., row{I'y} =
[C1,....T,], with
I = un LE[FT GT 0 0] (19)

and diag{Zy} is a block diagonal matrix with diagonal
blocks 71, Zs, ..., Z,.

Proof: Consider the following Lyapunov-Krasovskii
functional candidate:

et T (1) P2(t) + 262&2T(t)/t Qz(&)d¢

0 t
20¢ 5T =
+//+ 2 () Rz(§)deds

0
+/ ePUHO T (4 4 €)Sz(t + £)dE

t
/ / e208 3T (€) Zy,2(€)déds
M Jt+s5—T

where z7(¢) = [zT(é) 1), P=PT,8=57,Q, R =
RY, Ry, Rs = RY and Z, = ZI', k= 1,2,...,r, and 2
corresponds to the value of z(0) with 6 € [t — T — pp,, t].
Initially, we show that the condition V'(z;) > €||2(t)]| (e >
0) is satisfied.
Assume that S > 0 (implicit in (15)) and using Jensen
Inequality [13, Prop. B.8] yields

0
/ PO T (4 €)S2(t 4 €)de

0

V(z) =

(20)

>0 [ 2T (4 £)S2(t + €)dE
25(t—7)" 10 0
> ° . /_TZT(t+f)df'S~ _Tz(t—i-f)df

Therefore, based on the previous inequality, we have that

0 t
Vi) 2T [f Lol [ [ @ ratcas
+Z / /+ PP 21(€) Z2(€)deds

T e ’ ZT(t-‘rf)df:l.

—T
Therefore, if the right side of the previous equation is
positive, it yields a sufficient condition to guarantee that

with n? = [e
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20P+Q+ Q" + 7Ry — % R3+ S * * *
o— *ngTﬁ’P‘FTRQ —ea(G+ GT) + 7R3 + 2um 2 * * (18)
- 7€2£TFT - QT + %Rg *GgﬁTGT 761(%R3 + S) *
20QT — 2 RY QT LR —2R
with e; = e 207, ¢y = ¢ 20(km+7) [ — ZLk and Z = Z Z.

k=1

V(zt) > €||z(t)]| (¢ > 0). Moreover, the LMI in (16)
guarantees that R > 0 and the LMI in (17) implies that
Zi. > 0, for all k. Thus, if the LMIs in (15), (16) and (17)
are satisfied, then V' (z;) > €||z(t)|| (e > 0).

Now it is shown that the functional in (20) satisfies the
derivative condition: V(z;) < —e || z(t) || (¢ > 0) if the LMI
in (17) and R > 0 hold. For this purpose it is introduced a
null term, considering the system in (13) and two matrices
with appropriate dimensions, F' and G:

0 = [TOF+:"1)G

= Liz(t - m(t))]
k=1

2e200=7=1m) LT F + 27 (1G]

x |20 - 3L <z<t -n- T(f)(t ¥ £)d€>]

k=
2e2(t=T=1m) [T () F + 27 ()G

X |=2(t) =Y Lipz(t—71)| +ov(t) (1)
L k=1
h = Ly =T mm) 2(¢ 4 €)dE with
where v( kg /Tk(t) 2( )d¢ wi
A=t (O F + 27 (1G],

Then, using the well known inequality

20T < aTXa+ b X b (22)
where a, b € R” and X > 0 € R"*™. The following upper
bound for v(t) in (21) is obtained

v(t) < Z/T(t)(ALk)Zl(ALk)Tdf

k=1

+ Z / 20T ) 5Tt 4 €) Z (¢ + €)dE
< Zum ALg)Z7(ALy)" (23)
k=1
T t—T+pm
+ 3 et / T(5) Zu(s)ds
k=1 b=T—pim

Moreover, the time derivative of the functional V(z;) in

(20) is given by

V(z) = 20e¥2T (t) P2(t) + 2e2°¢2T (t) P3(t)

0
+2e200 2T (¢) | Qat+8)de

0
" Qat+)a
2T (0Q(1) — 26727 ((Qa(t — )

+7e2'ZT (t)RZ(t) — e*5zT(s)Rz(s)ds

+46e*t2T(t)

t—71
+e? O T (E 4+ €)S2(t +€)|2,

T
> 2 e® 2T (1) Zy (1)

k=1

r t—T+pm
/t—f—um

k=1

e293:1(5) Z1,2(s)ds

Thus, assuming that R is given as in (16), Z; > 0 (implicit
in (17)) and using (21), (23) and Jensen Inequality, the
following upper bound for V' (z;) is obtained

V(z) < ¢CTOCH+ Y pm(ALR)Z (ML)
k=1
—<T<@+ZP (e Zk>‘1f35>< (24)
k=1

with © given in (18), Fg given in (19) and

¢r' = [e‘stzT(t) etz (t) eOt2T(t—71) e /tt zT(s)ds] .

-7

Therefore, to guarantee that V(z;) < 0 for any ¢ # 0 it
suffices to impose that the term in the right side of (24)
is negative. Moreover, using Schur’s complement to impose
that the term between parentheses in (24) is negative definite
is equivalent to satisfy the LMI in (17). Then, if the LMI
in (17) holds, the LKF time-derivative condition V(zt) <
—e||z(t)]| (e > 0) is satisfied.

In what follows it is shown that if the LMIs in (15),
(16) and (17) are satisfied, then the system in (4) achieves
consensus with exponential convergence rate 9.
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Using the inequality in (22) it follows that

0
2e20t 2T (t) Qz(t + &)d¢

—T

- /0 (e QIQT e 2(t)de (25)
—|—/t et 2T (s)Ie% 2(s)ds
t—7
then the LKF has the following upper bound
V(z) < e Amax{P}|2(1)]?
7 { QTN+ [ ()]s

t—7

t
e B} / ¢25%||5(s)|[2ds
t—r
t
Al S} / €25 |2(s) | 2ds
t—T

r t
+Z(T+Nm))‘max{zk} e?||2(s)[[ds
k=1 t—T—pm
= Vi(z)

where Amax{-} is the maximum eigenvalue of a matrix.

Assuming, tk_lat the LMIs in (15), (16) and (17) are
satisfied, then V' (z;) < 0 and V' (z;) > 0. Thus, it follows
that

Moreover, we have that

{AmaX{P} + TAmax{QQT} + 7

V(Zo) S

0
A {S) e%ds} sup {||=(6)II}
—7<6<0

—T

0
+{mmax{R} emds} sup {120)]1}
—7<6<0

—T

r 0
+{(T + Mm) Z /\max{Zk} 6263d8} 27
k=1 —T—Hm
« s {0} = o),

—(T7+um)<6<0
On the other hand,

e Amin {P}|2(8)|1* < V(2) < p(9), (28)

where Apyin { P} is the minimum eigenvalue of the matrix P.
Thus, from (26), (27) and (28) it follows that

p(9)
Amin{P }
Therefore, the multi-agent in (4) achieves consensus with
exponential convergence rate § according to Definition 1.
This completes the proof. |

The exponential consensus analysis is important since it is
often desired that the multi-agent system achieves consensus
in an exponential rate to ensure fast response. In this context,
the previous theorem is useful. However, the following result
is appropriated when it is only necessary to verify whether

lz@)I* < e

the consensus is achieved or not. This result is obtained
following the same steps presented in the proof of Theorem 1
and choosing an appropriate Lyapunov-Krasovskii functional
as in (20) setting § = 0.

Corollary 1: Letbe given 7 > 0 and ft,,,. Then the system
in (4) with all 73, (t) € [T — ftm, T+ pm] achieves consensus,
if there exist real matrices: F, G, P = PT, § = ST, Q,
Ri=RY Ry, Rs=RY and Z, = ZF, k=1,2,...,r, of
dimension (n — 1) x (n — 1), such that the LMIs in (15),
(16), (17) with § = 0 are satisfied.

The next section presents a numerical example to show
the effectiveness of the proposed methods.

V. NUMERICAL EXAMPLE

Consider an undirected network of six agents with con-
nections as presented in Fig.1.

Fig. 1. Undirected interaction graph of the multi-agent system.

Initially, assuming that the time-delays are equal and
constant, i.e. 7 (t) = 7 for all k, the methods proposed in [5],
[9], [7] and in Corollary 1 are used for comparison purpose.
Then, the basic test is to find the largest time-delay 7 such
that the methods in [5], [9] and [7] and the proposed one can
guarantee the consensus of the multi-agent system shown in
Fig. 1. The results obtained are presented in Table I.

TABLE I
LARGEST CONSTANT TIME-DELAY T, ASSUMING 7% (t) = 7 Vk.

Method constant time-delay 7
[5, Th. 3] 0.24

[9, Th. 1] 0.353

[7, Th. 1] 0.353
Corollary 1 0.353
Analytical 0.3925

Notice that the results presented in Table I are neither
favourable nor unfavourable to the proposed method. How-
ever, the methods in [9] and [7] can not be applied when the
multi-agent system is subject to multiple non-differentiable
time-varying delays in the interval 7 (t) € [T — b, T+ ftm]s
where the 7 — p,,, > 0.

To illustrate the advantages of the proposed method,
consider that the multi-agent system presented in Fig. 1 is
subject to non-differentiable time-varying delays satisfying
Ti(t) € [T—tm, TH+pm], for k= 1,2,...,6. Then, for given
values of 7 Corollary 1 is used to find the corresponding
largest values of i,,. The results obtained are presented in
Table II.

The results presented in tables I and II do not give any
estimate of the time needed to achieve consensus. Therefore,
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TABLE I
LARGEST ftm OBTAINED BY COROLLARY 1 FOR GIVEN 7.

T 0.15 0.20 0.25 0.30 0.35
pm | 0.095 | 0.070 | 0.047 | 0.024 | 0.001
2KS T
\\s
1 \~\ N~~ —
e
=l -
2 Il Il Il Il Il Il Il Il Il
0 05 1 15 2 25 3 35 4 45 5
t (time sec)
Fig. 2. The state trajectories of the agents for the multi-agent system

in Fig. 1 subject to multiple time-varying delays such that all 7% (¢) €
[T —p, 7+ p], for k =1,2,...,6, with 7 = 0.10 and pm = 0.06
(solid lines) and an exponentially decreasing function 2e ~%* with § = 0.82
(dashed line).

the result in Theorem 1 is useful in this context. To illustrate
that, consider the test of finding the largest value of the
exponential decay rate § for given pairs of 7 and f,,
such that the multi-agent system achieves consensus with
exponential decay rate . The results obtained are shown in
Table III.

TABLE III
LARGEST § OBTAINED BY THEOREM 1 FOR GIVEN T AND [ty .

(0.10, 0.06)
0.82

(0.15,0.05)
0.79

(0.20, 0.04)
0.58

(7—1 l’“m)
0

Finally, for simulation sake we chose the delays as square
wave function with random amplitude, such that all 74 (t) €
[T — tm, T+ pim] for given 7 and pi,,,. Then, the system time
responses for two triplet (7, ft,,,0) in Table III are presented
in figures 2 and 3. In these figures we can observe that
the exponential convergence time gives a good estimate of
the time needed for the system to achieve consensus. For
illustration of the time-delays form used to obtain the time
response presented, the Fig. 4 shows the delay 71 (¢) used.

<<
, RR 1
—~ Ses e
ot Tt e ~e— oL
B gl T e —— o = T = = o
-1 —
2 Il Il Il Il Il Il Il Il Il
0 05 1 15 2 25 3 35 4 45 5
t (time sec)
Fig. 3. The state trajectories of the agents for the multi-agent system

in Fig. 1 subject to multiple time-varying delays such that all 74 (¢t) €
[T —p, 74+ p], for k =1,2,...,6, with 7 = 0.20 and pm = 0.04
(solid lines) and an exponentially decreasing function 2 =% with § = 0.58
(dashed line).

0.15 -
—~
-~
=

C o1 |

0051 .

I I I I I I I I
0 05 1 15 2 25 3 35 4 45 5
Fig. 4. Square wave function with random amplitude representing the

time-varying delay 71 (¢).

VI. CONCLUSION

LMI conditions which are sufficient to guarantee consen-
sus for continuous-time multi-agent systems in the presence
of time-delays has been derived. Multiple time-varying de-
lays that can be non-differentiable and have minimum value
greater than zero have been considered. This is a more
general case since it allows to show consensus in different
regions in the domain of time-delay.

Not only consensus problem has been dealt with but also
a method to compute an estimate of the rate of convergence
was proposed.
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