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Abstract—This paper considers the stable grasp in the sense
of quasi-statistics, i.e., an object is grasped by a multi-fingered
robot hand, where each finger is regarded as a virtual 3D linear
spring. The stability analysis is to find a condition under which
the equilibrium can be restored after any small perturbations
of the object’s position and orientation. The paper derives a
necessary and sufficient condition for the grasp to be stable in
terms of relations among the stiffness parameters, the contact
points, and the object’s COG. By using this result, a region of
the object’s COG can be clarified which guarantees the stable
grasp.

I. INTRODUCTION

Many researchers have tried to introduce robots into hu-
man’s daily life environments, where the robots are aimed
to do various tasks instead of humans. Then, multi-fingered
robot hands are effective as end-effectors because they have
capability to grasp and manipulate variously-shaped objects
with multi contacts and multi joints. Especially, the grasp has
to be established primarily and eternally before and awhile
manipulation, so it is very important that the grasp is stable.
The stable grasp has been dealt with from the viewpoints
of the statics, dynamics and quasi-statics. The studies of
these viewpoints are briefly reviewed and some of them are
surveyed in [1], [2], [3].

The stable grasp in the sense of the statics means the
analysis and optimization of the factors, i.e., the grasping
forces, the contact points and the configurations of the object
and fingers. Some of the criteria in the optimizations are the
friction and torque limitations [4]; a safety factor to prevent
the break of the object [5]; a force decomposition based on
a clear physical meaning [6]; the Force-Closure, e.g. [7], [8].
All the factors are considered in [9] with sets of required
external forces and acceleration. An application for grasping
assembling parts by a four-fingered robot hand by optimizing
all the factors is shown in [10].

The stable grasp in the sense of the dynamics has been
considered from the viewpoints of the computed torque law
and the Lyapunov theory. The first one is a major control
method in robotics and was initially used for the grasp and
manipulation, e.g., [11], [12] and [13]. The second one is
a major stability theory in the control theory and has been
studied, e.g., [14], [15], [16] and [17]. Control methods based
on the concept of stability on a manifold were proposed
in [18] and a 3D manipulation case was discussed in [19].
A port-Hamiltonian approach was applied to the soft-finger
manipulation with cases of contact and non-contact in [20].

The stable grasp in the sense of the quasi-statics is dis-
cussed based on the stiffness-effect [21], which is the resultant
force and moment due to the unbalanced grasping forces
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when the grasped object is perturbed from its equilibrium
point. Hanafusa and Asada [22] considered the grasp by
fingers, each of which is assumed to be one degree of freedom
(DOF) linear spring. They derived that an equilibrium of the
grasp is stable if and only if it is a strict local minimum of
the elastic potential energy due to the fingers. This result was
extended to the grasp with the two DOF springs [23], [24].
The case in 3D space was discussed in [25], [26]. The effects
of the rolling contact and the curvatures of the fingers and
object were studied in [26], [27], [28]. The contribution of the
structural and actuational elements in a grasp to the stiffness
was identified in [21]. The stiffness between the fingers were
considered as well as the stiffness of the fingers in [29]. It
is shown there that the stiffnesses and contact points can be
obtained, under which the grasp is guaranteed to be stable
when the object parameters are given. Therefore, this type
of the grasp is feasible since the stiffness can be realized by
compliance or impedance controls, e.g., [29], [30]. However,
the gravity effect is ignored in the previous studies above
though it can destabilize the grasp. In fact, it is easy to
image that the grasp may be unstable in the case that the
center of gravity (COG) is located above a center of rotational
perturbation. Svinin et al. [31] analyzed the effect of the
gravity for the grasped object with frictional and constant
grasping forces, which is not a virtual spring model.

This paper considers the stable grasp from viewpoint of
quasi-statics where a multi-fingered robot grasps an object
by point contact. In the same way as the previous researches
shown above, it is assumed here that each finger’s grasping
is regarded as a linear spring with three-DOF stiffness.
But, unlike the previous researches, this paper considers
the gravity effect explicitly. The main contribution of the
paper is to derive a necessary and sufficient condition for
the multi-fingered grasp to be stable under the gravity effect
in terms of relations among the stiffness parameters, the
contact points, and the object’s COG. This result modifies
the authors’ previous ones [30], [32] by correcting some
misunderstandings as well as relaxing some conditions. By
using the main result, it is easy to see where the object’s COG
should be located to guarantee the stable grasp. Furthermore,
this observation shows that it is possible under a certain
condition that no matter where the object’s COG is located,
the grasp is stable.

II. PRELIMINARIES
A. System Configuration

Consider an equilibrium situation of an object grasped by
the ith finger at the ith contact point C; (i = 1,--- ,n) as
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Fig. 1. An Object grasped by n fingers.

shown in Fig. 1, where ¥ p is the inertial frame of reference,
Ppc,; € R? is the 4th contact point, Py € R? is the position
of the COG, and f; € R? is the grasping force at C;. Note
that the variables with the bars “~” denote the ones at the
equilibrium. The equilibrium situation means that the forces
and moments exerted on the object are balanced. In this study,
the stability of the grasp is investigated when the object is
perturbed with respect to the position and orientation from
its equilibrium.

We make the following assumptions for the contact points
C;’s and the grasping forces f;’s:

Assumption 1: All the contact points C;’s are located in
a same plane S, as shown in Fig. 2 (a). The contact type is
the point contact and the contact locations are fixed on the
object.

Assumption 2: The ith finger is controlled by a compli-
ance control method. It is assumed that the ¢th finger behaves
as the 3D virtual translational spring (k,, ky,, k-,) as shown
in Fig. 2 (b). The virtual walls W,,, W, and W, are
perpendicular to each other. The spring k,, is attached to C;
as well as W,,,, where k,, is always kept to be perpendicular
to Wy, even if C; moves. The springs k,, and k., follow the
same behavior as k.

We also make the following assumptions for the equilibrium:

Assumption 3: The plane S, coincides with the horizontal
plane at the equilibrium as shown in Fig. 3.

Assumption 4: The elongations of all the springs kg,’s
intersect at one point C in the plane S at the equilibrium as

Finger n

Finger 1

Finger i

Finger 2

(a) Contact locations (b) 3D virtual spring

Fig. 2. Assumptions for the contact points and grasping forces.

Finger n

Fig. 3. Assumptions for the equilibrium.

shown in Fig. 3.

Without loss of generality, the springs k,’s are set vertically
and the springs k,,’s are set for the spring (k,,, ky,, k-,) to
be the right-handed coordinate system.

From all the assumptions, the equilibrium situation of the
grasp is expressed by Fig. 4. Now we set the reference frame
Y.p to Cs. The object frame Y is fixed to the object at C
to coincide with ¥ 5. The ith spring frame g, is fixed with
respect to Xp at C; and its x-, y- and z-axes are set along
the springs k,, ky, and k, respectively.

Associated with the ith contact point C;, the contact
parameter is defined as (7;, &;, 3;), where 7; is the distance,
a; and B; = 5 are the angles from the x- and y-axes respec-
tively. Similarly, associated with the the COG, the gravity
parameter is defined as (7y, &g, 3,), which denote the dis-
tance, the angles from the x- and y-axes respectively. Then,
the ith contact point C; and the COG are expressed by pc, =
Fi[cdm Sdm O]T and ﬁg = FQ[SBHC&gv SBgS&gv CBQ]T in
> p respectively, where C, and S, denote cos« and sin «
respectively as well as Cg and Sg.

The spring k,, has the coefficient k,, and the displace-
ment ., as well as the springs k,, and k., as shown
in Fig. 2 (b). The spring displacements are denoted by
8; := [0z, 0y, 0.,]7 € R®. Note that the positive and negative

Center of
Gravity

Fig. 4. An object grasped by virtual spring fingers.
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values of §; represent the compression and extension from
the natural thinning.

The ith grasping force f; is given by f; = —Rg, K;9;.
i = [64; 6y, 0.,)7 represents the spring displacements at
the equilibrium. Rg, := Ryz(a;) is the rotation matrix of
g, with respect to X p, where Ry € R3*3 is the rotation
matrix about z-axis. K; := diag(k,, ky,, k-,) is the stiffness
matrix of the ¢th spring.

The perturbation to the object from the equilibrium is
represented by u := [ pg, ¢} ]T € R®, where po, ¢o € R
denote the position and the roll-pitch-yaw angles of the
rotation matrix Ro € R**3 of ¥ with respect to Y.

B. Stability Conditions

For the grasp, we define the stability when the object is
perturbed from the equilibrium with any small perturbation
u € R®. The potential energy of the grasp is given by

L

Uu) = 537521 8:(w) " Kidi(u) — py(uw)'mg, (1)

where
py(u) = Ro(po)py + po, 2)

8:(u) = Rg'((Ro(do) — Is)pc, + po) +6;.  (3)

Suppose that U(u) is differentiable twice with respect to w.
The grasp is stable at u = wu. if the following conditions
hold [22]:

VU (u.) =0, V2U(u,) > 0. 4)

The first condition of (4) denotes that u. is an equilibrium
and the second one denotes that it is stable.

In this paper, we consider that u. is equal to 0. The first
condition of (4) with u, = 0 leads to

iy fi+tmg =0, (5)

Z?:l Pc; X fi + Dy X Mg = 0, (6)

where m is the mass of the object and g := [0 0 —g]T € R?
with g = 9.8 [m/s?] is the gravity vector. Now, the second

condition of (4) will be investigated below. The matrix
V2U(0) € R%*® is calculated as

K K
voo-[r k. o
where
a— CBQ —d 0
Kyy:=M —d b— C/;g of, (8)
0 0

K,, =Y R, K;Ri =M

Note that [pc,x] € R®**? is the skew-symmetric matrix
equivalent to the cross product of pc,. The components a

to s are defined as a := A/M,---,s := S/M, where the
capitals A to .S and M are given by

A:=31 {(k.,7i — kg, 05,)Sa, —

B =31 {(k,Ti — k2,02,)Ca, + ky,
C =50 (ky,7i — kg, 00,7
D=3 {(k:7i — ku,00,)Ca, + ky, 0y, 55, } iS4,
E =%}k, 7S, F =X 1k,7Ca,
G =% 1k, 7S5, H: =X 1k,7:Cs,
Q= Z?:l(kmic(%i + Ky, Sﬁi), R:=%i (ke
S=Xi, (koci Sgi + kyicgi)’ P =% k.,

M = rgmg.

ky,3,.C

'i}
iS’i}

=
!

S,
Ca,

S

=
©

K, € R**? represents the stiffness effect from the position
to the translational force. K,;, € R**® represents the
coupling between the position and orientation. Ky R3*3
represents the stiffness effect from the orientation to the
moment. M is called as the gravity effect in this paper.

Since V2U (0) is the symmetric matrix, V2U (0) is positive
definite if and only if

K,, -0,
Ky — K, K, 'Kps -0

(1)
(12)

from Schur’s complement [33]. Since every K is positive
definite, it is evident from (10) that (11) always holds. Then,
the stability analysis is shown by considering (12).

ITI. STABILITY ANALYSIS

A. Problem Setting
With (9) and (10), K pT¢Kp_p1Kp¢, is calculated as

pleet

O01x2

0
T —1 _ 2x1
KoKy Kpy =M e

where I~(1’) = [2%7], € == [g W, n = [e f]*. Thus,
Ky — K K, 'K, in (12) is given by
i—x —d 0
Koy — KK, Kps =M | —d b—z 0], (14
0 0 ¢
where z := Cp_ and
a:=a—ptg? b:=b—plh2
PR T gr/—1 7. -1 (15)
ci=c—m K, 'n, d:=d+p gh

From the Sylvester’s criterion for the condition (12), (12)
holds if and only if all the following principal minors of (14)
are positive:

filz) = -z +i (16)
fo(z) = (z — a)(z — b) — d° 17)
fa(x) := éfa(a), (18)

where f;(z) (j = 1,2,3) is the jth principal minor.
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For the formulation of the stability problem, we define the
following sets with respect to x:

Ro={z|-1<z<1}, (19)
Rj={x| fi(x)>0}, (20)
Ro1:=RoNR1,Ro12:=Ro1NR2, Ro123:=Ro12NR3. (21)

Then, the stability problem is formulated with respect to the
position of the COG:

Problem 1: Suppose that the contact parameters (7;, &;),
the stiffness coefficients (k,, ky,, k-,) and the initial spring
displacements §; = [0, 6,, 0.,]" are given to satisfy (5) and
(6). Find a necessary and sufficient condition on z for the
equilibrium » = 0 to be stable.

B. Analysis Results

Lemmas and a theorem are shown with respect to the sets
of (21). .
Lemma 1: Rg; # 0 is equivalent to —1 < a. Then,

~ | —1<z<a for a <1
Ro1 = { | - } . 22)
{z] —1<z<1} for a>1
Proof. (22) is trivial from R4 ={z|z < a} of (20). a
Lemma 2: Eq. fo(z) = 0 has two real roots
a+b—1/(a—b)?+ 4d>
G 1= (23)
2
and
a+b+/(a—b)?+ 4d?
& = , (24)
where it holds that
&y < a, b<é. (25)

Proof. Since fo(x) = 0 is rewritten as 2 — (a+b)z+ab—d =
0, it is obvious that é; and &} are the roots of this equation.
The inequalities of é; <a<é, in (25) are proved by

(@ —Db) + /(@ —b)? + 4d2
a—éy = >0
2
L (a=b)—y/(@a—b)?+4d?
a— €y = 5 <0.

The inequalities é; < b < &, in (25) are easily proved by
replacing a to b in the same procedure. (I

Lemma 3: Rg12 # 0 is equivalent to —1 < é&,. Then,

. —1<zx<e fi er < 1
Rop = Ll Tlse<@} for &< o0
{z| —1<z<1} for é3>1

Proof. From (20), (17) and Lemma 2, f» (z) > 0 leads to

Ro={z|x<é, éh<uz}. 27

X_, x
B, = cos'e,

B, =0

(a) The case of —1<¢, <1 (b) The case of 1<&,

Fig. 5. The areas of the position of the COG.

Since R ={ z | x<a}and & < a < &, in (25),
ﬁlzizﬁlﬂﬁ2:{$|$<é2}.

From Ro={z| — 1 <z < 1} of (19), Ro12 = Ro N Riz of
(21) is not an empty set iff —1 < €. Then (26) is trivial. [

Theorem 1: 7@0123 = () is equivalent to

c>0, —1<eés. (28)
Then, 7@0123 is characterized by
~ z| —1<zx<e for e5 <1
Rom= | L7 TLso <) R )
{z| —1<z<1} for é3>1

Proof. From (20), (21), (18) and Lemma 3, it is obvious that
a necessary and sufficient condition is the couple of ¢ > 0
and —1 < é5. The set 7%0123 is obviously characterized by
(29) when ¢ > 0. O

Remark 1: The physical meaning of Theorem 1 is illus-
trated in Fig. 5. The position (7y,day, 3,) of the COG to
satisfy Ro123 # () is characterized as a gray subspace in
the surface of the sphere with the radius 7, in the cases of
() —1 < é2 < 1 and (b) 1 < é;. Note that |, < 7 is
arbitrary. The angle of the area is defined as

(30)

o cos™1éy for —1<éy <1
IR for 1< éy '

In the case of (b) 1 < éo, the area of the position of the
COG is the sphere. Then, the grasp is always stable with any
position of the COG.

Next, let us characterize the conditions shown in Theorem
1 with respect to the normalized stiffness effects a, b and d.
From (23), the condition —1 < €5 results in

(a+1)(b+1)>d> (31)

Furthermore, the conditions —1 < é; < 1 and 1 < é5
respectively result in

(a—1)(b-1)<d? (a—1)(b-1)>d> (32

The conditions of (31) and (32) in the case of d? < 1 are
depicted in Fig. 6. From (31) and (32), the stiffness effects
(a,b,d) can be evaluated directly.

Next, let us consider a special case for K pe- From (9), the
condition K, = 0 results in

e=f=g=h=0. (33)
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(a)-1<g,<1

dl*\&’—l
Unstable \

Stable

Fig. 6. The characterized areas of @ and b in the case of d2 < 1.

We call (33) as the decoupling condition. For preliminary,
define Ro123 as 7~20123 in the case of (33). And also define
(ea,€h) as (€z,€5) in the case of (33). From (15), (23) and
(24), ey and €, are given by

bh— — )2 + 442
ey = At Vi@ Z b (34)
2
and
b+ +/(a — b2+ 4d?
6,2:@+ + (a2 )2 + ’ (35)

respectively. From (15) and (17), note that e5 and €, are the
roots of the equation fo(x) defined as

fa(z) == (xz — a)(z — b) — d*.
Then, the following theorem holds with respect to Rgi23,
(ea,€h) and (€2, €)):

Theorem 2: Suppose that the decoupling condition (33)
holds. Ro123 # () is equivalent to

(36)

c>0, —1<es. (37
Then, Rp123 is characterized by
z| —1<z<e for eo <1
Ro123= ta] 2 } ? . (38)
{z| —1<z<1} for e >1
Furthermore, for the root é,, it holds that
ég = €2 for H’I"[H =0 39
&y < €9, lim Ga=e, lim &s=—o0 for )| 20" C
p—00 p—0
For the root €, it also holds that
{ég — ) for fmll =0
~/ / . ~/ __ ! . ~ __ )
€y < ezaplggo 62—€2a]£1_1>1(1)62—€w for [|n]| #0
where ) )
b+h 2ghd
ew::g + n“a + 29 @n

92+h2

Proof. From (33) and (15), c is equal to ¢. Therefore, Egs.
(37) and (38) obviously hold from (28) and (29).

S

Sl

~K,y(x)

ImT

| ) x@)

b—,> Re
xpz(e_r)

Fig. 7. The root locus of fo(z) with increasing K.

Next, consider the magnitude relation between es and é,.
Suppose that ||| # 0 since the case of ||n|| = 0 is evident.
Eq. (17) is rewritten as

fo(z) = falx) +p~ (),

where ¥(z) := (g2 + h?)z — (¢*b + h%a + 2ghd). Note that
ey of (41) is the root of ¢(x) = 0. The magnitude relation
is evaluated by the following root locus problem:

()
e

where the poles z,,, x,, and the zero x, are given by

(42)

+1=0, K,:=p !

(43)

Tp, 1= €2, Tp, = €h, Ty = €y.
The magnitude relation between the poles and zero is
analyzed as preliminaries.
1
=T )

where I; := (g% — h?)(a — b) — 4ghd and I := (g% +
h?)y/(a — b)2 + 4d2. Tt is easiliy obtained that I3 — 13 > 0.
Eq. (44) and this fact yield to ea < ey. The inequality
ey < €4 is also proved by the similar procedure because of
eh — ey = (I1 + 12)/{2(9* + h?)}. Therefore, the following
relationship holds:

(i = l2), (44)

e <ey <ey & xp <x, < Tp,. (45)

From (45) and the properties of the root locus, the root
locus of (43) is depicted in Fig. 7. The lower and upper
figures show the branches of the root locus in the complex
plane and the behaviors of the roots expressed by the inter-
sections of fo(x) and —K,9(z). The poles and zeros are
represented by the circles and crosses. In the lower figure,
the red arrows represent the root locus branches. It is found
that the roots é; and €&, exist in the domains (—oo, e3) and
(ey, €5) respectively. The roots €, and €, start at eo and €5
and approach a zero at infinity and e, respectively. These
facts claim the second cases of (39) and (40). O

Remark 2: The quadratic form nTIi';;ln satisfies the
inequality:
[n|?

max

<nTK'1 <H7”I||2 6
<n K, n<—, (46)

o Amin
where Apin, )\IQaX > (0 are the minimum and maximum
eigenvalues of Kl’,p. Therefore, the condition ¢ > 0 in (28)
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approaches ¢ > 0 in (37) by increasing the components of
f{z/m against the coupling term 7).

From the properties of €5 in (39), the relation between the
characterized sets of Rg123 and 7@0123 is given by

Ro123 € Roi2s- 47

The equality of (47) holds when p = X7 k., approaches
infinity in the case of ||| # 0. This fact in the case of
—1 < eg, €2 < 1 is illustrated in Fig. 8, where 5;1 =

cos~1 &, and ﬁ;Q = cos ™! es.

Fig. 8. The areas of the position of the COG.

IV. CONCLUSIONS

This paper considered the stable grasp from viewpoint of
quasi-statics where a multi-fingered robot grasps an object by
point contact. It was assumed here that each finger’s grasping
was regarded as a linear spring with three-DOF stiffness.
Especially, this paper considered the gravity effect explicitly.
The main contribution of the paper was to derive a necessary
and sufficient condition for the multi-fingered grasp to be
stable under the gravity effect in terms of relations among
the stiffness parameters, the contact points, and the object’s
COG. By using the main result, it is easy to see where the
object’s COG should be located to guarantee the stable grasp.
Furthermore, this observation shows that it is possible under
a certain condition that no matter where the object’s COG is
located, the grasp is stable.

Assumptions 3, 4 may be difficult to establish at the initial
grasp. Then to defuse these assumptions is one of our future
work. In fact, there are some errors of the parameters when
a hand robot grasps an object. Therefore, analysis of the
parameter robustness is another future work.
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