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State feedback 7., control
of time-delay switched linear systems:
a descriptor approach
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Abstract—1In this paper we propose contributions on the
control of switched linear systems subject to time-delays. Our
methods allow to synthesize state feedback switching laws able
to ensure the stabilization and the fulfillment of a prescribed
H oo disturbance attenuation property. The proposed criteria
are delay-dependent and based on an application of the de-
scriptor approach, previously introduced in the literature to
study standard time-delay systems. The core of our procedure
is based on the solution of sets of matrix inequalities, which
allow simultaneously to assign a suitable switching law and to
determine a feasible piecewise quadratic Lyapunov-Krasovskii
functional associated to it.

I. INTRODUCTION

In recent years, the interest in the study of time-delay
switched systems has considerably grown. Concepts and
results from the theory of time-delay systems (see [1] for
a survey) have been extended to this class of systems and
the literature witnesses an effort towards the formulation
of results concerning some fundamental control theoretical
topics, such as stability and stabilization.

One of the first issues to be studied is related to the
translation of the concept of common Lyapunov functions,
often referred to in the case of standard switched systems,
to formulations involving either the Lyapunov-Razumikhin
approach or the use of Lyapunov-Krasovskii functionals (see
[2], [3], [4], [5] and [6] for instance). More recently, multiple
(often piecewise quadratic) Lyapunov-type functionals were
also introduced, see for example [5], [7], [8], [9] and [10].

Piecewise quadratic Lyapunov-Krasovskii functionals are
a fundamental tool also for the theoretical setup proposed in
this paper, which deals with switched linear systems subject
to a delay acting on the state. The main focus here is on solv-
ing stabilization and H, disturbance attenuation problems
by the synthesis of delay-dependent switching laws based
on state feedback. Our work is based on ideas originally
proposed in [11] and [12], where the stabilization issue of
switched linear systems (with no delays) is dealt with by
introducing special Lyapunov-Metzler inequalities. Previous
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work on this topic includes [13], where we introduced both
delay-independent and delay-dependent strategies for the
state feedback H., control of switched linear systems with
delays. In particular, the delay-dependent strategy proposed
therein was based on the use of the Euler formula and a stan-
dard completion of squares method, exploited to bound the
cross terms appearing in the Lyapunov-Krasovskii functional
derivative along the solutions of the system. Other relevant
references include [14], in which we discussed state- and
output-feedback delay-independent criteria, [15] and [16],
containing some control design methods for this class of
systems based on a small-gain approach.

A key novelty of the contributions proposed in this paper
is that here we exploit a descriptor representation of delay
systems, first introduced in [17] out of the context of
switched systems. Compared with other approaches found in
the literature, one of the advantages of such a representation
is that it does not introduce additional dynamics with respect
to the original system and requires a less conservative
bounding of the cross-terms appearing in the derivative of the
Lyapunov-Krasovskii functional along the trajectories of the
system. As a result, we are able to derive switching strategies
which prove less conservative with respect to other delay-
dependent ones. Among them, we will specifically refer to
the above mentioned delay-dependent strategy from [13]. In
particular, we will provide a numerical comparison between
the two approaches, by computing the maximum admissible
delay under the two different design methods.

Notably, in our formulations we do not require that the
modes of the system are individually stable in order to
find a feasible switching law. Furthermore, this is computed
as the solution of a set of matrix inequalities associated
to the modes of the system and it only depends on the
current value of the state. In our view, the latter property
has relevant practical implications, because it only requires
a finite amount of information for synthesis, compared to the
infinite dimensionality of the state of the system.

The paper is organized as follows: in Section II we sum-
marize some definitions and preliminaries; Sections III and
IV address the state feedback stabilization and H., control
problems by means of switching, respectively; Section V
presents two numerical examples; finally, there are some
concluding remarks.

Notation: the identity matrix of any dimension is denoted by
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I. For real matrices or vectors, the symbol () indicates transpose.
The squared norm of a signal £(t) defined for all ¢ > 0, denoted by
€115, is equal to [~ £(t)"&(t)dt. Given a signal £(t) defined for
all t > —h, with h > 0, we define & = {{(t+7): 7€ [—h,0]}.
The set of all signals such that ||£]|3 < oo is denoted by L.
For a real matrix M, the Hermitian operator H, {-} is defined as
Ho{M}=M+ M

II. PROBLEM FORMULATION AND PRELIMINARY RESULTS

This section is devoted to the definition of the model of
the switched system under analysis and to the formulation of
the control problem of interest, as well as to the presentation
of some preliminary results.

A. Model and control objective

Define the following continuous-time switched linear sys-
tem subject to a single time-invariant delay ~» > 0 acting on
the state

z(t) =Asx(t) + Agox(t — h) + Byd(t)
z(t) =E,x(t) + Egox(t — h) + F,d(t)

where z(t) € R™, d(t) € R™, z(t) € RP and, defining
the index set P = {1,...,N}, o(t) : t > 0 — P is the
switching signal. The input d(t) represents a disturbance
acting on the system, while z(¢) is the output. The initial state
is denoted by zq. In this paper, the objective is the synthesis
of state feedback switching strategies able to ensure that, for
a fixed value of h,

(D

o the equilibrium solution x; = 0 of system (1) with
d(t) = 0 is asymptotically stable;

e for any d(t) € Lo and xg = 0, the following Hoo
disturbance attenuation property is fulfilled

J= /Oo(z(t)’z(t) —A2dt)d(t)dt <0 (2)
0

or, equivalently, Supoc s, |2l13/[1d[13 < ~+?, where
v > 0 is a given constant.

B. Preliminary results

We now introduce some results from [11] addressing the
stabilization problem of delay-free switched linear systems
via state feedback switching. Notably, they are based on
the use of piecewise quadratic Lyapunov functions (see [18]
for an introduction). Consider the following continuous-time
switched linear system with no time-delays

(t) = Ay (t) 3)

In particular, consider the following piecewise quadratic
Lyapunov function

. / . !
v(z) = rlré%m: Px = I)TIGIR <Z i Pi:z:) )
i€EP
where A = {AeRY: Y - X\i=1, \; >0} and P, =
P! > 0, Vi € P. The function v(z), in general, is not
uniformly differentiable in x € R™ as the cardinality of the
set Z(x) = {i € P: v(z) = 2’ Pz} may be greater than 1,
i.e., the result of minimization (4) is not unique, see [11].

As a further step, introduce the class of Metzler matrices,
composed of all square matrices of fixed dimensions with
nonnegative off diagonal entries. In particular, we are in-
terested in the class M of Metzler matrices II € RNV*N
satisfying the following constraint, Vi € P:

> mi=0 5)

JjEP

In other words, for any II € M, it results 7; =
—Zj siep Tji, Vi € P. For simplicity, we introduce the
notation Pp; = Zje? m;:P;. A fundamental property of
such matrices is the following (see e.g. [11], [19]).

Lemma 1 For any Il € M and any i € Z(x), the inequality
' Pp;x > 0 holds.

Indeed, this property follows from (5) and from the fact that
whenever ¢ € Z(x), then o’ Pjz > 2’ P for all j € P.
Consider also the following result from [11], whose proof
exploits Lemma 1.

Theorem 1 Assume that there exist matrices P; = P > 0
and II € M such that, Vi € P, the following Lyapunov-
Metzler inequality holds

H.{A.P;} + Pp, <0 6)
Then, the state feedback switching strategy

o(z(t)) = argminz(t)' () (7)
makes the equilibrium solution x = 0 of system (3) globally
asymptotically stable.

In Theorem 1, a necessary condition for the feasibility of
inequality (6) is A; + (m;;/2)I being Hurwitz, Vi € P. This
does not imply that the set {A4;,..., Ay} is composed of
Hurwitz matrices, since m; < 0. On the other side, when
all such matrices are Hurwitz the proposed state feedback
switching strategy with II = 0 preserves stability, since (6)
reduces to the condition A,P; + P;A; < 0. Finally observe
that, using (7), no unstable sliding mode may occur, see [11]
for more details.

Note that formula (6) is a bilinear matrix inequality (BMI),
because of the presence of the Metzler matrix II in the defi-
nition of Pp;. Thus, due to non-convexity, finding a feasible
solution is not trivial in general. Anyway, a simplified pro-
cedure is illustrated in [11], which consists in searching for
solutions to the original problem by means of a line search
procedure combined with the solution of a set of LMI’s.
This method adds a further degree of conservatism, but at
the same time strongly reduces the computational effort in
searching for feasible solutions. The same observation also
holds for the criteria that are proposed in the sequel of this

paper.
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III. STABILIZATION

In this section we propose criteria for the stabilization
of the switched time-delay system (1) by means of state-
dependent switching. To this purpose, we rewrite the original
system (1) in the following descriptor form, see [17]:

(t) =p(t)
0% p(t) = — p(t) + Apa(t) + Agy(t — h) + Bod(t) ()
2(t) =E,a(t) + Egox(t — h) + Fyd(t)

Here p has the same dimension as x. For any switching
signal o, formulations (1) and (8) are equivalent from the
viewpoints of both stability and the input/output map from
d(t) to z(t), see e.g. [1] and [20].

Having introduced the descriptor representation (8), we are
in a position to address the design of stabilizing switching
laws for system (1). The following theorem addresses this
problem by exploiting the concept of piecewise quadratic
Lyapunov-Krasovskii functional.

Theorem 2 Consider system (1) and assume that there exist
matrices Py; = Pj; >0, Q=Q >0, T =T >0, Py,
Ps;, IT € M and a scalar h > 0 such that, ¥Yi € P,

i(h) < 0 ©)
where
®q;(h) =
H.{Py;A;} +Q—T + Pp,, *x *
Py — Py + P3; As —H.{Ps;} +R°T *
T+ A&ZPQZ :iiP?ﬂ' 7@ - T

(10)

and Pp,, = jep Mji1;. Then the state feedback switching
strategy

o(t) = arglgréigx(t)’Pux(t) (11)

makes the equilibrium solution x; = 0 of system (1) with
d(t) = 0 asymprotically stable for any h € [0, h].

Proof: First assume h > 0 and consider the descriptor
form (8) associated to system (1) and denote by x(t) =
[z(t)" p(t)]" the state vector. Observe that the stability of
system (8) with d(¢t) = 0 implies the stability of system (1),
see [17]. Now associate to each mode ¢ € P the Lyapunov-
Krasovskii functional candidate

vilxe) =x(®Y EPix(t) + / (0 Qu(0)d6
¢ (12)

~h
0 gt
+h/ / p(s) Tp(s)dsdo
—hJevo
where

E_{I 0}73_{& 0

Jp— I_
0 0 Py P3i}’P“PM>O

(13)
and define the following piecewise quadratic Lyapunov-
Krasovskii functional candidate for system (8)

v(xe) = riréggwi(xt)

which corresponds to the switching law o(x:) =
argmin;ep v;(x¢), equivalent to (11) in view of (12)
and (13). Denoting by ¢ the active mode at time ¢, the upper
Dini derivative of v(x;) along the trajectories of system (8)
subject to the switching law (11) is given by

D% v(x:) = limsup —U(Xt+l) —vlx)
=0+ !
< jezm(izl(lt)) 22(t) Pyja(t)
+a(t)' Qu(t) — x(t — h)' Qu(t — h)
t
(0)'Tz(0)do
t—h

=2z(t)' Prsaz(t) + z(t) Qx(t) — x(t — h)'Qz(t — h)

+ %3 () Ta(t) — h/t (0)'Ti(0)do
t—h
<2x(t)' Pra(t) + z(t) Qu(t) — x(t — h)' Qz(t — h)
+ h2a(t) Ta(t) — (x(t) — x(t — h))T(x(t) — x(t — h))
+ 2(z(t)' P, + @(t) Pi) (Aiz(t) + Agix(t — h) — 2(t))
(14)

where the first inequality follows from Danskin’s Theorem
(see Theorem 1 in [21], p. 420), the second equality holds
since ¢ € Z(x(t)), and the last inequality has been obtained
by jointly exploiting the Jensen’s inequality, see [17]

t t t
/ H(O0)Ta(0)do > / #(0)doT / #(0)d6
t—h h t—h t—h
and adding the term
2(a(t) Py + (1) Ph) (Asa(t) + Agie(t — ) — (8)) = 0

+ h2e(t) Ta(t) — h

which is always zero in view of model (8) (with d(t) = 0).
Finally, defining £(¢) = [x(¢)" z(t—h)’], inequality (14) can
be equivalently rewritten as

D¥u(xy) < E(1) Wi (h)E(E)

with
Wi(h) =
H {P,A;}+Q—-T * *
Pli —Pgl—f—PézAz _He {P31}—|—h2T *
T+ A, Py Al Ps; —-Q-T

As a second step, observe that x(t) Pz (t) > z(t)' Pr;x(t)
for all j € P since i € Z(x(t)); thus, from (9) and Lemma 1
we obtain

sorwitinen <sor | T ) w0 as

Finally, it is easy to verify that inequality (15) holds re-
placing h with h, for any h € [0, h]. Therefore, assuming
h > 0, since v(x;) is positive definite, radially unbounded
and D%v(x¢) < 0, we can complete the proof by stan-
dard arguments on Lyapunov-Krasovskii functionals (see [1]
and related references). Finally, if h = 0 the Lyapunov-
Krasovskii functional (12) reduces to a function of x(¢),
which can be easily demonstrated to be positive definite and
decreasing along the trajectories of the switched system. W
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IV. H, CONTROL

In this section, the criterion for the stabilization by switch-
ing stated in Theorem 2 will be strengthened in order to
ensure, beside stabilization, the fulfillment of a disturbance
attenuation requirement with respect to any admissible input
d € Lo, as prescribed in Section II.

Theorem 3 Consider system (1) and assume that there exist
matrices Py; = Pj; >0, Q =Q >0, T =T >0, Py,
Ps;, I1 € M and scalars h > 0, v > 0 such that, Vi € P,

@1 (h) * ]
<0 16
[ Qo D3() (16)
where ®1;(h) is defined as in (10),
o, _ [ BiPs BP0
2 E; 0 Eg

and 27
(= | 7 *
(I>32 (’Y) - |: Fi -1 :|
Then the state feedback switching law

o(t) = arg Efgglx(f)lpuiﬁ(t)

makes the equilibrium x, = 0 of system (1) with d(t) =
0 asymptotically stable for any h € [0,h]. Moreover, for
any d(t) € Lo, x9 = 0 and any admissible h, the Ho
disturbance attenuation level is upper-bounded by .

Proof: The asymptotic stability property with d(t) = 0 is
a consequence of Theorem 2, since the feasibility of (16)
implies that (9) holds. As a second step, by computing the
Schur complement of the bottom right element —I of matrix
(16), we obtain the condition

li

E! E! Pp, * * *
- (T 0 0 0 0 % *
S <=t g 1 le, | | 0o 00 =«
F! F! 0 0 0 —2I
where
Ei(h) =
He{PQIq;Ai}+Q*T * B * *
Pli _P2i +PéZA1 —He {Pgl}-f—h?T * *
T+ A&ZPQZ A/@P?n -Q-T
B Py; B.Ps; 0 0

amn

As a consequence, by multiplying (17) to the right by n(t) =
[x(t) p(t) x(t—h)" d(t)']’ and to the left by its transpose,
and finally computing the upper Dini derivative of the
Lyapunov-Krasovskii functional (12) along the trajectories
of system (8), it results

Dtv(n) < n(t)Ei(h)n(t)
< —2(t)2(t) + y2d(t) d(t)

Now observe that v(zg) = 0 since o = 0 by assumption
and that lim;_, ., v(z;) = 0 thanks to asymptotic stability.
Then, integrating the latter expression over time from 0 to
o0, we conclude that property (2) holds. |

V. NUMERICAL EXAMPLES

In this section we discuss two numerical examples, which
are applications of Theorems 2 and 3, respectively. In order
to introduce them, consider system (1) with P = {1,2},
where the matrices defining the state space realization of
each mode are

—0.5 0 1-2 0 1
A= 0—0.5} An= o} Ad2[2—1}
1 0
sel] 0 me]Y]
Ei=[1 1] Eu=[0 0] F, =0
with ¢ = 1,2. Observe that the eigenvalues associated to

Ai:Ai+Adi,i:1,2, are

)\1,2(1211) = {\/Za \/Z]}
Mo(As) = {0.5, —2.5}

which implies that the individual systems are not asymp-
totically stable for h = 0. The next examples address the
stabilization and H., disturbance attenuation problems for
this system, respectively.

Example 1 (Stabilization)

In order to test our result about the state feedback stabi-
lization of system (1) by means of switching, we compared the
control strategy proposed in Theorem 2 (hereafter referred
to as strategy 1) with those presented in Theorems 2 and 5
of [13] (hereafter numbered as 2 and 3). In particular,
strategy 2 deals with the synthesis of delay-independent
switching laws, while strategy 3 is delay-dependent, similarly
to strategy 1.

By applying these methods, it can be observed that no
stabilizing switching law according to strategy 2 can be
found for the system under analysis. On the other side,
strategy 3 provides a solution for h € [0,0.1120]. Finally,
applying strategy 1, a stabilizing switching law was found
for a considerably larger value of the delay, i.e., for h €
[0,0.2646], by choosing the following solution parameters:

p o[ 20868 -102711] , [ 20.100 -9.109
M7 10271 14.063 | C T —9.109 12.997
p | —1406 35006 ] , [ 27.802 —25.507
T —2.431 —19.434 27 -7.894 10398
P [ 21.386 —6.028 P [ 19.731 —1.554
17 —18.320 23.291 27 1503 6.774
0 [ 10.515 2.607 r [ 16689 —20.321
| 2607 3.749 | —20.321  97.076
with mj; = —m;; = 33, j # i. The associated switching lines

are described by ©(? = 1.7762V) and 2 = 0.406zD),
using the notation x = () (D], The state trajectories of
the system for various initial conditions and h = h = 0.2646
are reported in Figure 1. Observe that the presence of a
sliding mode does not spoil the stability of the switched
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system. Finally, Figure 2 represents the time evolution of the
Lyapunov-Krasovskii functional associated to the solution
starting from xo = [1 4]’

NC)

Example 1: state trajectories (for various initial conditions and

Fig. 1.
h = h = 0.2646) and switching lines.

180 ¢
160
1401
120}

100

=
> sof

60

40t

20F

0 i

0 2 4 6 8 10
t

Fig. 2. Example 1: Lyapunov-Krasovskii functional with zo = [1 4]" and
h = h = 0.2646.

Example 2 (H., control)

In this example, we compare the H., disturbance atten-
uation properties of the delay-dependent strategies achieved
with Theorem 3 (strategy 1) and Theorem 5 in [13] (strat-
egy 2). In particular, assuming h = 0.08 and applying
strategy 2, a feasible solution can be found for v > Vmin =
8.18. On the other side, by applying strategy I under the
same assumptions we obtain a solution ensuring consider-
ably better attenuation properties, i.e., Ymin = 3.70. The

associated set of solution parameters is reported next:

po_| 14225 -5.146 ] , [ 14.018 —4.902
"7 5146 5540 | T T | —4.902 5.378
po_| —068119.674 7 , [ 114.618 ~176.195
27| —10.314 0.027 | “**T| —17.813  24.876
po_[ 112195128 ) [ 156.229 -16.237
7| -5.169 15.353 | T | —16.739  5.023
0 _[ v7rr 20001 [ 29.376 —68.929
~ [ 2.000 2.269 T | —68.929 244.616

with mj; = —m; = 116, j # i, while the corresponding
switching lines are (2 = 2.5222(Y) and 22 = 0.509z ).
The disturbance attenuation property of the resulting
switched system with o = [0 0] was tested by applying
the Lo-class disturbance input d(t) = sin(t)e=1t. Figure 3
represents the quantity Jr = fOT(z(t)’z(t) —~2d(t)'d(t))dt,
confirming that the expected Ho, disturbance attenuation
property is achieved in correspondence of the specific dis-
turbance input applied to the system.

o5k

_30F : : : B o

_35 L L L L L L I I I |

Fig. 3. Example 2: Jr (solid line: mode 1; dashed line: mode 2).

CONCLUSIONS

In this paper we have proposed an application of the
descriptor approach to the stabilization and H ., disturbance
attenuation of switched linear systems with a time-delay
acting on the state. Our criteria are delay-dependent and
based on the use of piecewise quadratic Lyapunov-Krasovskii
functionals. The computation of feasible switching laws is
done by solving sets of matrix inequalities. We also showed
that this method is able to outperform other ones previously
proposed in the literature, both in terms of maximum ad-
missible time delay in the synthesis of stabilizing switching
laws and of H., disturbance attenuation capabilities.
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