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On the control of spin-boson systems

Ugo Boscain!, Paolo Mason?, Gianluca Panati®, and Mario Sigalotti*

Abstract—In this paper we study the so-called spin-
boson system, namely a spin-1/2 particle in interaction
with a distinguished mode of a quantized bosonic field.
We control the system via an external field acting on the
bosonic part.

Applying geometric control techniques to the Galerkin
approximation and using perturbation theory to guaran-
tee non-resonance of the spectrum of the drift operator,
we prove approximate controllability of the system, for
almost every value of the interaction parameter.

I. INTRODUCTION

In this paper we study the so-called Rabi model,
which describes the interaction between a bosonic
mode and a two-level system. Mathematically, in the
Hilbert space H = L?(R,C) ® C?, we consider the
Schrodinger equation

10y = HRani?, (1)

where
w 9 9 Q
Hgani = 5(—8x+a: )@ 1+ §]l®03+gx®01,

and

/01 (0 i /10
01 = 1 0/ 02 = i 0 ’ 03 = 0 -1/

is the usual notation for the Pauli matrices.
The physical interpretation of the two factors in
the tensor product varies according to the context.
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For instance, in cavity QED the Hamiltonian Hpap;
describes a two-level ion interacting with a single
distinguished mode of the quantized electromagnetic
field in the cavity. In this context, a simplified version
of the operator Hp,y,; is often called Jaynes-Cummings
Hamiltonian, after the celebrated work [1] on maser
theory (see [2] and references therein).

In a wide variety of experimental situations one can
act on the system by an external field. The goal of the
controller might be to lead the system from a given
initial state to a prescribed final one. For spin-boson
models, this amounts to study the control problem

100(t) = Hranto (1) + Ho(w®)6(t), @)

where H. is a self-adjoint operator describing the
coupling between the system and the controlled exter-
nal field. In general, u takes values in R (or, more
generally, in R%).

In most cases the external field can act on the
bosonic mode only, while the spin mode is not directly
accessible. This leads to a control Hamiltonian of the
form

He(u(t)) = he(u(t)) @ 1. 3)

where h.(u(t)) is a self-adjoint operator acting in
L*(R,C).

One of the simplest form for the operator h.(u(t))
is the following

he(u(t)) = u(t)z. @)

The linearity in u is a consequence of the dipole
approximation which is valid in the limit of weak field.
The linearity with respect to x of the multiplicative
operator h. represents the action of a force depending
on time and constant in z.

The main result of the paper is the following.

Theorem 1: Assume that {2 is not an integer multiple
of w. Then system (2), with H, taking the form (3)-(4),
is approximately controllable for almost every g € R.

Mario Sigalotti is with INRIA-Centre de Recherche Th : e : -1:
; reci finition of roxim ntrollabili
Saclay, Team GECO and CMAP, Ecole Polytechnique, . ep E?C se Fle tion o app.o ate C_O trollab ty
Route de Saclay, 91128 Palaiscau Cedex, France Will be given in the next section. It basically means
mario.sigalotti@inria.fr that for every choice of the initial and final state, there
978-3-952-41734-8/©2013 EUCA 2110



exists an admissible control law v depending on the
time which steers the initial state arbitrarily close to
the final one.

For control results on related spin-boson models, see

(31, [4], [51, [6], [7].
A. Content of the paper

In Section II we recall an approximate controllability
result obtained in [8], which is crucial for our study.
In Section III we prove Theorem 1. To this purpose
we study the applicability of the general approximate
controllability result in dependence on the parameter g.
In order to do so, we have to use perturbation theory
in the parameter g up to order 4.

II. AN APPROXIMATE CONTROLLABILITY RESULT

We are going to recall a general controllability result
for bilinear quantum systems in an abstract setting.

In a separable Hilbert space H, endowed with the
Hermitian product (-,-), we consider the following
control system

%d) — (A+u®)B)Y, wult)eU, (5)

where (A, B, U) satisfies the following assumption.

Assumption 1: U is a subset of R and (A, B) is a
pair of (possibly unbounded) linear operators in H such
that

1) A is skew-adjoint on its domain D(A);

2) there exists a Hilbert basis (¢x)ren of H con-
sisting of eigenvectors of A: for every k, A¢y, =
iAp¢r with Ap in R;

3) for every j in N, ¢; is in the domain D(B) of
B;

4) A+ uB is essentially skew-adjoint for every u €
U;

5) (B¢j, ¢x) = 0 for every j, k in N such that \; =
Ar and j # k.

If (A, B,U) satisfies Assumption 1, then A + uB
generates a unitary group t — e!(4+45) By concate-
nation, one can define the solution of (5) for every
piecewise constant function u taking values in U, for
every initial condition 1)y given at time tg. We denote
this solution by ¢ — T3, .

A pair (j,k) in N? is a non-resonant transition of
(A, B) if bj, # 0 and, for every I,m, |[\; — A\ =
|\i— A | implies {4, k} = {I,m} or {I,m}N{j, k} = 0.

A subset S of N2 is a chain of connectedness of
(A, B) if for every j,k in N, there exists a finite
sequence p1 = j,p2,...,pr = k for which (p;, pj41) €
S for every | and (¢, ,,B¢,,) # 0 for every | =

Fig. 1. Each vertex of the graph represents an eigenstate of A
(when the spectrum is not simple, several nodes may be attached
to the same eigenvalue). An edge links two vertices if and only if B
connects the corresponding eigenstates. In this example, (¢1, Bp2)
and (¢1, Bps) are not zero, while (¢1,Bos) = (P2, Bos) =
<¢27 B ¢4> =0.

1,...,7 — 1. A chain of connectedness S of (A, B)
is non-resonant if every (j, k) in S is a non-resonant
transition of (A, B).

Definition 1: Let (A, B,U) satisfy Assumption 1.
We say that (5) is approximately controllable if for
every € > 0, for every ¥g,vn € H, there exists a
piecewise constant function wu, : [0,7;] — U such that

1Y, oo — 1|l <e.

Theorem 2 ([8]): Assume that [0,] C U for some
d > 0andlet (A, B, U) satisfy Assumption 1 and admit
a non-resonant chain of connectedness. Then system (5)
is approximately controllable.

III. PROOF OF THEOREM 1

We consider here the approximate controllability
problem for a system of the form (2), where H, takes
the form (3)-(4).

The goal of this section is to prove Theorem 1.
Assume then that €2 is not an integer multiple of w. The
proof of the theorem is based on a suitable application
of Theorem 2.

The strategy of the proof is the following. We first
show in Subsection III-A that, for almost every g in R,
some relevant pairs of eigenvalues of Hg,p; satisfy the
non-resonance condition, see (7). This goal is reached
by exploiting the analyticity of the eigenvalues and by
using perturbation theory. Then, in Subsection III-B,
we prove that these pairs of eigenvalues correspond
to non-resonant transitions, according to the definition
above.

Preliminarily, we introduce some additional nota-
tions. Denote by HRgpi o the Hamiltonian Hr,p; where
we set g = 0. Let (¢;)jen be the standard Hilbert
basis of L?(R,C) given by real eigenfunctions of
—02 + 22, so that (—02 + 2?)p; = (2j + 1)p; and
Jrzei(@)pjri(r)de = \/(j +1)/2 for j > 0.

Based on (¢j)jen, we obtain a Hilbert basis
(®),s)jen, se{—1,1} of factorized eigenstates of HRani,o
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whose corresponding eigenvalues are

Ej,s = w (] + ;) + %Q
Since 2 is not an integer multiple of w then each
eigenvalue E; s is simple. (See Figure 2.)

For ¢ € R, denote by Eﬁs, j € N, s = %1,
the eigenvalues of Hpg,p; repeated according to their
multiplicities, and by @?75, j € N, s = &£1, an
orthonormal basis of corresponding eigenstates. By a
suitable global version of Rellich’s theorem [9, The-
orem XII.8], the ordering of the eigenvalues E;{ $ S
and the eigenfunctions of Hpg,p; inside the (possibly
degenerate) eigenspaces can be chosen in such a way
that g — E7  and g — @ are analytic functions,
with values i 1n C and L?(R, C) respectively, for every
(4,8) € N x {—1,1}. Without loss of generality we
assume that EY = Ej, and ®) = ®; for every
(4,8) e N x { 1 1}

In the following, for ease of notations, we write in
bold the elements of N x {—1,1}, and for every j €
N x {—1,1} we define j(j),s(j) in such a way that
i =03),s0)-

In order to study the first and higher-order derivatives
of g — E;{ s at g = 0, it is useful to introduce the

quantities
) + 1)

A. Step I: Relevant eigenvalue pairs are non-resonant.

Vij = (®5, (z®@01)®

_( (J
= {5,040 :

X (L= ds(iy,s(3))-

+531:JJ

Let us first prove that for almost every ¢ € R and
every i,j,k,1 € N x {—1,1}, with (i,j) # (k,1) and
i#j, one has EY — EY # EJ — E{. In order to do
so, we observe that it is enough to show that for fixed
i,j,k,1€ N x {—1,1} as before, the set

{9| B —

is of full measure. By the analytic dependence on g of
the eigenvalues of HR,pi, this is equivalent to say that
g+ E{ — EY and g — Ej — Ef have different Taylor
expansions at g = 0.

Let us consider the Taylor expansion

Sijkl = B! # B — EY} (N

oo
(
B =B+ Y gmE™.

m=1

(m)

The computation of the coefficients E, carried on
below is based on the Rayleigh—Schrddinger series (see,
for instance, [9, Chapter XII]).

First of all we observe that F; — F; = Ey — Ej is
equivalent to j(i)—j(j) = j(k)—j(1) and s(i) —s(j) =
s(k) — s(1), in the case in which € is not an integer
multiple of w/2. If Q = (2m + 1)w/2 for some non-
negative integer m, then E; — E = Ey — E) implies

3 +51) = 5Q§) — (k) =
2m4+ 1 (S(J) + s(k) — s(i) — 5(1))’

and thus, if the left-hand side is an integer number
different from zero, it must be |s(j) + s(k) — s(i) —
s(1)| =4, that is s(j) = s(k) = —s(i) = —s(1).

The term E}" coincides with Vij = (®j,(X @

o1)®;), thus we deduce from (6) that E(l) = 0 for
every j.

Following [9] we have that

\ _
EJ( ) = Z(Em ~ Ej) " VimVing
mAj
Thus
2 - ?
B = =" (B — E) N1 = 8y(5)5m))* %
mZj
J(§) +1
X <5j<j>,j<m)—1 — 5 T
M)
3
+5j<j),j<m)+1\/j
1 J0)+1
= —(Ej()+1,-s) — B 5
1J J)

G
= (Ejg)-1,-s) — B3) " =~

+(w+s()2)”

_ w+s)R(2(G) +1)
EECET I

Notice that the computation above is correct also for
J(§) = 0, even if in this case Ej(j)—1,_4(j) is not a well
defined eigenvalue of HRrapi . Indeed, in this case the
term (E;()_1,—s(j) — £5)7"j(j)/2 counts as zero.

Let us identify the values i, j, k,1 such that E(z) —

Ej(2) = El((Q)—E( ) under the assumption that F;—Fj; =
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Ex — E). Recall that we also assume that (i,j) # (k,1)

and i # j. From the above expression of EJ.(2 we have

s(i) (27(1) +1) —s(j) (2(G) +1) =
s(k) (2j(k) +1) —s(1) (2j() +1).  (®)

If Q = (2m + 1)w/2 for some non-negative integer

m and s(j) = s(k) = —s(i) = —s(1) then (8) gives
§() +73G) 4+ 7(k) + j(1) + 2 = 0, which is impossible

being the addends positive.

—30) = j(k)

s(1), in which case

-3

The remaining case is when j(i)
and s(i) — s(j) = s(k) —

s(1)j(i) —s(3)i0) = s(k)j(k) —sD)jd). )

Then, either s(i) = s(j), which implies s(k) = s(1)
and then, by (9), s(i) = s(j) = s(k) = s(1), or
s(i) = —s(j), which implies s(k) = —s(1) and then,
by (9), 7(i) +j7(j) = j(k) + j(1). In the latter case
it must be i = k and j = 1, which is excluded by
assumption. Therefore the nontrivial quadruples i,j.k,1
satisfying both the equalities F; — F; = Ex — K

and Ei(2) — EJ.(Q) = E1(<2) — EI(Q) are those for which
s(i) = s(j) = s(k) = s(1) and j(i)—5() = j(k)—j (D).

Let us now evaluate the terms Ej(?’) as in [9]. We
have

EY = 3 (B — Ej)(Ba - E) %
m#j,n#j
X VimVinnVaj — O (Bm — E5) *VimVin Vi
mj

Since Vap # 0 only if s(a) = —s(b) it turns out
that Vj m, and Vi n are different from O only if s(j) =
s(n) = —s(m), but then V}, ; = 0. Thus, recalling that
Vi; = 0, we have Ej(3) =0 forevery j € Nx{-1,1}.

We are going to complete the proof that the set Sj j i 1
defined as in (7) has full measure by showing that if
i,j,k,1 € N x {—1,1} are such that (i,j) # (k,1),
i#j, j(i)—7G) = j(k) — j(1) (which follows from
E; — E; = Ex — Ey) and s(i) = s(j) = s(k) = s(1)
(which follows from E{” — E{” = E) — E*)), then
EY -EY 2 EY - EY.

The general formula for EJ.(4) (see [9]) is

EY =— 3 (Bm— B (Ba— By~ x
m#j,n#j,p#j
(10)
x (Ep — Ej)_lvjymvm,nvmpvp,j
+ Y ViiVimVinnVa((Bm — Ej) 7' x
m#j,n#j
X (En — Ej) 72 (Em — Ej) *(BEn — Ej) 7'
+ Z (En - Ej)_l
m#j,n#j
>< V]7me7JV? V
- Y (Bm—E 3V m Vi V35
m#j
Since Vj; = 0, only the first and third term of the
right-hand side must be evaluated.
Let us compute the first term in (10). In
order to avoid null terms we must assume
5(j) = —s(m) = s(n) = —s(p) and thus j(j) # j(n).

Therefore the only nonzero terms in the sum are given
by j(§) = jm) +1 = jm)+2 = j(p) + 1 (f
7(3) > 1 and 5(j) = j(m) -1 = j(n) -2 = j(p) - 1.
We have

Z (Ek - Ej)il(El - Ej)il(Ei - Ej)ilx

k#j,1#],i#]
x VixViViiVig = (—w — s(3)Q) ' x

(2w s () (1)
+ (w0 = s()2) 7 (20) " (w = s x

(HY (de2y

Notice that the formula is correct also in the case
where j(j) =0 or j(j) = 1.

Let us now compute the third term in (10). As before,
to avoid null terms we assume s(j) = —s(m) =
—s(n). The nonzero terms in the sum are given by
j(m) =75()£1 and j(n) = j(j) £ 1 thus we have to
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sum four terms. We have

Z (Bm — Ej)_2(En - Ej)_IVj,me,jV:i,nVn,j =
m#j,n#j
/e 2

(- - s~ - s (1)

+ (—w —5()) 2 (w — s ! ‘7(2‘]) ‘7(‘]);_ 1

+ (w—s()Q) 2 (~w — s(G)) ! ](2‘]) j(j);_ 1

- conet (36) 1Y
o= o) 2 - s ()

By summing up all the terms one sees that, for fixed
s = s(j), the term EJ.(4) depends quadratically on j(j),
: 4 . R AP
ie. BiY = Co(s(3)) + Cr(s(3)i() + Ca(s(G))iG)>.
where the coefficient Ca(s(j)) is given by

Qw? +302)

Ca(s(j)) = 5(j)m # 0.

So, if i,j,k,1 are such that s(i) = s(j) = s(k) =
s(1) = s and j(i) — 7(j) = j(k) — j(1), we have

i j
= Ci(s)(§(A) — () + Ca(s) (G (1)* — 5 ()%) =
Ci(s)(j(k) — (1) + Ca(s)(j(k)* — j(1)?)
= Co(s)(§(1)* = j(§)*) = Ca(s)(i(k)* —5(1)?)
< Co(s)(J(1) +7()) = Ca(s)(G(k) + (1))

<= j(i) = j(k) and j(j) = j(1).

This concludes the proof that for almost every g € R
and every i,j,k,1 € N x {—1,1}, with (i,j) # (k,1)
and i # j, one has EY —Ejg # EJ — EY.

B. Step 2: Coupling of the relevant energy levels.

The proof of Theorem 1 is then concluded, thanks to
Theorem 2, if we show that the controlled Hamiltonian
xz®1 couples, directly or indirectly, all the energy levels
for almost all g € R.

More precisely, we show below that <<I>jg, (z ®
1)®]) # 0 for almost every g € R for all j, k such
that 5(3) = s(k) and [j(3) — j(K)| = 1 or () = —s(k)
and j(j) = j(k). See Figure 2. As before, it is enough
to show that the corresponding Taylor series in g is
nonzero.

Set <I>jf] =054+ > gm<I>§m). We have

(@5, (x @ 1)Py) =

5 j@) +1
J@to-1\ 75

i)
+0j(5),500+1 2) 0s(3),s(k)-

Fig. 2. The dashed lines connect eigenvalues of Hgapi that are
“coupled” by the controlled Hamiltonian when g = 0, while the
dotted lines connect eigenvalues that are coupled by the controlled
Hamiltonian for almost all g # 0.

This is enough to say that (®{, (z ® 1)®]) # 0 for
almost every ¢ for all j, k such that s(j) = s(k) and
7() —i(k)| = 1.

The term <I>§1) can be characterized through the
relation

(HRabio + 92 ® 01)(®5 + Q‘I)ng) +o(g)) =

(By+ 9" + 0(9))(®5 + 92" + 0(g)). (1)
Regrouping the first-order terms in (11) we get
Hrapio®V + (2@ 01) @5 B30 ~ BV @5 = 0. (12)

Denote by II the orthogonal projection on the orthog-
onal complement to ®;. Applying II to (12), we get

(Hpabio — E1)@{" + (z ® 01)®; = 0.

Notice that the orthogonal complement to ®; is an
invariant space for the operator Hgapio — £j1, which
is invertible when restricted to it. We write (HRabi,0 —
E;1)7! to denote its inverse (whose values are in the
orthogonal complement to ®;). Thus,

0} = —(Hyapio — Bj1) (2 @ 01)®;

- Z(EJ — B) Y@y, (2 © 01)P;5) Py
1#]

The linear term in the Taylor expansion of <<I>jg ,(x®



1)®y) with respect to g is given by

(@5, (z @ 1)) + (@Y, (z @ 1)@y) =

> (B — E) N1, (2 @ 01)Bic) (5, (v @ 1)@1)+

1£k

> (B — B)THE, (2 @ 01)23) (P, (2 @ 1))

1#j

Taking into account only the nonzero terms in the
first sum gives s(j) = s(1) = —s(k), [5(§) — ()| =1
and |j(k) — j(1)| = 1, so for fixed j,k we only have

(at most) two terms. We assume j(j) = j(k), thus we
have

(@5, (z © 1)DY)) =

= |(—w+ s(k)Q)‘lj(k;H + (w+ s(k)Q)‘ljgk)

w+ 50901 +2j()

2(02 — w?)
Similarly,
—s(k)Q(1 + 2j(k))
ol 1)dy) =2 5 .
<J ,(.’IJ@ ) k> 2(92—(,02)
Hence,
w
(@ (r 0 1)2)) = 55,

which is different from zero for every k. Thus the
Taylor series of (®7,(z ® 1)®j) is nonzero, which
concludes the proof of the theorem.

CONCLUSION

We analyzed the controllability properties of the Rabi
model, describing the interaction between a bosonic
mode and a two-level system, subject to an external
field acting on the bosonic mode only. Namely, ap-
proximate controllability has been proved under a non-
resonance assumption between the bosonic term and

the spin term in the Hamiltonian, and generically with
respect to the strength of the interaction term between
the two modes. The method relies on perturbation
arguments for the spectrum of the Hamiltonian, which
allow to apply a general controllability result for the
bilinear Schrodinger equation. Future work will address
the issue of extending the result to a general class
of control terms, possibly removing the non-resonance
condition.
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