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Abstract— The problem of feedback stabilization of LTI
plants over a Gaussian interference channel is considered. Two
plants with arbitrary distributed initial states are monitored by
two separate sensors which communicate their measurements
to two separate controllers over a Gaussian interference chan-
nel under average transmit power constraints. The necessary
conditions for mean square-stabilization over a memoryless
symmetric Gaussian interference channel are derived. These
conditions are shown to be tight for some system parameters.
Further it is shown that linear memoryless sensing and control
schemes are optimal for stabilization in some special cases.

I. INTRODUCTION

In a networked control system there are various agents

such as sensors, controllers, actuators, and plants. These

agents need to communicate to meet certain control objec-

tives, and this communication should preferably take place

over wireless links to reduce cabling cost and to provide

flexible and mobile solutions. A major hurdle in implement-

ing wireless networked control systems is the interference

which happens due to the cross-talk between various agents

while using shared communication resources. There are also

external sources of interference such as other radio devices

communicating in the neighborhood. In certain situations,

interference can be a major factor to limit performance of a

networked control system. Therefore it is essential to study

and understand the behavior of networked control systems

subject to interference. This paper makes an effort in this

direction.

In order to study the problems of communication under

control constraints, an interaction between stochastic control

theory and information theory needs to be addressed. The

authors of [1–12, ?–12] have used ideas from information

theory to address the problems in control over communica-

tion channels. Signal-to-noise ratio requirements for stabi-

lization over various Gaussian channels have been studied

in [13–19], where necessary and sufficient conditions for

stabilization have been derived. In [19] we studied the

problem of mean square stabilization of two linear plants

over a symmetric Gaussian interference channel and derived

sufficient conditions for stabilization using linear sensing and

control schemes.

The main contribution of this paper is that it provides

necessary conditions for mean-square stabilization over the

symmetric Gaussian interference channel. We evaluate the

gap between the necessary conditions derived in this paper
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Fig. 1: System Model.

and the sufficient conditions derived in [19]. It is demon-

strated that linear sensing and control schemes can be close

to optimal in some regimes. Moreover in some special cases

they are shown to be exactly optimal.

II. PROBLEM SETUP

We consider two discrete-time LTI plants whose state

equations are given by,

X i
t+1 = AiX

i
t + U i

t , i = 1, 2, (1)

where X i
t ∈ R

n and U i
t ∈ R

n, are the state and control

processes of the i-th plant. We assume that the initial state X i
0

is a random variable with arbitrary probability distribution

and a given covariance matrix Λi
0 with Trace{Λi

0} < ∞. Let

{λi,1, λi,2, · · · , λi,n} denote the eigenvalues of the system

matrix Ai. Without loss of generality we assume that all

the eigenvalues of the system matrix Ai are outside the

unit disc, i.e., |λi,j | > 1 for all i, j. The unstable modes

can be decoupled from the stable modes by a similarity

transformation. If the system in (1) is one dimensional then

Ai is scalar and we use the notation Ai = λi, where |λi| > 1.

The setup for control over symmetric Gaussian interfer-

ence channel is depicted in Fig. 1. There are two separate

observers {O1,O2} and separate controllers {C1, C2} for the

two plants. In order to communicate the observed state values

to the controllers, an encoder Ei is lumped with the observer

Oi and a decoder Di is lumped with the controller Ci. At any

time instant t, the encoders E1 and E2 transmit S1
t and S2

t

respectively. The decoders D1 and D2 respectively receive

R1
t = S1

t + cS2
t + Z1

t ,

R2
t = S2

t + cS1
t + Z2

t ,

where c ∈ R is the cross channel gain, and Z1
t ∼ N (0, N)

and Z2
t ∼ N (0, N) are white noise components with a fixed

cross-correlation coefficient ρz ,
E[Z1

t
Z2

t ]
N

∈ [−1, 1]. The

cross-correlation between the two noise components models

a common noise or common interference in the two signals.
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Let f i
t denote the i-th observer/encoder policy, then we have

Si
t = f i

t (X
i
[0,t]) where X i

[0,t] := {X i
1, X

i
2, · · · , X

i
t}. The

sensors must satisfy an average transmit power constraint

E
[

(S1
t )

2
]

= E
[

(S2
t )

2
]

= P . We define the correlation

between S1
t and S2

t as ρ̃t :=
E[S1

t
S2

t ]
P

∈ [−1, 1]. Further

let πi
t denote the ith decoder/controller policy, then U i

t =
πi
t(R

i
[0,t]). The common objective of the sensors and the

controllers is to mean square stabilize respective plants in

the mean-square sense, which is defined as follows.

Definition 2.1: A system is said to be mean square stable

if there exists a constant M < ∞ such that E[‖Xt‖2] < M
for all t.

III. STABILITY CONDITIONS

In the following theorem we present necessary conditions

for mean-square stabilization, which is the main result of this

paper.

Theorem 3.1: The two LTI systems in (1) can be mean

square stabilized over the given symmetric Gaussian inter-

ference channel only if

log (|det (A1) |) ≤
1

2
log

(

1 +
P (1 + c)2

N

)

, (2)

log (|det (A2) |) ≤
1

2
log

(

1 +
P (1 + c)2

N

)

, (3)

log (|det (A1) |) + log (|det (A2) |) ≤

1

2
max
0≤ρ≤1

{

log

(

1 +
P
(

1 + c2 + 2cρ
)

N

)

+

log

(

N
(

1− ρ2z
)

+P
(

1 + c2−2cρz
) (

1− ρ2
)

(1− ρ2z) (Pc2 (1− ρ2) +N)

)}

. (4)

Proof: In order to prove conditions (2) and (3), we

make use of the following Lemma.

Lemma 3.1: The i-th linear system in (1) can be mean

square stabilized over the Gaussian interference channel only

if

log (|det (Ai) |) ≤ lim inf
T→∞

1

T
I
(

X i
[0,T−1] → Ri

[0,T−1]

)

, (5)

where I
(

X i
[0,T -1]→Ri

[0,T -1]

)

=
∑T -1

t=0 I
(

X i
t ;R

i
t|R

i
[0,t-1]

)

is

the directed information from the sequence of the i-th plant

state variables X i
[0,T -1] to the sequence of variables Ri

[0,T -1]
received by the i-th controller.

Proof: The proof can be found in Appendix I.

In the following we obtain an upper bound on the directed

information I
(

X i
[0,T -1] → Ri

[0,T -1]

)

and then use Lemma

3.1 to derive the necessary conditions given in (2) and (3).

The directed information can be bounded as,

I
(

X i
[0,T -1] → Ri

[0,T -1]

)

(a)
=

T−1
∑

t=0

I
(

X i
t ;R

i
t|R

i
[0,t-1]

)

(b)
=

T−1
∑

t=0

(

h
(

Ri
t|R

i
[0,t-1]

)

− h
(

Ri
t|R

i
[0,t-1], X

i
t

))

(c)

≤
T−1
∑

t=0

(

h
(

Ri
t|R

i
[0,t-1]

)

− h
(

Ri
t|S

i
[0,t], R

i
[0,t-1], X

i
t

))

(d)
=

T−1
∑

t=0

(

h
(

Ri
t|R

i
[0,t-1]

)

− h
(

Ri
t|S

i
[0,t], R

i
[0,t-1]

))

=

T−1
∑

t=0

I
(

Si
[0,t];R

i
t|R

i
[0,t-1]

) (e)

≤ I
(

Si
[0,T−1];R

i
[0,T−1]

)

(f)

≤ I
(

S1
[0,T−1], S

2
[0,T−1];R

i
[0,T−1]

)

= h
(

Ri
[0,T−1]

)

− h
(

Ri
[0,T−1]|S

1
[0,T−1], S

2
[0,T−1]

)

(g)
= h

(

Ri
[0,T−1]

)

− h
(

Zi
[0,T−1]

)

(h)
=

T−1
∑

t=0

[

h
(

Ri
t|R

i
[0,t−1]

)

− h
(

Zi
t

)

]

(i)

≤
T−1
∑

t=0

[

h
(

Ri
t

)

− h
(

Zi
t

)]

(j)

≤
T−1
∑

t=0

1

2
log

(

1 +
P + c2P + 2cρ̃tP

N

)

(k)

≤
T

2
log

(

1 +
P (1 + c)2

N

)

, (6)

where (a) follows by the definition of directed informa-

tion [20]; (b) follows by writing mutual information in

terms of differential entropies [21, Theorem 2.4.1]; (c)
follows from the fact that conditioning reduces entropy

[21, Theorem 2.6.5]; (d) follows from the Markov chain

X i
[0,t] −{Si

[0,t], R
i
[0,t-1]}−Ri

t; (e) follows from the fact that

adding more variables cannot decrease mutual information;

(f) follows from the fact that adding side information

cannot decrease mutual information; (g) follows from Ri
t =

Si
t + cSj

t + Zi
t and mutual independence of {Z1

t , Z
2
t } and

{S1
t , S

2
t }; (h) follows from the assumption that Zi

[0,T -1]

is a sequence of independent variables; (i) follows from

conditioning reduces entropy; (j) follows from

h
(

Zi
t

)

=
1

2
log (2πeN) ,

h
(

Ri
t

)

≤
1

2
log
(

2πe
(

P + c2P + 2cρ̃tP
))

,

where equality holds if we assume Gaussian distributed vari-

ables since the Gaussian distribution maximizes differential

entropy for a given variance [21, Theorem 8.6.5]; and (k)
follows by the maximization of the R.H.S. of (j) subject to

−1 ≤ ρ̃t ≤ 1 for all t. The maximum value is attained by

choosing ρ̃t = 1 if c ≥ 0 and ρ̃t = −1 if c ≤ 0. Now by

using (6) in Lemma 3.1, we get the necessary conditions for

mean square stabilization given in (2) and (3).

In the following we derive the necessary condition (4)

using a genie-aided bound approach [22]. Consider a superior

system where the controllers have some side (extra) informa-

tion. We define Y i
t := cSi

t +Zj
t for i 6= j and assume that at

any time t, the i-th controller has access to Y i
[0,t] in addition

to Ri
[0,t]. In the following we obtain a necessary condition
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for mean square stabilization of this superior system. Note

that a condition which is necessary for the stabilization of

this superior system is also necessary for the stabilization

of the actual system. Similar approaches have been used in

information theory community to derive outer bounds on

capacity regions [22, 23]. We will again use Lemma 3.1

to derive a necessary condition for the superior system.

The following lemma reveals some functional relationship

between different variables in the superior system, which

will be useful in the derivation of the necessary condition.

Lemma 3.2: For the superior system with side informa-

tion Y i
t := hSi

t + Zj
t at the i-th controller, we have the

following relationships for all i, j ∈ {1, 2} and i 6= j:

X i
t = At

iX
i
0 + µi

t

(

Ri
[0,t-1]

)

, (7)

Si
t = νit

(

X i
0, Y

j

[0,t-1]

)

, (8)

Si
t = υi

t

(

X i
0, R

i
[0,t-1]

)

, (9)

where µi
t : R

t-1 → R, νit : R
t → R, and υi

t : R
t → R.

Proof: The proof is given in Appendix II.

The directed information I
(

X i
[0,T -1] → Ri

[0,T -1]

)

can be

written as,

I
(

X i
[0,T -1] → Ri

[0,T -1]

)

=

T−1
∑

t=0

I
(

X i
t ;R

i
t|R

i
[0,t-1]

)

=

T−1
∑

t=0

h
(

X i
t |R

i
[0,t-1]

)

− h
(

X i
t |R

i
[0,t]

)

(a)
=

T−1
∑

t=0

h
(

At
iX

i
0 + µi

t

(

Ri
[0,t-1]

)

∣

∣Ri
[0,t-1]

)

− h
(

At
iX

i
0 + µi

t

(

Ri
[0,t-1]

)

∣

∣Ri
[0,t]

)

=

T−1
∑

t=0

h
(

At
iX

i
0|R

i
[0,t-1]

)

− h
(

At
iX

i
0|R

i
[0,t]

)

= I
(

At
iX

i
0;R

i
[0,T -1]

)

(b)
= I

(

X i
0;R

i
[0,T -1]

)

, (10)

where (a) follows by substituting X i
t from (7); and (b)

follows from the fact that Ai is invertible and the mutual

information between two variables is invariant with resect

to any reversible transformation of one of the variables [24,

Page 31]. Now by using (10) in Lemma 3.1, the i-th plant

can be mean square stabilized only if

log (|Ai|) ≤ lim inf
T→∞

1

T
I
(

X i
0;R

i
[0,T−1]

)

. (11)

Thus the two plants can be mean square stabilized only if

log (|det (A1) |) + log (|det (A2) |)
(a)

≤

lim inf
T→∞

1

T
I
(

X1
0 ;R

1
[0,T -1]

)

+lim inf
T→∞

1

T
I
(

X2
0 ;R

2
[0,T -1]

)

(b)

≤ lim inf
T→∞

1

T

{

I
(

X1
0 ;R

1
[0,T -1]

)

+I
(

X2
0 ;R

2
[0,T -1]

)}

, (12)

where (a) follows from (11) and (b) follows from the fact

that limit inferior satisfies superaddivity. We can now bound

the sum I
(

X1
0 ;R

1
[0,T -1]

)

+ I
(

X2
0 ;R

2
[0,T -1]

)

as

I
(

X1
0 ;R

1
[0,T−1]

)

+ I
(

X2
0 ;R

2
[0,T−1]

)

(a)

≤ I
(

X1
0 ;R

1
[0,T−1], Y

1
[0,T−1], X

2
0

)

+ I
(

X2
0 ;R

2
[0,T−1]

)

(b)
= I

(

X1
0 ;R

1
[0,T−1], Y

1
[0,T−1]

∣

∣X2
0

)

+ I
(

X2
0 ;R

2
[0,T−1]

)

(c)
= h

(

R1
[0,T -1], Y

1
[0,T -1]

∣

∣X2
0

)

−h
(

R1
[0,T -1], Y

1
[0,T -1]

∣

∣X1
0 , X

2
0

)

+ h
(

R2
[0,T -1]

)

− h
(

R2
[0,T -1]

∣

∣X2
0

)

, (13)

where (a) follows from the fact that adding side infor-

mation cannot decrease mutual information; (b) follows

from the assumption that X1
0 and X2

0 are mutually inde-

pendent; and (c) follows by writing mutual information

in terms of differential entropies. The differential entropy

h
(

R1
[0,T -1], Y

1
[0,T -1]|X

1
0 , X

2
0

)

in (13) can be simplified as

h
(

R1
[0,T -1], Y

1
[0,T -1]|X

1
0 , X

2
0

)

=

T -1
∑

t=0

h
(

R1
t , Y

1
t |X

1
0 , X

2
0 , R

1
[0,t-1], Y

1
[0,t-1]

)

(a)
=

T -1
∑

t=0

h
(

R1
t , Y

1
t |X

1
0 , X

2
0 , R

1
[0,t-1], Y

1
[0,t-1], S

1
t , S

2
t

)

(b)
=

T -1
∑

t=0

h
(

Z1
t , Z

2
t |X

1
0 , X

2
0 , R

1
[0,t-1], Y

1
[0,t-1], S

1
t , S

2
t

)

(c)
=

T -1
∑

t=0

h
(

Z1
t , Z

2
t

)

, (14)

where (a) follows from (8); (b) follows from R1
t = S1

t +
cS2

t + Z1
t and Y 1

t = cS1
t + Z2

t ; and (c) follows from the

fact that the channels are memoryless. The entropy term

h
(

R2
[0,T -1]|X

2
0

)

in (13) can be expressed as

h
(

R2
[0,T -1]|X

2
0

)

=

T -1
∑

t=0

h
(

R2
t |X

2
0 , R

2
[0,t-1]

)

(a)
=

T -1
∑

t=0

h
(

S2
t + Y 1

t |X
2
0 , R

2
[0,t-1], S

2
[0,t]

)

=

T -1
∑

t=0

h
(

Y 1
t |X

2
0 , R

2
[0,t-1], S

2
[0,t]

)

(b)
=

T -1
∑

t=0

h
(

Y 1
t |X

2
0 , R

2
[0,t-1], S

2
[0,t], Y

1
[0,t-1]

)

(c)
=

T -1
∑

t=0

h
(

Y 1
t |X

2
0 , Y

1
[0,t-1]

)

= h
(

Y 1
[0,T -1]|X

2
0

)

, (15)

where (a) follows from R2
t = S2

t + Y 1
t and (9); (b) follows

from Y 1
t = R2

t − S2
t ; and (c) follows from R2

t = S2
t + Y 1

t
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and (8). We can now re-write (13) as,

I
(

X1
0 ;R

1
[0,T−1]

)

+ I
(

X2
0 ;R

2
[0,T−1]

)

(a)

≤ h
(

R1
[0,T -1], Y

1
[0,T -1]|X

2
0

)

−
T -1
∑

t=0

h
(

Z1
t , Z

2
t

)

+ h
(

R2
[0,T -1]

)

− h
(

Y 1
[0,T -1]|X

2
0

)

= h
(

R1
[0,T -1]|Y

1
[0,T -1], X

2
0

)

+ h
(

R2
[0,T -1]

)

−
T -1
∑

t=0

h
(

Z1
t , Z

2
t

)

(b)
= h

(

R1
[0,T -1]|Y

1
[0,T -1], X

2
0 , S

2
[0,T -1]

)

+ h
(

R2
[0,T -1]

)

−
T -1
∑

t=0

h
(

Z1
t , Z

2
t

)

(c)

≤
T−1
∑

t=0

[

h
(

R1
t |Y

1
t , S

2
t

)

+ h
(

R2
t

)

−h
(

Z1
t , Z

2
t

)]

(d)

≤
T−1
∑

t=0

[

1

2
log

(

1 +
P
(

1 + c2 + 2cρt
)

N

)

+ log

(

N
(

1− ρ2z
)

+P
(

1 + c2−2cρz
) (

1− ρ2t
)

(1− ρ2z) (Pc2 (1− ρ2t ) +N)

)]

(e)

≤
T−1
∑

t=0

max
0≤ρt≤1

[

1

2
log

(

1 +
P
(

1 + c2 + 2cρt
)

N

)

+ log

(

N
(

1− ρ2z
)

+P
(

1 + c2−2cρz
) (

1− ρ2t
)

(1− ρ2z) (Pc2 (1− ρ2t ) +N)

)]

=
T

2
max
0≤ρ≤1

{

log

(

1 +
P
(

1 + c2 + 2cρ
)

N

)

+ log

(

N
(

1− ρ2z
)

+P
(

1 + c2−2cρz
) (

1− ρ2
)

(1− ρ2z) (Pc2 (1− ρ2) +N)

)}

,

(16)

where (a) follows from (14) and (15); (b) follows from (8);

(c) follows since conditioning from reduces entropy; and (d)
from

h
(

Z1
t , Z

2
t

)

=
1

2
log
(

(2πe)2 N2(1− ρ2z)
)

, (17)

h(R2
t ) ≤

1

2
log
(

2πe
(

N + P
(

1 + c2 + 2cρt
)))

, (18)

h
(

R1
t |Y

1
t , S

2
t

)

≤

1

2
log

(

2πe
N2
(

1− ρ2z
)

+PN
(

1 + c2−2cρz
) (

1− ρ2t
)

Pc2 (1− ρ2t ) +N

)

.

(19)

where the computation of (17) follows from the assump-

tion that noise variables are Gaussian and the inequality

(18) follows from the fact that the Gaussian distribution

maximizes differential entropy for a given variance. The

inequality (19) is obtained as follows. We first bound the

conditional variance of R1
t given (Y 1

t , S
2
t ) as

Var
[

R1
t |Y

1
t , S

2
t

]

≤ Var
[

R1
t

]

−

Cov
[

R1
t , (Y

1
t , S

2
t )
]

Var−1
[

(Y 1
t , S

2
t )
] (

Cov
[

R1
t , (Y

1
t , S

2
t )
])T

=
N
(

1− ρ2z
)

+P
(

1 + c2−2cρz
) (

1− ρ2t
)

(1− ρ2z) (Pc2 (1− ρ2t ) +N)
, (20)

where the equality is achieved with multivariate Gaussian

distribution. Further we know that the Gaussian distribution

maximizes entropy for a given variance, which gives the

inequality (19). This completes the proof.

Remark 3.1: From (4) we observe that for a fixed |ρz|,
negative noise correlation may provide larger stability re-

gions compared to positive correlation. Moreover from (2)

and (3) we observe that the presence of interference might

actually be useful in some cases. A similar behavior was

observed in [19] under a linear sensing and control scheme.

We now state sufficient conditions for mean-square stabil-

ity over Gaussian interference channel, which were derived

in [19] for scalar plants using a linear delay-free sensing and

control scheme.

Theorem 3.2: [19, Theorem 2] The two scalar LTI sys-

tems in (1) with Ai = λi can be mean square stabilized over

the given symmetric Gaussian interference channel if

log(|λi|) <
1

2
log

(

P
(

1 + c2 + 2cρ⋆
)

+N

Pc2
(

1− ρ⋆2
)

+N

)

, (21)

where ρ⋆ is the largest among all the roots in the interval

[0, 1] of the following two fourth order polynomials

f1(ρ) := ρ4 + a3ρ
3 + a2ρ

2 + a1ρ+ a0, (22)

f2(ρ) := ρ4 + b3ρ
3 + b2ρ

2 + b1ρ+ b0,

where

a3 =
N

2cP
, a2 = −2−

N(4 + cρz)

2c2P
,

a1 = −
N(1 + 2c2 + 2cρz)

2c3P
−

N2

c3P 2
,

a0 = 1 +
N(2c− ρz)

2c3P
, b3 =

2c2P + 2P +N

2cP
,

b2 =
Nρz
2cP

, b1 = −
(1 + c2)

c
−

N(1 + 2ρz − 2c2)

2c3P
,

b0 = −1−
N(2c− ρz)

2c3P
.

In the following section we analyze the gap between the

necessary and the sufficient conditions given in Theorem 3.1

and Theorem 3.2 respectively. This comparison can tell us

how tight the necessary conditions are.

IV. OPTIMALITY OF LINEAR SCHEME

The problem at hand has a non-classical information

structure, where there are four decision makers (two sensors

and two controllers). It is well-known that for such problems

linear policies are not optimal in general. A popular example

is the Witsenhausen problem [25] where there are two deci-

sion makers and linear policies are shown to be sub-optimal.
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Fig. 2: ρz = 0, P = 20, N = 1.

In the following we give two special cases where linear

policies are actually optimal for mean-square stabilization

over the Gaussian interference channel.

Case 1: If the two noise components are fully correlated

i.e., ρz = 1, and further 2c(1 + c2P
N

) < 1, then according

to [19, Remark 2] the sufficient conditions for mean-square

stability are given by

log(|λi|) <
1

2
log

(

1 +
P (1 + c)2

N

)

, i = 1, 2,

which coincide with the necessary conditions given in (2)

and (3). Thus the linear scheme proposed in [19] is optimal

for this special case.

Case 2: If the two noise components are fully correlated

or anti-correlated i.e., ρz = ±1 and further the initial states

are fully correlated, then according to [19, Remark 1] the

sufficient conditions for mean-square stability are given by

log(|λi|) <
1

2
log

(

1 +
P (1 + c)2

N

)

, i = 1, 2,

which coincide with the necessary conditions given in (2)

and (3). Thus the linear scheme proposed in [19] is also

optimal for this special case.

In order to investigate further, we numerically evaluate

the achievable stability region using Theorem 3.2 and the

corresponding outer bound using Theorem 3.1. In Fig. 2-4

we fix P = 20, N = 1 and plot the achievable stability

regions and outer bounds as functions of increasing cross-

channel interference c for ρz = 0, 0.5, and −1. These curves

are basically illustrating lower and upper bounds on stability

region. We can observe that linear schemes can be quite

close to optimal in low to moderate interference regimes,

however the gap becomes large in the presence of very strong

interference. Whether this increasing gap shows inefficiency

of linear schemes or looseness of the outer bound in a high

interference region will be a subject of our future research.
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Fig. 3: ρz = 0.5, P = 20, N = 1.
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Fig. 4: ρz = −1, P = 20, N = 1.

APPENDIX I

NECESSARY CONDITION

The proof essentially follows from the same steps as

in Theorem 4.1 of [?], however, with some differences.

Consider the following series of equalities:

I
(

X i
[0,T -1] → Ri

[0,T -1]

)

(a)
=

T−1
∑

t=0

I
(

X i
t ;R

i
t|R

i
[0,t-1]

)

= I
(

X i
0;R

i
0

)

+

T−1
∑

t=1

I
(

X i
t ;R

i
t|R

i
[0,t-1]

)

(b)
= I

(

X i
0;R

i
0

)

+

T−1
∑

t=1

(

h
(

X i
t |R

i
[0,t-1]

)

−h
(

X i
t |R

i
[0,t]

))

(c)
=

T−1
∑

t=1

(

h
(

AiX
i
t-1+U i

t-1|R
i
[0,t-1]

)

−h
(

X i
t |R

i
[0,t]

))

+ I
(

X i
0;R

i
0

)

(d)
=

T−1
∑

t=1

(

log (|det (Ai) |)+h
(

X i
t-1|R

i
[0,t-1]

)

−h
(

X i
t |R

i
[0,t]

))

+ I
(

X i
0;R

i
0

)

= T log (|det (Ai) |)+h
(

X i
0|R

i
0

)

−h
(

X i
T -1|R

i
[0,T -1]

)

+ I
(

X i
0;R

i
0

)

= h
(

X i
0

)

+(T -1) log (|det (Ai) |)−h
(

X i
T -1|R

i
[0,T -1]

)

,

(23)
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where (a) follows from the definition of directed information

[20]; (b) follows by writing mutual information in terms of

differential entropies; (c) follows from (1); (d) follows from

the fact that for a matrix A and a random variable X , we

have h (AX) = h(X) + log (|det (A) |) [21, Theorem 8.6.4,

(8.71)]; Using (23) the directed information rate is given by

lim infT→∞

1

T
I
(

X i
[0,T -1] → Ri

[0,T -1]

)

= log (|det (Ai) |)

+ lim inf
T→∞

1

T

(

h
(

X i
0

)

− h
(

X i
T -1|R

i
[0,T -1]

))

(a)
= log (|det (Ai) |)− lim sup

T→∞

1

T
h
(

X i
T -1|R

i
[0,T -1]

)

(b)

≥ log (|det (Ai) |)− lim sup
T→∞

1

T
log ((2πe)n|K|)

= log (|det (Ai) |) ,

where the inequality (a) follows from h
(

X i
0

)

< ∞; and (b)
follows from the fact that for a mean square stable system

there exists a matrix K ≻ 0 with Λt � K for all t. Further

we know that for a given covariance matrix K the differential

entropy is maximized by the Gaussian distribution.

APPENDIX II

PROOF OF LEMMA 3.2

Consider the following series of equalities

X i
t+1

(a)
= AiX

i
t + U i

t

(b)
= At+1

i X i
0 +

t
∑

k=0

At−kU i
k

= At+1
i X i

0 +

t
∑

k=0

Akπi
k

(

Ri
[0,k]

)

(24)

= At+1
i X i

0 +

t
∑

k=0

Akπi
k

(

Si
[0,k] + Y i

[0,k]

)

, (25)

where (a) follows from (1); (b) follows by recursively

applying (a); (24) follows from U i
t = πi

t

(

Ri
[0,t]

)

; and (25)

follows from Ri
t = Si

t + hSj
t + Zi

t and Y i
t = hSi

t + Zj
t for

i 6= j. From (24) we see that X i
t = At

iX
i
0 + µi

t

(

Ri
[0,t-1]

)

,

where µi
t : Rt-1 → R. Since Si

t = f i
t

(

X i
[0,t]

)

and X i
t =

At
iX

i
0+µi

t

(

Ri
[0,t-1]

)

, we have Si
t = υi

t

(

X i
0, R

i
[0,t-1]

)

where

υi
t : R

t → R. Moreover Si
t can also be written as

Si
t = f i

t

(

X i
[0,t]

)

(a)
= git

(

X i
0, S

i
[0,t−1], Y

i
[0,t−1]

)

(b)
= νit

(

X i
0, Y

i
[0,t−1]

)

, (26)

where (a) follows from (25) and by defining git : R
2t-1 → R;

and (b) follows from recursively applying (a) and by defining

νit : R
t → R.
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