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Incremental Stability of Planar Filippov Systems

Mario di Bernardo and Davide Liuzza

Abstract— We study the problem of proving incremental
stability of a planar Filippov system. In particular, referring
to systems that present an attractive sliding region on their
discontinuity boundary, we will give a differential condition on
such region able to guarantee incremental exponential stability
of sliding mode trajectories. We will then derive conditions for
the incremental stability of the whole system. The approach is
based on using tools from contraction theory, extending their
applicability to include discontinuous dynamical systems.

I. INTRODUCTION

Incremental stability has been defined in [1] for a generic
nonlinear dynamical system. It characterizes asymptotic con-
vergence of trajectories with respect to one another rather
than towards some attractor known a priori. Such idea of
convergence is closely related to other tools and definitions
explored in the dynamical systems and control literature (see
[2], [3] and also [4], [5], [6], [7], [8] and references therein
for more details).

Despite the many results available in the literature to
study contraction and incremental stability of continuously
differentiable systems, few results deal with the problem of
investigating incremental exponential stability of piecewise
smooth systems (PWS). Convergence properties, which can
be related to incremental stability, have been considered in
[9], [10] and [11] for PWA systems and in [12] for PWS
continuous systems, while an extension of contraction to
PWS continuous (but not always differentiable) systems was
outlined in [13] and formalized in [14], [15]. To the best
of our knowledge, studying incremental stability of Filippov
systems with sliding mode solutions is instead a completely
unexplored problem.

In this paper, we address this open research challenge
by considering the case of planar Filippov systems. The
approach is based on two steps. Firstly, we derive local condi-
tions for contraction of the sliding vector field, guaranteeing
that solutions on the sliding surface exponentially converge
towards each other. Then, we give conditions for the sliding
region to be attractive so that when both set of conditions
are satisfied the whole system is exponentially incrementally
stable. Two numerical examples are used to illustrate the
theory.

We wish to emphasize that the focus on planar Filippov
systems serves as a useful starting point to embark on
the investigation of higher-dimensional Filippov systems.
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Indeed, the extension to higher dimensions of the ideas
presented in this paper is currently under investigation.

II. MATHEMATICAL PRELIMINARIES

Definition 1: [16] Let us consider a finite collection of
disjoint, open and non-empty sets Sy, ...S,, such that D C
U’,;Zl S, € R™ is a connected set, and that the intersection
Sk = SpNS}, is either a R~ ! lower dimensional manifold
or it is the empty set. A dynamical system & = f(¢, x),
with f : [tg, +00) X D +— R", is called a piecewise smooth
dynamical system (PWS) when it is defined by a finite set
of ODEs, that is, when

f(t,z) = Fy(t, z),

with each vector field F(t, «) being smooth in both the state
2 and the time ¢ for any x € Sy. Furthermore, each F (¢, x)
is continuously extended on the boundary 0Sy.

For PWS systems such as (1), different kinds of solutions
can be considered (see [17] and references therein). In this
paper we use the concept of Filippov solutions [18]. Notice
that, as reported in [17], for the discontinuous system (1), a
Filippov solution exists under the mild hypothesis of local
boundedness. As stated in [18], p. 90, Filippov solutions
show continuous dependence on the initial conditions.

A common class of PWS dynamical systems, which is
particularly important in many applications [19], [20], [16],
[21], is that of bimodal PWS systems that can be written in

the form:
f(t,x) = {Fl(t"”)

r €S, k=1,...,p, (D)

if H(z) <0

if H(z) >0’ @

F: 2 (t, T )
where F(t,x) and Fy(t, x) are two smooth vector fields and
H(z) is a smooth scalar function. H (z) = 0 with %H(z) #
0 defining the smooth discontinuity manifold > in R™.

In this paper we will restrict our attention to the class of
systems that can exhibit sliding mode solutions: a specific
Filippov solution characterized by the fact that the evolution
of the PWS dynamical system belongs to (or “slides along”)
the discontinuity manifold H(x) = 0. More precisely, we
give the following definition [16]:

Definition 2: The sliding region for a system of the form
(2) is given by the set:

S={zeR":H(z)=0,Lp H(z) LpH(z) <0},

where Lp, H(z) := %H(x)Fi(t,x) is the Lie derivative of
H(x) with respect to the vector field F;(t,x), that is the
component of F;(¢,z) normal to the discontinuity manifold
at the point x.
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The equations of the sliding flow can be written using
Filippov’s convex method [18] as:

(1+5(t )

Fy(t,z) = “L;t’f”))m (t,z) + SRyt w),
3)
with (¢, z) € [-1, 1] given by:
ﬁ(tﬂ’}) _ ‘CFl(H)+£F2(H) (4)

B ‘CFl(H) _ﬁFz(H)7

and the sliding region can also be defined as the set [16]:
S={zeR":H(z)=0-1<p8(tz) <1},
while its boundary is given by the set:
oY ={x eR": H(z) =0,5(t,z) = £1},

where tangency of one vector field or the other occurs when
B(t,z) = £1. Notice that a sliding mode solution satisfies
the definition of Filippov solution given before.

In what follows, given an n-dimensional vector x, we will
denote with |z| its generic norm.

Incremental stability [1] can be defined as follows:

Definition 3: A dynamical system of the form = =
ft,x), x(to) = xo is said to be incrementally asymptoti-
cally stable (0AS) in an invariant connected set D C R™ if
there exists a function ¢ of class KL [22] such that for all
&, ¢ € Dandall t > tg the trajectories z(t) = @(t —to, to, &)
and y(t) = p(t—to, to, ), starting respectively from the two
initial conditions £ and (, satisfy:

z(t) —y(®)] < <(I€ =<l 1)

Furthermore, if there exist constants K, c > 0 such that the
following holds

() = y(1)] < Kem ) je — (|

Yt > to, &)

vt > th (6)

the system is said to be incrementally exponentially stable
(6ES). Due to the equivalence of norms in finite dimensional
spaces and using the properties of ICL functions [22], it is
immediate to verify that the above definition is independent
from the specific vector norm being used. Notice that in the
case of D = R" in (5) (or (6)), then incremental asymptotic
(or exponential) stability holds globally (0GAS, or §GES).
Notice also that the definition of incremental asymptotic
stability JAS considered here is not the same definition of
local incremental asymptotic stability given in [1].

Before introducing the notion of contraction, we give first
two preliminary definitions [8].

Definition 4: Let K > 0 be an arbitrary positive real
number. A subset C C R™ is K-reachable if, for any
two points xg and yo in C there is some continuously
differentiable curve v : [0, 1] — C such that:

1) 7(0) = xo;

2) v(1) = yo:

3) |y (r)| < K |yo — xol, Vr € [0,1].
For convex sets C, we may pick v(r) = xo + r(yo — o),
s0 7'(r) = yo — xo and we can take K = 1. Thus, convex
sets are 1-reachable, and it is easy to show that the converse

holds as well. Also in this case, due to norms equivalence,
the above definition does not depend on the particular choice
of the norm | - |.

Conditions on the matrix measure [23] of the Jacobian of
a continuously differentiable system have been given in the
literature in order to assess incremental exponential stability
[8]. For further details we remind to the referred articles due
to space limitation.

IIT. INCREMENTAL STABILITY OF PLANAR FILIPPOV
SYSTEMS

Here we derive a sufficient condition for incremental
stability of a bimodal PWS dynamical system. The approach
consists in two different items: (i) proving contraction of the
system within the sliding region and (ii) ensuring attractivity
of such sliding region.

H(z)
Z2
a
ﬁH(@")
. H(z)=0
0
T
Z

Fig. 1. Graphical representation of the manifold H (z) = 0.

A. Contracting Sliding Vector Fields

For a planar Filippov system we give a convergence
result related to the sliding mode trajectories by considering
an infinitesimal contraction condition on the discontinuity
boundary.

Theorem 1: Let us consider a PWS system (2) with x €
R2. Suppose that the vector fields x — Fy(t,z) and 2
F5(t, x) are continuously differentiable and that the function
x — H(x) is twice continuously differentiable in an open
set containing the region 3. Suppose also that there exist a
D C %, invariant connected set with respect to the topology
induced on ¥, and a constant ¢ > 0 such that the following
condition holds:

2m(t, x) 7(z) < —¢ Vt >ty Yz €D, (7)

Ox

where m : [tg, +00) X OX — R is defined as:
m(t,x) =
(1 - 52 B2 ) Fy (1, 0) + 2002 52(’5’ )17 (@) ot x)) 7
®)
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with OX C R™ an open set containing ¥, and 7(z) is given:

ES dxo

2 (2)

o 1
©)

with (¢, z) given by (4). Then, the sliding mode trajectories
converge exponentially! towards each other in D. Further-
more, if there exists a K > 0 such that |7(x)| < K for all
x € D, then the system is incrementally exponentially stable
in D.

A schematic representation of the manifold H(x) = 0
and the tangent vector 7(x) is given in Fig. 1. Notice that
expressions (7) and (9) are differential conditions which can
be easily evaluated.

Proof: Firstly, observe that, as the function x — H(x)
with x € ¥ has a well defined gradient by assumption, the
smooth manifold ¥ can be viewed as the range of a curve
1s(s) with s being the curvilinear abscissa parametrizing
the curve itself. So, we will say that point v(s1) precedes
point ¥, (s2) if s1 < s2. Since ¥ = 1)4(s) is a 1-dimensional
smooth manifold we can define 7(is(s)) as its tangent
unit vector and evaluate the projection of the sliding vector
field F (¢, x) defined in (3) on the manifold. We obtain the
equivalent 1-dimension dynamical system:

§ = fo(t,s),

1 1 %(@T .~ OH 0
W e | e @F

2

(10)
with

Fs(t,s) == fo(t,0s(s)) = 77 (1s(s)) - Fu(t, bs(s)). (11)

We now introduce on ¥ the metric d(s1, s2) = |s2 — $1],
where s; and ss is a generic pair of values of the abscissa
s. Notice that such metric is analogue to the distances
in R where the natural topology is used and so, due to
the definition of curvilinear abscissa, the value d(si, s2)
represents the length, say L. (s1, 82), of the curve between
points t,(s1) and ¥s(s2). Such norm is, equivalently, any
p—norm in R. For the sake of clarity, we divide the proof in
three steps.

Step 1. We prove that if (10) is such that condition
2 fi(t,s) < —c holds, with ¢ > 0 and with s such that
¥,(s) € D, then we have:

[Vs(s2()) = bs(s1(t))]2 <
Kem =) |y (sa(to)) — Ys(s1(to))l2 Yt > to.

Supposing without loss of generality that s; < sy and
defining § = 225 it is immediate to verify that, since
system (10) is strictly decreasing with maximum slope —c,
we have:

(12)

ff(t,sl) > —c(sy — 8) + ff(t,E);
fs(t,50) < —c(s2 — 3) + fs(t,5).

13)
(14)

'Here we mean that the trajectories converge with respect to the topology
induced on .

So, due to the dynamic of the difference between the two
flows, the following inequality can be written:

d _ _

2 (52(8)=51(2)) = fo(t, 52) = fi(t, 51) < —c(s2(t) =51(2)),
integrating (over the time interval [to,4oc0) since D is
invariant) the above expression, we obtain:

|32(t) — Sl(t)|2 S E_C(t_t0)|52(t0) — 81(t0)|2. (15)

The above inequality holds for the time interval [¢g, +00) and
shows the exponential convergence of the trajectories with
respect to the topology induced on ¥. Remembering that the
difference between the curvilinear abscissa is the length of
the curve 1, between the two points, in order to show the
incremental stability we can write the above inequality as:

Ly, (s1(t), s2(t)) < e U7 Ly, (s1(to), s2(to)).-

Now, because of the the smoothness of manifold >, the
derivative of the curve d%wr(r) is bounded for any equivalent
representation ,.(r) ~ 14(s). Taking into account the
definition of the length of a curve, if |7(z)| < K we can
write:

Ly, (s1(t), s2(t)) < e U Ly, (51(to), 52(t0))
< Ke Um0y (sy(to)) — 1hs(s1(t0)) 2,

Taking into account that for the length of a curve it holds:

[Vs(s2) — ¥s(s1)]2 < Ly, (51, 52),

condition (12) is verified.
To summarise, we have shown that condition
%fs(t, 5) < ¢, (16)
with ¢ > 0 and s such that 1)4(s) € D implies incremental
exponential stability of the sliding vector field given by (12).
Step 2. We now show that condition (16) is equivalent to
hypotheses (7)-(9). To do this, we first recall [24] that two
regular curves, ¥..(r) and 14(s), are equivalent, ¢,.(r) ~
1s(s), if there exists an invertible diffeomorphism s = T'(r)
(i.e. a continuously differentiable and invertible function)
with £7(r) > 0 for all s. In this way it is possible to
write 1, (T~1(s)) = 1s(s). In particular, if s parametrizes
the curve as its curvilinear abscissa it also holds:

AT() = | ()

1
e (T

7

AT 1(s) (18)

So, condition (16) is:

0 - 0 0 1 _
%fs(t,s) = %fs(taws(s)) = &fS(tawr(T (s) =

9 1 d

= st ‘Td . 7~ T < —c
MO TR =

ox
(19)
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If we now define the tangent unit vector of the curve as:

1 d
@)y, = T2 a7 77 ()

| rn ()| dr

condition (19) becomes formally equivalent to condition (7).

Step 3. We show that the tangent unit vector 7(z) can be

expressed as in (9). Indeed, we can consider that the smooth

curve defined implicitly by H(z) = 0 can be parametrized
as a graph of a function in the two following ways:

. 1 r;
,(/)T‘(T) - {$2 _ h,(T)’ bl (20)
or
1/Jr(7’) _ {:m =h (7")§ @1
XTo =T

Although functions h(-) and h/(-) are in general not known
explicitly, the Implicit Function Theorem [25] ensures that
they exist locally for each point on the set defined by the
equation H(z) = 0. Now, deriving (20) by r we obtain
dw;fr) = 1 and d‘;ir(') = —g—ﬁ g—g from the Implicit
Function Theorem. Analogously, deriving (21) we obtain

L;(r) = —9H /OH apq L;(T) = 1. Normalizing such
T @3/ Oz, r :

derivatives to unitary module we have, respectively, the two
expressions in (9). |

Remark 1: Notice that if the set D is bounded, then the
smoothness of manifold ¥ trivially guarantees that there
exists a K such that |7(x)| < K.

For a two-dimensional PWS system, it is also possible to
generalize Theorem 1 as follows.

Theorem 2: Consider a two-dimensional PWS system of
the form (2). Suppose that the vector fields x +— Fi(¢,x)
and x — Fy(t,z) are continuously differentiable and that
the function  — H (x) is (i) well defined (i.e. S%H(J:) #0)
for all = such that H(x) = 0, and (ii) is twice continuously
differentiable in an open set containing the region . Let
D C % and define 7(z) and B(t,z) as in (9) and (4)
respectively. Also, define

= 3m(?ﬁ, z) - 7(z). (22)

or

Then, for a given scalar ¢ > 0, for all ¢ € [¢to,T') such that
trajectories starting in D remain in D, we have:

i if Jy(t,z) < —c for all x € D and for all ¢t €
[to,T), then the sliding mode trajectories in D converge
exponentially towards each other;

ii. if Jy(t,2) > ¢ for all z € D and for all t € [to, T), then
the sliding mode trajectories in D diverge exponentially
from each other;

iii. if J,(t,x) = 0 for all z € D and for all ¢ € [to, T), then
the sliding mode trajectories in D keep their distance
constant.

Proof: Ttem i. has been proved in Theorem 1 (equation
(15)). To prove items ii. and iii. we can follow the same steps
as those in the proof of Theorem 1. In particular, for item
ii. we have that conditions (13)-(14) are replaced by:

fS(t’sl) < C<51 —38)+ fs(f,g);

Js(t, x)

fu(t,2) > c(sa — 8) + f(t, 5),
and so, the dynamic of the error trajectory becomes:

d

Z(52(0)=51(0)) = fo(t, 52) = Falt, 51) = 2e(s2(t) = 51(£))-

To prove item iii. conditions (13)-(14) must be replaced
instead with:

JES(trgl) = fs(t752) = f87

with f, being a constant value. The error dynamics in this
case are:

d
@(sz(t) —s1(t)) =0.

Both for items ii. and iii. the rest of the proof then follows
as the rest of the proof in Theorem 1. [ ]

Taking into account Theorem 2 it is possible to classify
a connected region DC3Y by looking at the function
Js(t,x). In particular if case i. is verified, we will term
D an infinitesimally contracting sliding region; if case ii. is
verified, we will term D an infinitesimally stretching sliding
region; while, if case iii. is verified, D will be termed
an infinitesimally neutral sliding region. Finally, if Js(¢,x)
change sign in D, the set will be termed indifferent sliding
region.

B. Incremental stability of a planar Filippov system

We can now use the theorems given above to derive
conditions for incremental stability of a planar PWS system.

Theorem 3: Let us consider the PWS system (2) with
r € R2 Fi(t,z) and Fy(t,x) being two smooth vector
fields and H () hyperplane of equation H(x) = h'(z —
xp), with h,z, € R% Let S = {z: H(z) <0}, S =
{z : H(z) > 0} be the two regions in which the state space is
partitioned by the switching manifold ¥ := {z : H(z) = 0}.
If there exists a convex invariant region C C R? such that
Ye =CNYX #(, and if the two following conditions hold:

i. there exist two scalars A; > 0 and Ay < 0 such that

hTFl(f,, J}) > A\ forall x € CNS; and hTFQ(t,J?) < A

for all x € C N So;

ii. Js(t,z) < —c for all x € ¢, with ¢ > 0 and with

Js(t, x) defined as in (22);
then the PWS system is 0AS.

Proof: Condition i. ensures that the flow x(t) = ¢(t —
to, to, &) reaches in a finite time the discontinuity manifold
3¢ for any initial condition z(tg) = £ € C. Indeed, suppose
without loss of generality that £ € CNS;. The time derivative
of H(x(t)) is H (2(t)) = Lp, H(t,x) = hTFy(t,z) > A\
and so, integrating this expression and considering that C
is invariant and that H(z) is monotone on the direction h,
we have that the flow reaches the set > at a time instant
ts < —H(&)/A1. A similar result follows for any £ € CNSo.
Then, all trajectories reach the sliding region in finite time.
Moreover, from Theorem 1, condition ii. implies exponential
convergence among trajectories in the sliding region, and
therefore the theorem is proven. [ ]
Notice that condition i. in Theorem 3 can be replaced by
other possible conditions able to guarantee convergence of
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all trajectories towards the sliding region. Due to space
limitation we direct the reader to the literature for more
detailed information about other possible conditions (see for
example [18],[16], [26]).

IV. NUMERICAL EXAMPLES

Here we give two numerical examples in order to illustrate
the theoretical derivations. In particular, in the two examples
we study the stability of the equilibrium points by looking
at the incremental stability of the sets where these points
belong to. Both the examples are given in terms of piecewise
linear systems for the sake of clarity. Obviously, piecewise
nonlinear systems can equally be considered.

A. Contracting Sliding Region
We study the bimodal PWS system:

if Cx <0

. Ar + B
if Cx >0’

Az - B
with:

A:H :H B=011", c=1].

It is easy to verity that the vector field of this system is
continuously differentiable everywhere but on {Cx = 0} and
that the function H(z) = Cx is twice continuously differ-
entiable with a well defined gradient. Applying equation (4)
we have that:

Blx) =

B ST

and since —1 < fB(z) < 1 and taking into account that
on the discontinuity manifold zo = 0, we have that ¥ =
{z : =1 <y < 1,29 = 0}. Furthermore we have that:

O iy —c=p1,

o r(z)=[10]".

Now, evaluating expression (22) with respect of this system,
we obtain after some manipulations that:

Js(x) = —1.

So, due to Theorem 2, region Y is a contracting sliding
region. Furthermore, since the system present an equilibrium
point at the origin (see [17] for further details on equilibrium
point of Filippov systems) all sliding trajectories converge
towards each other and onto the trivial trajectory x = 0.
Fig. 2 displays the evolution of the error between the two
trajectories evolving from the initial points :c((Jl) =10.50.5]T
and 2 = [-0.5 — 0.5]7 outside the sliding manifold.
When both the flow reach the sliding region (at t ~ 0.6) they
converge exponentially towards each others, as it is possible
to note from the picture.

0.8

0.6f
ol
= o4t
L
0.2r
0 ‘ ‘ i
0 1 2 ¢ 3 4 5
Fig. 2. Evolution of trajectories: norm of the error

B. Neutral Sliding Region

In this example we study the well known spring-damping
mass with Coulomb friction described by:

&1 = T2

; k b F,

Ty = —,T1— ;T2 — 55977‘(332)
where we indicate with x; the position of the mass and with
T9 its velocity. For this system we have:

—k‘l‘l — bl‘g
fla) = 2,
and, since on the discontinuity manifold o = 0, and

considering that —1 < fB(z) < 1, the sliding region is the
set 3 = {z:—% <z < L= 25 = 0}. For this system we
have: 5 o
SoH(z)=[0 1],
Therefore, from (22) we have Jg () = 0. Hence, Y is a
neutral sliding region and, for this reason, the error between
sliding trajectories remains constant. Furthermore, since for
this system it is easy to notice that the sliding trajectory
z = 0 is a solution of the Filippov map, then the set S s
an equilibrium set of the system. Indeed, such equilibrium
set is associated in the physical model to the phenomenon
of sticking [27]. Here we consider a numerical simulation
with the following parameter values:m = 1, b = 0.1, k =
10, F, = 10, starting from the initial conditions xél) =
[1 17 and 2? = [-1 — 1)7. Fig. 3(a) shows the error
between the trajectories, while Fig. 3(b) shows the state-
space. It is possible to notice that when the flow reaches
the sliding region, it sticks on the set. For this reason, as
we expect from Theorem 2, the incremental error remains
constant. The results of this example are consistent with the
case of spring-damping mass with Coulomb friction analyzed
in [28]. However, it is worth mentioning here that in [28] the
specific case of stability of mechanical systems with friction
is studied while, although the results are currently limited to
the case of two-dimensional systems, a more general form
of the Filippov systems is considered in the current paper.

r(z) =[10]".

V. CONCLUSION

In this paper we studied the problem of finding condi-
tions for the incremental stability of 2-dimensional Filippov
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Fig. 3. Evolution of trajectories: (a) norm of the error; (b) phase portrait.

systems. We approached the problem defining infinitesimal
contraction of the sliding vector field and we showed that
contraction on such region is able to guarantee exponential
incremental stability of the sliding trajectories. If the con-
tracting sliding surface is also attractive, the Filippov system
is incrementally stable in any invariant region containing the
sliding surface.

Notice that the mathematical tools used in this paper (i.e.
Implicit Function Theorem, Jacobian of composed functions,
local parametrization of manifolds on the tangent space) are
defined for the generic R™ case. For this reason, the case
of planar systems represents only a starting point, while
the pressing open problem of studying incremental stability
in higher dimensional Filippov systems is currently under
investigation.
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