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An Algebraic Approach for Robust Fault Detection of Input-Output
Elastodynamic Distributed Parameter Systems

Riccardo M. G. Ferrari, Thomas Parisini, and Marios M. Polycarpou

Abstract— This paper deals with the problem of designing a
robust fault detection methodology for a class of input-output,
uncertain dynamical distributed parameter systems, namely
mechanical elastodynamic systems, which are representative of
a whole class of problems related to on-line health monitoring
of mechanical and civil engineering structures. The proposed
approach does not require full state measurements and is
robust to measuring, modeling and numerical errors, thanks
to a time varying detection threshold. In order to avoid the
problems associated with classical discretization techniques for
distributed parameter systems, which can lead to numerical
errors difficult to bound a priori, and thus higher thresholds,
a suitable structure-preserving algebraic approach, called Cell
Method, will be employed. This method consists in writing the
equations of a distributed parameter system directly in discrete
form, avoiding the usual discretization process and leading to
a symplectic, that is energy preserving, numerical scheme.

I. INTRODUCTION

Recently there has been significant research activity about
Fault Detection and Isolation (FDI) methods for large-scale,
distributed systems [1], [2], [3], [4], [5], [6], [7]. While in
these papers the possible applications ranged from large-
scale industrial plants, to autonomous vehicle formations,
one kind of systems that received less attention are dis-
tributed parameter systems. The latter arise naturally in the
modeling of many physical systems whose dimension is
such that propagation phenomena cannot be neglected, for
instance in vibration analysis in mechanics, or in systems
transmitting or receiving electromagnetic waves, or in large
multi-phase chemical reactors dominated by advection.

The need for FDI methods for this kind of systems is testi-
fied, for instance, by the crescent use in civil and mechanical
engineering structures of permanent diagnostic transducers.
Being embedded in the structure, they continuously check its
health status, by monitoring the amount of vibrations, that
can be inborn or purposely excited [8]. The signals captured
by the transducers are classified as either faulty or healthy
by comparing them to known hystorical recordings taken in
controlled conditions, thus implementing a so called process
history-based FDI method [9]. When trying to apply more
advanced model-based methods [10] to such elastodynamic
distributed parameter systems, an evident obstacle lies in
the fact that models obtained by describing the distributed
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dynamics with a Partial Differential Equations (PDE) system
are infinite dimensional [11]. In order to make the problem
tractable in practice, a finite-dimensional approximate model
needs to be used: conventional approaches consist in approxi-
mating the solution with an expansion into a finite number of
modes, in relying on the Method Of Moments (MoM) [12],
or in discretizing the PDEs on a finite-dimensional space-
time grid such as in the FEM, FDTD or FVM methods [13],
[14]. The modal expansion method leads to drawbacks when
fault parameters are to be estimated, as pointed out in [15]
and the references contained therein, while the MoM is in
practice limited to about the first ten moments only [16]. On
the other hand, PDE’s discretization can lead to numerical
errors such as spurious solutions, numerical dissipation or
dispersion errors [17], especially if the discretization is not
structure-preserving (e.g. topological relations such as the
Stokes’ Theorem may not be exactly conserved [18]).

A fundamental problem that must be solved in an effective
model-based FDI method is the design of adaptive detec-
tion and isolation thresholds which are robust to modeling,
measuring and numerical errors. While in the case of the
modal expansion technique the robustness to model and
measuring uncertainties was addressed in [19], [20], to the
best of the authors knowledge no such result was obtained
for the PDE discretization technique. PDE discretization is
an attractive approach, as it benefits from a large number of
choices regarding the approximation order and the kind of
discretization grid, and the adoption of methods like FEM
is widespread in the whole scientific community. The nu-
merical integration schemes used to solve PDEs are usually
implicit, leading to long computation times that are seldom
compatible with the real-time requirements of online FDI,
and to numerical errors, especially dissipation, difficult to
bound a priori, thus leading to very conservative thresholds.

In order to exploit the PDE discretization advantages,
while avoiding the problems of implicit integration schemes,
in this paper we will employ a structure-preserving, algebraic
modeling approach called Cell Method (CM) [21], [22]. The
CM, which is based on the so—called Algebraic Formulation
(AF), leads to an explicit, symplectic [17] time marching
scheme which can be proved to be devoid of numerical
dissipation. Its dispersion error as well as the effects of
parametric uncertainties can be characterized analytically,
thus leading to tighter thresholds. The paper is organized
as follows:

1) As the proposed fault detection methodology for
distributed-parameter systems falls into the category of
model-based ones, as already enhanced in the introduc-
tion, a key aspect is the specific structure-preserving al-
gebraic formulation that plays a fundamental enabling

2445



role. The basic aspects of the CM method is thus
addressed in Section II.

2) The paper is focused on a specific class of
distributed-parameter systems, namely, elastodynamic
ones. Therefore, the CM technique has to be cus-
tomized to this class of systems and this is carried
out in Section IIL.

3) The proposed fault detection approach is then pre-
sented in Section IV, where the features of the CM-
based analytical redundancy approach are enhanced by
designing a special class of robust adaptive detection
thresholds, taking into account numerical errors.

4) The effectiveness of the proposed fault detection tech-
nique is shown in Section V, where thorough simula-
tion trials are reported.

II. ALGEBRAIC FORMULATION BACKGROUND

The Algebraic Formulation, on which the CM is based,
aims to avoid in first place the use of PDEs, by answering
the following question: “Is it possible to avoid any dis-
cretization process of differential equations and to directly
write physical laws in a discrete, i.e. algebraic, form?”.
The answer relies on the use of global physical variables
that are associated to space-time elements of finite size,
called cells. Based on this approach, balance and constitutive
physical equations can be written in an algebraic, that
is discrete, and explicit way, without any requirement on
continuity, smoothness or differentiability as in the differen-
tial setting. While many approaches exist in the literature
that share common traits with the Algebraic Formulation
(AF), such as Discrete Exterior Calculus (DEC) [23] and
structure-preserving discretization of distributed-parameter
port-Hamiltonian systems [24], Mimetic Discretization (MD)
[18], [25] or Finite Integration Technique (FIT) [26], the
unique feature of the AF is that it completely builds from the
ground up a discrete version of physical theories, achieving
discrete operators analogous to grad, div and curl that feature
structural properties by definition, instead of inheriting them
from differential operators thanks to a proper discretization.

The usual three ingredients of a physical theory are: vari-
ables, equations and a space where the first two are defined.
The AF makes use of global variables, that is, variables
associated not to a point, like field variables in differential
theories, but to a finitely-sized domain. For instance, a global
variable in electromagnetism is the magnetic flux through a
surface, which is measured in Wb, whereas a field variable is
the magnetic flux density at a point on the surface, measured
in Wbm~2. Global variables can be divided in two main
categories':

« Configuration variables: variables that define the state
of a system (e.g. position and velocity of a mechanical
particle)

o Source variables: variables that describe all the causes
that can change the configuration of a system (e.g.
forces acting on a mechanical particle)

Equations, instead, may be divided into:

A third category, energy variables, is not used in this paper.

!

"~
‘/
)
\%

O
Y%

)

Internal orientation

POINT: positive orientation
ifitis a sink

LINE: the internal orientation
of the line is the basis for
building the orientation of
all the other entities

SURFACE: it is given by a
consistent orientation of its
edges

VOLUME: it is given by a
consistent orientation of its
faces

External orientation

VOLUME: it is the internal
orientation of a point
inside the volume

SURFACE: it is the internal
orientation of a line
crossing the surface

LINE: it is the internal
orientation of a surface
crossed by the line

POINT: it is the internal
orientation of a volume
surrounding the point

<

Fig. 1. Internal and external orientation of geometric elements.

« Definition equations: define a variable in terms of other
variables of the same category (e.g. velocity is the time
rate of change of position)

« Balance equations: impose conservation of a variable
(e.g. the sum of forces on a particle is zero)

o Constitutive equations: link a configuration and a
source variable, thus defining the behavior of a system
(e.g. the elastic force, a source, is proportional to the
displacement, a configuration)

The space-time reference framework where these variables
and equations are defined is a complex ([27], [28]) of
oriented finite geometric elements, called p-cells, where
p € {0,..., 3} is the geometric dimension®>. The generic
elements are denoted with the letters P (points), L (lines), S
(surfaces), V (volumes), I (time instants), T (time intervals)
and can be endowed with an infernal orientation, or an
external one, in which case a tilde is used (Fig. 1).

Each variable is associated with a geometric element (e.g.,
a surface force is associated with the surface where it is
acting) and this is denoted by placing the symbol of the
elements in square brackets after the variable, as in a[P, 1],
which reads: a is associated to a point and an instant with
internal orientations. Such association is formalized by the
use of co-chains for computing the value of a variable on
a given p-cell (see Definition 11). It is worth noting that
this topological information is the key to the definition of
a structure-preserving numerical method. In contrast, the
differential formulation makes all the variables collapse to
points, because of the limit operation usually found in the
definition of field variables. Classic numerical schemes many
times fail to recover the original topological association of
variables when discretizing the equations, thus leading to
unavoidable, intrinsic numerical errors.

In the AF, two different cell complexes are employed:
the primal, made of cells with internal orientation to which
configuration variables are associated; and the dual, made
with cells with external orientation and devoted to source
variables [21]. Usually the primal complex is obtained by a
Delaunay triangulation of the computation domain, in which

2Here we do not address how such a complex is obtained by discretizing
a compact manifold in RP, the interested reader may refer to [29].
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Fig. 2. a) A two-dimensional primal simplex (-) and its barycentric dual
(- -); b) a subdivision of the time-line into primal and dual time instants ¢;
and intervals ;.

case it is called a simplicial complex, the other being its
Voronoi or barycentric dual (see Fig. 2).

Now some formal definitions from algebraic topology will
be given (see, for instance, [30], [27], [31], [28]).

Definition 1: A p-cell P C ¥P is defined as the convex
hull of an ordered set of at least p+ 1 non-collinear points in
RP, where 7 is the set of all p-cells. If a p-cell has exactly
p + 1 vertices, it is called a p-simplex.

Definition 2: A face of a p-cell o C ¥P is a (p— 1)-cell
oP~1 C d(aP), where O(oP) is the boundary of the cell oP.

Definition 3: A coface of a p-cell o? C ¥P is a (p+ 1)-
cell oPT1 such that 0P C 9(aP*1). The set of all the cofaces
of oP is called the coboundary of oP.

Definition 4: A (primal) cell complex K™ C R" is a set
of cells with dimensions p < n such that:

1) For each oP € K", each of its faces are in K".

2) For every two of and o in K", their intersection is

. J
either empty or a common face.

Definition 5: The dual cell complex K™ C R™ of a cell
complex K™ is a complex whose elements are duals of the
elements of K.

Definition 6: The duality map ~: K" — K™ is a
bijective relation that maps a primal p-cell o” to its dual
(n — p)-cell G"7P, that is " P = ~(aP).

Definition 7: The incidence number ay, j, between a p+-1
and a p-cell is denoted as aj, ; = [071" : 07], and is defined
as

p+1

1 if o} is a face of o}, " and have

compatible orientations
if o}, is a face of ai“
incompatible orientations

0 otherwise

A
apr =4 —1 and have

Definition 8: The incidence matrix APTT € RVp+1 x RN»
of a complex K™ containing N,11 (p + 1)-cells and N,
p-cells is the matrix APT1 = [ay, x].

In this paper we will denote with special symbols the

following incidence matrices: G~é Al C2 ,’:\2, DNé A3 for
the primal complex, and G £ Al = —-DT, C £ A2 = CT,
D £ A3 = —GT, as they allow to compute the algebraic
analogous of the operators grad, curl and div.

Definition 9: A p-chain ¢? € CP(K"™), where CP(K™) is
the chain group on K", is a formal linear combination of p-
cells of K™ with integer coefficients cP £ f\;”l ciaf , ¢ €
Z, 0" € K™

Definition 10: The boundary operator OP maps a p-chain
? =3, ci0” toa (p— 1)-chain b*~' = 3, bjo”"" such

that b; = 3 ¢jlo7 a1

Now, the fact that a global variable is associated to a p-cell,
that is a p-dimensional sub-manifold of an n-dimensional
manifold, means that at each cell or chain one can associate
a value of the variable. Such a mapping is called a cochain.

Definition 11: A p-cochain fP € QP(K™,G) from the
chain group CP(K™) on K™ to the additive group G is a
linear homomorphism such that

P+ 19) = (&) + ),
fPac?) = afP(P), VP, P € CP(K™),Ya e Z

From the definition of cochain it follows that a cochain
evaluated on a generic chain ¢ = ), ¢;07 can be written
as the sum of the cochain values on the cells as fP(cP) =
i cifP (o).

Finally, the coboundary operator is introduced, which
allows to express balance, circuital and difference equations
when applied to 3-, 2-, 1-dimensional cochains, respectively.
It is the algebraic analogous of the exterior differentation on
exterior p-forms and leads to typical operators such as grad,
curl and div, along with time derivatives® [27].

Definition 12: The coboundary operator 6P maps a p-
cochain fP to a (p + 1)-cochain gP™! such that

ANCARED DL LA MCARTIRCH
J
(p+1)

for every (p + 1)-cell o; and every p-cell a;’ in K™.

This definition leads to the following, fundamental

Theorem 1 (Discrete Stokes Theorem [31]): The value of
a p-cochain fP on the p-dimensional boundary of a (p+ 1)-
dimensional chain cP*1 is equal to the value of the cobound-
ary of fP on cPt1i.

POty = o7 f (et
O

Recalling Definition 8, it follows easily that 6°, §* and
82 can be obtained by multiplication by the matrices G
(grad), C (curl) and D (div), or their dual equivalents.
{P,L,S,V,I,T,P,L,S,V,1, T}, to denote over which kind
of element the coboundary is taken.

3While the coboundary can be used to express balance law which are
purely topological, operators analogous to grad, curl and div require the
definition of a metric.
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III. ELASTODYNAMIC DISTRIBUTED PARAMETER
SYSTEMS

In this section, the algebraic approach addressed in Sec-
tion II is specialized to the important class of distributed
parameter systems constituted by one-dimensional elastody-
namic mechanical systems [32]. This problem is casted on a
primal complex with Ny O-cells and N7 1-cells, whose dual
complex has Ny 1-cells and Ny+1 0-cells, with Ny = N7+1.
Each cell must be thought of as a small portion of a bar-
shaped domain, so that each cell is endowed with a volume,
a length and a cross-section area.

We will now introduce the problem variables and the
related constitutive equations. We start with the nodal dis-
placement u[P,I] € Q° x QO which is a configuration
variable, t}ll)at leads to the definition of the elastic strain

L, 1) £ TP ¢ 00 % Q0. The elastic stress o[S,T] 2

L]
FpST] € 02 x O, a source variable, is linked to the strain

by tLe elastic constitutive relation

U[S,T] = —E[L1 - €[L,1] £ f. ,(e[L,1]),

where Fp[S,T] are the elastic forces acting on the dual
surfaces S. The space-time elements involved are such that
S=~(@L), T=~Mand f,: W' xQ -2 xQlisa
function that maps a primal* (1, 0)-cochain into a dual (2, 1)-
cochain. In particular, f., describes the elastic behavior of
the material, thanks to the possibly space and time varying
Young modulus E[L,T].

We need also to introduce the nodal velocities v[P, T]

w € Q0 x Q! and the relative velocities v[L, T]

% € Q! x Q!, which are responsible for a Kelvin-
Voigt viscous stress contribution oz[S,T] £ %
02 xQ', with F[S, T] being the viscous forces. The viscous
constitutive relation is defined by

S T} = _,UJR[L7T] : V[LvT] £ fVJR(V[L’TDv

where f,., @ Q' x Q' — Q2 x Q! describes the material
damping through the coefficient pr[L, 1.

Now, the motion of the material will be described by
relying to the discrete formulation of particle mechanics. We
start by introducing the linear momentum, that is a source
variable, and its constitutive equation:

p[V, 1] = m[V,I] - v[P,T] £ f, ,(v[P, T])

The linear momentum is related to the impulse of force
I[V, T] thanks to Newton’s second law of motion, which is
a balance equation:

>l

m

OR [Sv

11V, 1] = 8 (p[V. )
The impulse I can be written as the sum of different terms:
IV, T] = Ig[V,T] + Ig[V,T] + Iy [V, T] (1
where Ip[V,T] = 5S(FE[S,T]) - |T| is the impulse due
to the balance on the boundary of the volume V of the

4In the following notation the first index refer to the space element
dimension, and the second to the time element dimension.

P, I@

/|| ot

wmmi(

o ISIT| (L) 8.7)

. fV,FR ’ |T|

[L7 T] @Nﬂ_____,,,,___

Fig. 3. Tonti diagram of one-dimensional elastodynamics with internal
viscous damping.

elastic forces Fp. Similarly, Iz[V,T] = 65(Fg[S,T]) - |T|
is due to the balance of the viscous forces Fgr, while
Iy [V, T] represents the impulse of the volume forces Fy,
which account for forces such as gravity, or electromagnetic
attraction or repulsion.

Remark 1: The computation of the balance on V of the
surface forces acting on S = 0V is an example of the
application of Th. 1.

By expanding the terms in eq. (1), it can be written as

{6S(FE[S,T] + FRlS, 1)) + Fv[V, T]} T

and, by further expansion, as:

E Kf <5P(TEI})) o (W)) . |S]

51 ; &' (u[P,1])
T|
Eq. (2) can be conveniently represented by its Tonti diagram
[21] (fig. 3). If we consider, for a while, space and time
invariant constitutive relations, a uniform material, and a
complex uniform in space and time, Eq. (2) becomes

Sl s (5. 3 (u[P, 1)
|L|66 (E [P I + pg IT] )

W&SI([ I) 3

+ Fy[V,T] =

By recalling that the operator 6 is analogous to the differen-
tial div, 6% is analogous to grad and §' and §' are analogous
to 9/0t, eq. (3) can be seen as the discrete analogous,
modulus a different sign convention, of a damped hyperbolic
partial differential equation:

9%u

ou
V3(E-u+ pr Mo -

8t)+fv
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In order to write Eq. (2) as a discrete-time system, that
is in the frame needed for the fault detection step, it must
be projected on a complex K1, thus obtaining the following
equations for node displacements and velocities:

u(?n—i—l) = U(En) + TU(ETL-H)
V(tpi1) = v(tn) + M {Fy (t,)— “4)
DGSL~! (Keu(t,) + KRv(fn))}

where u(t,) = col (ux(tn)), Fv(t,) £ col (Fyi(t,)) €
RN are the vectors of node displacements 1 and volume
forces Fyy, with k = 1, ..., Np, evaluated at the primal
time instant t,,. Similarly, v (£, ) £ col (fuk(fn)) € RNo is the
vector of node velocities at dual time instant £,,, with 7 and 7
being the lengths of the primal and dual time intervals. The
terms M £ diag(my,), Ke £ diag(Ey), Kr £ diag(uy) €
RNoxNo - with k = 1,..., Ny, and S £ diag(S;), L =
diag(Ly) € RN >N with k =1, ..., N are, respectively,
diagonal matrices holding the masses my, the elastic and
viscous coefficients Ey and puj of dual cells, and the area
Sy of the faces of dual cells and the length Lj of primal
cells. The kind of intertwined time marching scheme found
in (4) is called Verlet-leapfrog and is part of the symplectic
family [17], which is characterized by the lack of numerical
dissipation errors (see subsection IV-A).

Dirichlet or Neumann type of boundary conditions can
be implemented, respectively, by imposing the solution for
uy(t,) and vy (f,) (leftmost nodes) and for un,(t,) and
vn, (tn) (rightmost nodes), or by adding an extra boundary
force term Fg(t,) = [Fp1(tn) 0 ...0 Fp n,(ts)]" to the
force balance, where the two non-null terms corresponds to
the two boundaries.

IV. FAULT DETECTION

In this section, the problem of detecting faults in mechan-
ical systems described by 1-D elastodynamic equations with
Neumann or Dirichlet boundary conditions is addressed. To
this end, we assume the availability of a finite, and possible
small, number of sensors that can measure displacements
and/or velocities at selected points, and of a discrete-time
model obtained with the Cell Method. This kind of problem
will benefit from the formulation introduced in [33] and deal-
ing with fault diagnosis of uncertain, input-output discrete-
time systems. This formulation assumes that the system can
be modeled as’:

x(n+1) = Ax(n) +f(x(n),u(n)) + B(n — ng) x

P(y(n),u(n)) + nx(x(n),u(n),n) ©)
y(n) = Cx(n) + ny(x(n),u(n),n)
with n = 0,1,... being the discrete index, while x(n),

u(n) and y(n) are, respectively, the system state, input and
measured output, and the matrix A and the vector field
f represents the linear and possibly nonlinear part of the
dynamics. In order to put the algebraic elastodynamic model
(4) in the form (5), let us define the system state and input

SFor the sake of clarity we will use sans-serif symbols, such as x, for
quantities introduced in [33].

as

s [ 49 ] ex

u(n) £ Fy(t,) + Fp(t,) € RN

so that A € RZMNox2No apd f : R2No x R2No o R2No,
Given the present form of the system, the matrix A has the
following block structure

a | Ing TIN,
A o [ A'UTL A'UU ’

where Iy, € RNoXNo jg the identity matrix. A, and A,,
are two Ny x Ny tridiagonal symmetric matrices®

_EiSi7 E 57
Lymy Lym . .
Elé']T _E1SiT  EpSoT FE5SoT
L1m1 lel L27R2 L2m2
A A
vu T FEsSoT
Lamo
_ ST p1S:17
Lyma Lima . .
/’Llél"' _ paSiT _ paSeT paSeT
N Limy Lim. Lomo Lomo
Avv = 12 SaF +IN0 )
Lgmz

where Fj, pr and Ly are the elastic modulus, viscous
coefficient and the length of the k—th primal cell, and Sk
and my, are the cross section and mass of the k—th dual cell.
The function f, instead, can be written as f(x(n),u(n)) =

T (ap-1 ul
[ONO (FM~1u(n)) }
zeroes. The matrix C € R™*2No defines the m primal node
displacements or velocities that are actually sensed. Finally,
Ny : R2No x R2NVo x N+~ R2MNo and 7, : R2Vo x R2No x N +—
R™ are the uncertainty in the state and output equations, due
to sensing noise, model parameters uncertainty and possible
numerical errors, which will be discussed in subsection IV-A.

The term B(n — ng)¢(xz(n),u(n)) denotes the effect of
the fault on the state equation, which occurs at an unknown
discrete-time ng, with 3 being an abrupt or incipient time-
profile [33]. The fault function, for instance, may represent a
change in the elastic constants due to material deterioration,
which can be formally described as

¢(z(n),u(n)) = (Af = A)z(n),

with the matrix A/ being defined in the same way as
A, but employing deteriorated coefficients E,{ , uﬁ, , k=
1, ..., Np in place of the nominal ones.

, where 0, is a column vector of Ny

Remark 2: 1t is important to note that the faulty dynamics,
e.g. matrix A/, can be computed by applying the same AF
approach of Section III to a “faulty” physical problem.

The present fault detection approach employs the follow-

ing Fault Detection and Approximation Estimator (FDAE)
[33]

The tridiagonal form is a consequence of each cell, except border ones,
having exactly one left and one right neighboring cell.
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K(n+1) = AX(n) +f(X(n),u(n))
+L(y(n) = 9(n)) (6)
§(n) = Cx(n)

where the output error gain matrix L € R?YoX™ ig chosen

such that A = A — LC is stable. A fault will be detected
when the absolute value of at least one component ey j(n)
of the residual €,(n) £ y(n)—y(n) crosses the corresponding
robust, adaptive threshold [33]

Za S AL (R) + 70 (R)] + andfén(0)

+ ﬁy,k (n) ) (7)

where «; and §; are such that |[C,(A%)"|| < apdp <
|\Ck|| ||A0||", ap > 0,0 < 0 < 1, with C; being the k-
th row of C. Furthermore, € (0) is a known upper bound on
x(0) £ x(0) — (0). Af(n) £ F(x(n), u(n)) — f(x(n),u(n))
is the error due to the computation of the function f with
the estimate X in lieu of the true value x as an argument,
and 7 and 7, are known upper bounds on the modeling and
measuring uncertainties.

Remark 3: A condition that must be met by system (5)
is that (A, C) must be an observable pair [33]. This can be
translated, by using the Popov-Belevitch-Hautus test [34], in
the condition Cv # 0 for each right eigenvector v # 0 of A.
It is interesting to note that, in the case of linear elasticity,
this can be interpreted as the requirement that the sensors
used to measure the output must not be all placed in a node’
of the same eigen-mode, which is quite intuitive.

A. Modeling uncertainty and numerical accuracy

An important point to address, is how to determine non-
over-conservative bounds on the state uncertainty 7, which
are needed for computing the fault detection threshold (7).
We start by noticing that, in the simplifying hypothesis of
constant geometric and material parameters and zero viscous
coefficients, the nominal equation (3) can be written, for a
generic node k£ and in terms of nodal displacements alone,
as

T

= 2ug(n) —ug(n—1)+ (zc*)2
X (uk41(n) — 2ug(n) + ug—1(n))
£ fi(n) (8)

which admits as solutions travelling waves of the type

ug(n+1)

uz (n) _ ejw(n-r+kc%)

L ES

where w is the angular frequency, c* L is the nominal

phase speed, L and 7 are the cell complex space and time
step, £/ and S are the Young modulus and the section of the
material, and m the mass contained in each dual cell. An
uncertainty in the material parameters will lead to the actual
equation being

up(n+1) = fr(n) +ne(n), ©)

That is, a point in the physical domain where the mode shape is null.

2
where 7(n) 2 (F3/@ = (@)2) (g (n) — 2up(n) +
ug—1(n)) is a model uncertainty term, and c is the phase
speed computed with the actual physical parameters. By
comparing (9) with (5), it follows that the state uncertainty
is equal to 7, = [0}, col(%Z, k=1,..., NO)T}T. In prac-
tice, the presence of the modeling uncertainty leads to an
estimation error that is obtained by filtering through the fault
detection estimator the following solution, which represents
the beating between two waves with different phase speed

ﬁk(n) _ ejw(n7'+kL/c*) _ ejw(n'f‘JrkL/c)

and that we call, albeit in an imprecise way, the uncertainty
wave. The fact that the effect of the uncertainty can be written
in the form of a solution of the system allows to compute
an upper bound on its magnitude by using the same kind
of model used to simulate the nominal dynamics. This point
will be used in the next section to compute on-line a non-
over-conservative bound on the uncertainties.

Another source adding to the uncertainty 7, apart from
material or geometrical uncertainties, is due to numerical
errors, which can be easily analized thanks to eq. (8). First
of all, numerical stability can be investigated by relying on
the Von Neumann method [17], which imposes a solution of
the form

with v £ © being the wave number. By substituting this
solution in (8), the stability condition |¢| < 1 is obtained
with £ < 1, where £ = Z¢ is the Courant number.

Numerical dissipation and dispersion errors® can be anal-
ized by imposing the solution uy(n) = e/(“"™+7*L)  which
substituted in (8) leads to cos(wT) = (1 — x?2) + k2 cos(yL).
This admits a real angular frequency w for every x <
1, which means that the stability condition brings also a
complete lack of dissipation errors, a result we did expect as
the Verlet-Leapfrog scheme is symplectic [17]. On the other
hand, the resulting dispersion relation is

jkyL
= et

w *

e=Y=° arccos(l —
TR
which reduces to the correct one, ¢ = ¢*, only for kK = 1.
This means that, in order to avoid numerical errors, the
density of the discretization along time and space must be
such that kK = 1 or, put into another way, such that the length
of the cells is equal to the space travelled by a physical wave
during one time step. Should this be not possible, for instance
for constraints on the available computation power, x must
be anyway chosen as to be smaller than one, and the extent of
the uncertainties 7, due to numerical dispersion errors should
be assessed thanks to eq. (9) and (5), so that an appropriate
bound 7, on the state uncertainty can be computed.

k% + K2 cos(vL)),

V. SIMULATION RESULTS

In this section, we illustrate the effectiveness of the pro-
posed approach by simulating a 1-D elastodynamic system.
The modelled domain is 20m long and is subdivided into 100

8Numerical dissipation leads to numerical waves dissipating more, or less
energy than physical counterparts. Similarly, numerical dispersion leads to
numerical waves propagating at the wrong speed, for a given wave number.
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primal cells, and nominally has an elastic constant equal to
E = 1.01Pa, a linear mass density p,, = 0.90kgm~! and
a viscous coefficient of ur = 0.12Pas. These coefficients
are known with an uncertainty of 0.02Pa, 0.15kgm™! and
0.2Pas, respectively; in fact the actual values are assumed
to be E* = 1.00Pa, p};, = 1.00kgm™*! and p} = 0.10Pas.

The system has a Neumann condition at the left boundary,
where it is excited by a gaussian force impulse lasting
10s, and a Dirichlet condition at the right boundary, where
displacement and velocity are forced to be null by making all
the elements of the last row of A equal to zero. The modeled
fault is a reduction of the elatic constant in a small part of the
domain, that at time 7y = 50 s will drop to Ef =0.15Pa
for each point between [y = 6m and /; = 8m.

Only a single point of measure is assumed to be available,
at l2 = 8.2m, that is slightly to the right of the portion that
will fail, where displacements and velocities are measured.
In order to implement the fault detection estimator, one Cell
Method model is used to simulate the nominal dynamics,
while other IV,, = 8 models are used to estimate on-line the
time-varying bound on the uncertainty 7, by solving for the
uncertainty wave.

In Fig. (4) it is possible to see a series of snapshots of the
displacement and the velocity profile along the simulation
domain, and their corresponding state residuals and thresh-
olds®. What is important to notice, here, is that the presence
of the measuring point (at cell number 41) has the effect of
pinning down the threshold and, before the fault, the residual
too. It should also be noted that, for points where there is no
measure available, the thresholds grow quickly to very large
values reflecting the lack of information.

In Fig. (5) and (6), instead, a time plot of the output
residual and the threshold for the displacement and velocity
at the single measure point is visible. It can be noticed that
the fault is detected slightly after the fault time (50 s), thanks
to the velocity residual crossing its threshold.
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Fig. 5. Displacement output residual and threshold.

9They are shown here for analysis purposes only, but they are not used
by the detection scheme as only the output residuals and thresholds can be
computed.
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VI. CONCLUDING REMARKS

In this paper, a model-based fault detection methodology
for a class of uncertain distributed parameter systems has
been proposed, based on a structure-preserving numerical
method, the Cell Method, which relies on an Algebraic
Formulation of physical equations. While the problem of
fault diagnosis for such systems has been addressed pre-
viously in the literature by relying on different numerical
approaches, to the best of the authors knowledge this is
the first contribution that deals with both the following
fundamentals issues in the application of model based fault
diagnosis schemes to distributed parameter systems, namely:
1) the availability of input/output measurements only and ii)
the computation of time varying detection thresholds that
are robust to measuring, modeling and numerical errors.
To this end the AF approach was used for modeling the
healthy system, and the effects of both the fault and the
uncertainties. The validity of the approach is investigated
thanks to the simulation of a one-dimensional elastodynamic
problem, which is representative of many problems found in
health monitoring of mechanical and civil structures.

Future research efforts will be devoted to the important is-
sue of fault isolation and identification, and to the application
to higher-dimensional distributed-parameters problems.

VII. ACKNOWLEDGEMENTS

The first author is greatly indebted to prof. E. Tonti for
the many fruitful discussions about the Cell Method and the
Algebraic Formulation of physical theories.

REFERENCES

[1] I. Roychoudhury, G. Biswas, X. Koutsoukos, and S. Abdelwahed,
“Designing distributed diagnosers for complex physical systems,” in
Proceedings of the 16th International Workshop on Principles of
Diagnosis, 2005, pp. 31-36.

[2] M. Daigle, X. Koutsoukos, and G. Biswas, “Distributed diagnosis in
formations of mobile robots,” IEEE Trans. Robot., vol. 23, pp. 353—
369, 2007.

[3] N. Lechevin and C. A. Rabbath, “Decentralized detection of a class
of non-abrupt faults with application to formations of unmanned
airships,” IEEE Trans. Control Syst. Technol., vol. 17, no. 2, pp. 484—
493, 2009.

2451



Displacement [mm]

Displacement mm]

Actual (-) and estimated (- -) displacement, t=4.90 s Actual (-) and estimated (- - displacement, t=19.90 s Actual (-) and estimated (- -) displacement, t=34.90 s
E T . T S| T : T 3 15F T . T S|
1+ 4 - 4 - 1F B
E E
H z <
L 1 2 - 4
g Pts 3
F 4 §-0sf 1 3 B
a a
L 4 s 1 4
E ; H ; H ; E 15k i . ; . ; E 15k ; | ; . ; E
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 4 60 80 100 120
Node number Node number Node number
Displacement residual (<) and threshold (- -), t=4.90's Displacement residual () and threshold (- -), t=19.90's Displacement residual (-) and threshold (- -, 1=34.90
T T T 5 T T T T T T
1! n
4r - — 4 1! q — 4 ] 4
E il E I
E " E 1
3 B E3F i B = 3F 1 B
5 §
g | £ I
2t q g 2f " 4 g2 ' 4
5 ! 3 :
2 ! a8 '
1 B 1 1 B s i B
i |
120 0 20 40 60 80 100 120 0 20 40 60 80 100 120
Node number Node number

Actual (-) and estimated (- -) displacement, 1=54.90 s
T T T

Actual (<) and estimated (- -) displacement, 1=69.90 s
T T T

-05

Displacement [mm]

i
Displacement [mm]

i
Displacement [mm]

Displacement [mm]

i H i H i E| 15k i f i i i El -15E e i i i i E|
0 20 40 60 80 100 120 [ 20 40 60 80 100 120 0 20 40 60 80 100 120
Node number Node number Node number
Displacement residual () and threshold (- -), t=49.90 s Displacement residual (-) and threshold (- -), 1=54.90 s Displacement residual () and threshold (- -), t=69.90 s
T T T 5 m T T T T T T T
i ' y
4 d 4 4 ' i _al y 4
] € il £ \
i E i £ \
3 ! q zar i B zsr | q
{ £ i £ |
§ H
2 b b 8 2 ' 1 g2 ' b
| s | 2 |
8 H &
1 i B St ( 4 RIS ! B
|
| | /_\
1 il i S i h h . i i . f
0 20 40 60 80 100 120 o 20 40 60 80 100 120 0 20 40 60 80 100 120
Node number Node number Node number

[4]

[6]

[7]

[8]

[10]

(11]
[12]
[13]
[14]

[15]

[16]

[17]

[18]
[19]

Fig. 4. Actual and estimated velocity profile, and corresponding state residual and threshold. The fault occurs at Tp = 50 s.

R. M. Ferrari, T. Parisini, and M. Polycarpou, “Distributed Fault Diag-
nosis With Overlapping Decompositions: An Adaptive Approximation
Approach,” IEEE Trans. Autom. Control, vol. 54, no. 4, pp. 794-799,
Apr. 2009.

R. M. G. Ferrari, T. Parisini, and M. M. Polycarpou, “Distributed
Fault Detection and Isolation of Large-scale Discrete-time Nonlinear
Systems: an Adaptive Approximation Approach,” IEEE Trans. Autom.
Control, vol. 57, no. 2, pp. 275-290, 2012.

X. Zhang, M. M. Polycarpou, and T. Parisini, “Decentralized fault
detection in a class of large-scale nonlinear uncertain system,” in Proc.
Joint 48th IEEE Conference on Decision and Control and 28th Chinese
Control Conference, Shanghai, China, 2009, pp. 6988—6993.

X. Zhang and Q. Zhang, “Distributed fault detection and isolation in
a class of large-scale nonlinear uncertain systems,” in the 2011 IFAC
World Congress, Milan, Italy, 2011.

D. Balageas, C. Fritzen, and A. Giiemes, Structural health monitoring.
Wiley Online Library, 2006, vol. 493.

V. Venkatasubramanian, R. Rengaswamy, S. N. Kavuri, and K. Yin,
“A review of process fault detection and diagnosis. Part III: Process
history based methods,” Comp. & Chem. Eng., vol. 27, pp. 327-346,
2003.

——, “A review of process fault detection and diagnosis. Part I:
Quantitative model-based methods,” Comp. & Chem. Eng., vol. 27,
pp. 293-311, 2003.

L. C. Evans, Partial Differential Equations.
Soc., 2010.

S. A. Avdonin and S. A. Ivanov, Families of Exponentials: The Method
of Moments in Controllability Problems for Distributed Parameter
Systems. Cambridge University Press, 1995, vol. 0.

D. Burnett, Finite Element Analysis. Addison Wesley, 1987.

J. Ferziger and M. Peric, Computational Methods for Fluid Dynamics.
Springer, 2002.

M. A. Demetriou and M. Polycarpou, “Fault diagnosis of hyperbolic
distributed parameter systems,” in Proceedings of the 1996 IEEE
International Symposium on Intelligent Control, 1996, pp. 194-199.
V. Alopaeus, H. Laavi, and J. Aittamaa, “A dynamic model for
plug flow reactor state profiles,” Computers & Chemical Engineering,
vol. 32, no. 7, pp. 1494-1506, 2008.

F. Vesely, Computational physics: an introduction. Kluwer Academic
Publishers, 2001.

A. Bossavit, Computational electromagnetism. Academic Press, 1998.
M. Demetriou and A. Armaou, “Dynamic online nonlinear robust
detection and accommodation of incipient component faults for

American Mathematical

[20]

[21]

[22]
[23]

[24]

[25]

[26]

(27

[28]
[29]

[30]

(31]

[32]

[33]

(34]

2452

nonlinear dissipative distributed processes,” International Journal of
Robust and Nonlinear Control, vol. 22, no. 1, pp. 3-23, 2012.
[Online]. Available: http://dx.doi.org/10.1002/rnc.1796

S. Ghantasala and N. H. El-Farra, “Robust diagnosis and fault-tolerant
control of uncertain distributed processes with limited measurements,”
in Procs. of 2008 American Control Conference, 2008, pp. 934-939.
E. Tonti, “A direct discrete formulation of field laws- The cell method,”
CMES- Computer Modeling in Engineering and Sciences, vol. 2, no. 2,
pp. 237-258, Jan. 2001.

, “A Direct Discrete Formulation for the Wave Equation.” Journal
of Computational Acoustics, vol. 9, no. 4, p. 1355, 2001.

M. Desbrun, A. N. Hirani, M. Leok, and J. E. Marsden, “Discrete
Exterior Calculus,” Arxiv preprint math/0508341, p. 53, Aug. 2005.
M. Seslija, J. M. Scherpen, and A. van der Schaft, “A Discrete Exte-
rior Approach to Structure-Preserving Discretization of Distributed-
Parameter Port-Hamiltonian Systems,” Proc. 50th IEEE Conf. on
Decision and Control and European Control Conference, pp. 7003—
7008, Dec. 2011.

R. I. McLachlan, G. R. W. Quispel, and N. Robidoux, “Geometric
integration using discrete gradients,” Philosophical Transactions of the
Royal Society A Mathematical Physical and Engineering Sciences, vol.
357, no. 1754, pp. 1021-1045, 1999.

M. Clemens and T. Weiland, “Discrete Electromagnetism with the
Finite Integration Technique,” Progress In Electromagnetics Research,
vol. 32, no. 32, pp. 65-87, 2001.

P. J. Hilton and S. Wylie, Homology theory: an introduction to
algebraic topology. CUP Archive, 1967.

J. R. Munkres, Topology. Prentice Hall, 2000.

H. Edelsbrunner, Geometry and Topology for Mesh Generation. Cam-
bridge University Press, 2001.

F. Branin, “The algebraic-topological basis for network analogies and
the vector calculus,” in Proc. Symp. Generalised Networks, Microwave
Research, vol. 16. Polytechnic Institute of Brooklyn, 1966, pp. 453—
491.

B. A. Dubrovin, A. T. Fomenko, and S. P. Novikov, Modern
Geometry-methods and Applications: Introduction to homology the-
ory. Springer, 1990, vol. 1.

K. Graff, Wave motion in elastic solids. Dover publications, 1991.
R. M. G. Ferrari, T. Parisini, and M. M. Polycarpou, “A robust
fault detection and isolation scheme for a class of uncertain input-
output discrete-time nonlinear systems,” in Proc. American Control
Conference, Seattle, USA, 2008, pp. 2804-2809.

T. Kailath, Linear systems. Prentice-Hall, 1980.




