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Abstract— This manuscript presents an optimization-based
approach for path planning of an aerial mobile sensor that
monitors a set of moving surface objects. The purpose of
the optimization problem is to obtain feasible mobile sensor
trajectories with an objective to minimize the uncertainty of
the objects, represented as the trace of the state estimation
error covariance.

The dynamic optimization problem is discretized into a
large-scale nonlinear programming (NLP) problem using the
direct transcription method known as simultaneous collocation.
The numerical simulation periodically provides desired sensor
trajectories and thus illustrates the approach.

I. INTRODUCTION

Remote sensing of terrestrial and atmospheric phenomena
is utilized on, or considered for, a variety of applications.
Urban planning [1], crop monitoring [2], polar remote sens-
ing [3] and other environmental monitoring applications [4]
all benefit from information obtained from moving sensor
platforms such as satellites and manned aerial vehicles.

In many cases the required accuracy and frequency of
acquisition are met by the mentioned sensor platforms. Satel-
lites are, however, forced to follow predefined trajectories,
and as a consequence limited flexibility in terms of frequency
of acquisition is a reality. Of course, the number of relevant
satellites may increase over time and partly mitigate this
issue. Nevertheless, for demanding applications this may not
be sufficient.

Manned aerial vehicles do have more flexibility than
satellites in terms of following desired trajectories and may in
some cases act as a valuable supplementary sensor platform.
Moreover, the features are closer and it may be easier to
obtain measurements of finer resolution. On the other hand,
manned vehicles are bulky, expensive, and carry something
invaluable, namely people.

The authors of [5] argued that unmanned aerial vehicles
may become an inexpensive and efficient sensor platform in
ice management operations, which include the objective of
detecting, tracking, and forecasting of icebergs [6]. In ice-
infested regions where marine operations are present there is
a significant interest in solving this objective. The petroleum
production at Grand Banks of Newfoundland is contaminated
by drifting icebergs and needs to obtain reliable knowledge
about the surroundings to ensure the safety of operation.
“Most of the strategic and tactical iceberg detection for

Grand Banks operations today is performed from fixed wing
aircraft” [6].

The approach presented in this paper is motivated by the
objective of tracking and forecasting icebergs trajectories us-
ing an unmanned aerial vehicle as a mobile sensor platform.

A. Previous Work

The general problem of path planning of mobile sensors
to achieve the task of classification/forecast of some objects
or distributed parameter system in either an open or cluttered
environment has, due to its many applications, received
especially much attention in literature. Reference [7] may
serve as a starting point.

The development of a framework for continuous trajectory
planning using a two-dimensional nonholonomic model for
environmental forecasting of spatially distributed processes is
presented in [8]. In [9], feasible real-time trajectory planning
using direct collocation was successfully demonstrated using
an aerial vehicle. The objective was to maximize the obser-
vation time of a single object, either moving or static. Klesh
et al. [10] used a spatially motivated signal-to-noise ratio as a
weighting of the measurement noise together with a Kalman
filter in the path planning of a nonholonomic vehicle with
the purpose to observe a set of static objects with corrupted
visibility or uncertain object location.

B. Contributions

A framework for autonomous monitoring of moving sur-
face objects is outlined. The path planning of a mobile
sensor is accomplished by setting up an optimal control
problem that minimizes weighted traces of the objects’
covariance matrices. In this way the expected reduction in
the uncertainty of non-spatial object state variables may be
taken into consideration in the path planning.

C. Notation

The combined column vector of other vectors is denoted
col(x, y, z) := [xT, yT, zT]T. A countable finite index set
of positive natural numbers is defined as In := {i ∈
N1 : i ≤ n}. Define the set of positive definite real
matrices as Πn := {A ∈ Rn×n : xTAx > 0 ∀n ∈
N1, x ∈ Rn6=0}. The planar orientation space is defined
by S := [−π, π). The first moment of a random vector
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Fig. 1. Components of the Real-Time Optimization.

x is denoted by the expectation operator E(x). The co-
variance matrix of two random vectors x and y is de-
fined as cov(x, y) := E[(x− E(x))(y − E(y))T]. A zero-
mean continuous-time white noise process w(t) of dimension
n has the properties E(w) = 0 and cov(w(t), w(τ)) =
Q(t)δ(t − τ), where Q : R≥0 → Πn is the deterministic
spectral density and δ(t) is the dirac delta function. The
above mentioned properties of w(t) are written compactly
as w(t) ∼ (0, Q(t)). Given a column vector v ∈ Rn,
we define the weighted trace of a matrix A ∈ Rn×n as
trw(A, v) :=

∑n
i=1 viaii, where vi is the ith element of v

and aii is the element at the ith row and column of A.

II. PROBLEM FORMULATION

A. System Overview

The system under consideration consists of five main
components, shown in Fig. 1, with the following description:
UAV: Unmanned aerial vehicle that acts as a mobile remote

sensor.
Objects: A set of physical processes located on a planar

surface to be monitored by the UAV.
Observer: A system that processes raw measurements and

other inputs to return the most likely model state and
parameters of the UAV and the objects.

Path Planner: Generates guidance input x?s(t) of where we
want the mobile sensor to go and obtain measurements.

UAV Controller: Feedback controller that achieves the de-
sired task x?s(t).

The focus in this paper is the development of an
optimization-based Path Planner. We will also briefly discuss
the Observer component.

B. Mobile Sensor Dynamics

The sensor dynamics is intended for path-planning pur-
poses and need not be a high-fidelity model. It is, however,
important that the planned paths are feasible with respect
to chosen maneuverability constraints of the mobile sensor.
We assume that a constrained first-order nonlinear ordinary
differential equation (ODE) with state and input constraints
captures the vehicle dynamics with sufficient fidelity. Let
for each t ≥ t0, xs(t) ∈ Rnxs denote the state vector,
us(t) ∈ Rnus the control input, and ps ∈ Rnps a vector
of constant parameters. The sensor model is described by

the deterministic system

ẋs(t) = fs(t, xs(t), us(t), ps), (1a)
xs(t0) = xs,0, (1b)
xs(t) ∈ Xs ⊆ Rnxs , (1c)
us(t) ∈ Us ⊆ Rnus , (1d)

where f : R≥0×Rnxs×Rnus×Rnps → Rnxs is a sufficiently
smooth function, and both Xs and Us are convex sets.

C. Object Dynamics

Let no be the number of objects and define the index set
O := Ino

. Then, ∀m ∈ O, the dynamics of the objects can
be described by first-order stochastic nonlinear ODEs as

ẋo,m(t) = fo,m(t, xo,m(t), wo,m(t), po,m), (2a)
xo,m(t0) = xo,m,0, (2b)

where for each t ≥ t0, xo,m(t) ∈ Rnxo,m is the state
vector, wo,m(t) ∈ Rnxo,m ∼ (0, Qo,m(t)) is process noise,
po,m ∈ Rnpo,m is a vector of constant parameters, and
fo,m : R≥0 × Rnxo,m × Rnpo,m → Rnxo,m is a sufficiently
smooth function.

The output obtained from mobile sensor measurements are
for each object m ∈ O defined as

yo,m(t) = ho,m(t, xo,m(t), vo,m(t)), (2c)

where xo,m(t) is the state vector, vo,m(t) ∈ Rnyo,m ∼
(0, Ro,m(t)) is measurement noise, and ho,m : R≥0 ×
Rnxo,m×Rnyo,m → Rnyo,m is a sufficiently smooth function.

We assume that the mobile sensor is able to measure the
states of each object in such way that the state vectors are
observable in the sense that with wo,m = 0, vo,m = 0, po,m
known, and given the output yo,m(t) over some finite horizon
[t0, T ] are sufficient to uniquely determine the state vector
xo,m(t0) [11].

D. Object Uncertainty Measure

The states of the objects are random variables and the
state estimates are equipped with an uncertainty measure.
More specifically, ∀m ∈ O we define E(xo,m(t)) = x̂o,m(t)
as the state estimate of xo,m(t). For each m ∈ O, the
estimation error and estimation error covariance are defined,
respectively, as

x̃o,m(t) = xo,m(t)− x̂o,m(t), (3)
Po,m(t) = cov(x̃o,m(t), x̃o,m(t)). (4)

E. Problem Statement

The objective is to devise an approach to generate feasible
trajectories for the mobile sensor in such way that uncertainty
measures of the objects’ state estimates are minimized.
This problem includes formulating and efficiently solving
an optimization problem that includes both the constrained
dynamics of the sensor, as well as the covariance response
of the objects. The problem also involves finding a plausible
way of letting the object covariance be influenced by the
planar trajectory of the sensor.
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III. MEASUREMENT MODELS FOR THE MOBILE SENSOR

Define the two-dimensional Cartesian coordinates of the
sensor as qs(t) ∈ R2. Further, ∀m ∈ O we have the planar
positions qo,m(t) ∈ R2. We assume that the positions of
the objects will remain within a subset of the constrained
configuration space of the sensor. Let T denote the final
time of interest. Then for all t ∈ [0, T ] we have qo,m ∈ D ⊆
Xs. We also assume that the planar position is part of the
dynamics of both the sensor and the objects, that is, qs ⊆ xs
and ∀m ∈ O : qo,m ⊆ xo,m.

We assume that the objects are located in such a way
that the mobile sensor cannot necessarily measure all the
objects simultaneously. We propose to use a weighting which
depends on the coordinates of the mobile sensor to reflect
how the output vector is sampled by the UAV. In this context,
the output vector is a vector function that depends on the
state vector of an object being monitored. A mobile sensor
may consist of a set of measuring devices that samples
the states in different ways. These devices may not have
the same measuring capabilities, so in order to keep the
representation general we assume that each element of the
output vector y(t) ∈ Rny is weighted with its own scalar
weighting function.

Define the family of scalar weighting functions as W and
let B be the codomain of this family. For all i ∈ Iny

let
wi : R≥0 × R2 × R2 × S→ B and define a diagonal matrix
function W : (w1, w2, · · · , wny ) 7→ diag(w1, w2, · · · , wny )
with codomain ∈ Bny×ny . The weighted measurement vector
is therefore defined as

yw(t) = W (t, qs(t), q(t), ψ(t)) y(t). (5)

A weighted measurement vector captures the case where a
measuring device has a field of view, for instance an image
obtained from an optical device. It also captures the more
general case of a smoothly decaying weight that depends on
the distance to the measured object.

In the following we propose two different weighting
functions, each having merit in different situations.

A. Non-smooth weighting function

The purpose of this model is to simulate that the measuring
device has a field of view (FOV) in which it is able to obtain
measurements. This includes for instance the cases of roll
and pitch stabilized downward-looking optical devices and
spectrometers.

Let ∆xi
> 0, i ∈ {1, 2} and define ∆x := col(∆x1

,∆x2
).

We define the two-dimensional FOV metric as a weighted
infinity norm

‖x‖FOV,∆x
:= max

(
|x1|
∆x1

,
|x2|
∆x2

)
. (6)

Suppose the origin of a body-fixed Cartesian coordinate
system {b} is qs(t) and its orientation relative some station-
ary reference frame {i} is ψ(t), following the right-hand rule.
Let BC−1 := {0, 1} be the codomain of a binary weighting
function wC−1 : R≥0 × R2 × R2 × S→ BC−1 such that the
weighting is nonzero only if a coordinate point q(t) ∈ R2

Fig. 2. The non-smooth weighting function is one inside the box and zero
otherwise. xi and yi denote the axes of the stationary reference frame.

is within the convex set formed by a FOV metric. The two-
dimensional rotation matrix is

R(ψ) =

[
cosψ − sinψ
sinψ cosψ

]
. (7)

We can write the binary weighting function as

wC−1(t, qs, q, ψ) :=

{
1,

∥∥RT(ψ)(q − qs)
∥∥

FOV,∆x
< 1

0, otherwise.
(8)

Fig. 2 graphically illustrates the behavior of the binary
weighting function. We see that ∆x1 and ∆x2 quantify
respectively the field of view in x and y direction of the
body-fixed reference frame.

B. Smooth weighting function

In some cases, for instance in an optimization prob-
lem, a continuous weighting function with positive weight-
ing may be preferable. Let BC∞ := {w ∈ R :
0 ≤ w ≤ 1}. Define a smooth weighting function
wC∞ : R≥0 × R2 × R2 × S→ BC∞ , which is 1 if qs = q
and less than 1 otherwise. Let α ∈ BC∞ , K1,K2 ∈ Π2, and
q̃ = q−qs. A possible smooth weighting function is the sum
of several two-dimensional Gaussian functions, for instance

wC∞(t, qs, q, ψ) := αe−q̃
TR(ψ)K1R

T(ψ)q̃

+ (1− α)e−q̃
TR(ψ)K2R

T(ψ)q̃. (9)

The purpose of having a combination of exponential func-
tions is that the weighting surface can be shaped in such way
that it approximates a non-smooth weighting surface while
still having a nonzero image. Fig. 3 displays an example of
such a weighting surface.

IV. THE PATH PLANNER

A. Covariance Dynamics of Object States in Optimization

The state estimation error covariance of the objects serve
as a quantification of how uncertain the state variables are.
We want to reduce this covariance by obtaining measure-
ments of the objects, which is achieved by planning the
path of the mobile sensor. To describe the future covariance
response of the objects, we employ the continuous-time
extended Kalman filter described in for instance [12]. For
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Fig. 3. A smooth weighting function. The axes represent q̃ = (q − qs),
which is the relative coordinate between an object and a sensor.

each object m ∈ O the system equations defined by (2) are
linearized along the predicted trajectories of the objects with
both measurement and process noise set to zero. Let x̂o,m(t)
be the solution to the initial value problem (IVP) (2a)-(2b)
with xo,m(t0) = x̂o,m,0 and po,m = p̂o,m, which are the
best estimates of the state vector at time t0 and the constant
parameter vector, respectively. We get the following partial
derivatives ∀m ∈ O:

Ao,m(t) =
∂fo,m
∂xo,m

(t, x̂o,m(t), 0, p̂o,m), (10a)

Lo,m(t) =
∂fo,m
∂wo,m

(t, x̂o,m(t), 0, p̂o,m), (10b)

Co,m(t) =
∂ho,m
∂xo,m

(t, x̂o,m(t), 0), (10c)

Mo,m(t) =
∂ho,m
∂vo,m

(t, x̂o,m(t), 0). (10d)

In order to incorporate the effect of the sensor’s trajectory
in the covariance dynamics, we first need to employ a mea-
surement model for the mobile sensor based on the smooth
weighting function discussed in Section III-B. Specifically,
we choose smooth diagonal matrix functions Wo,m : R≥0 ×
R2×R2× S→ Bnyo,m×nyo,m

C∞ , where the diagonal elements
contain, possibly different, smooth weighting functions. We
get ∀m ∈ O

Wo,m(t, qs, qo,m, ψ) = diag(wC∞,1,m, · · · , wC∞,nyo,m ,m
).

(11)
The motivation for using smooth weighting functions is that
the NLP solver needs smoothness and curvature to find
a solution of the optimization problem. When the mobile
sensor is away from an object, it will still slightly affect
the covariance dynamics of the object. This facilitates an
effect of the measurements on the objects’ estimation error
covariance, and the mobile sensor will have an incentive to
move closer to an object.

We use the matrix functions to weight the linearized mea-
surement operators Co,m(t) along the predicted trajectories
of all objects m ∈ O as

Co,m,w(t) = Wo,m(t, qs, q̂o,m, ψ)Co,m(t). (12)

Eventually, though, we want these weighted measurement
operator to almost vanish far away from their respective
objects, so that if the covariance is huge, the term will still
be small. For the sensor to still care about distant objects, we
propose to manipulate the process noise matrices Qo,m(t).
More specifically, we use a non-vanishing weighting function
to reduce the process noise when the sensor is close to
an object. In this way, the mobile sensor’s movement will
always affect the covariance of the objects. Define for all
objects m ∈ O

Qo,m,w(t, qs, q̂o,m, ψ) = Q0,m(t)(1− wC∞(qs, qo,m, ψ)).
(13)

Define the shorthand expressions

Qo,m,w(t, qs, qo,m, ψ) = (14)

Lo,m(t)Qo,m,w(t, qs, qo,m, ψ)LT
o,m(t),

Ro,m(t) = Mo,m(t)Ro,m(t)MT
o,m(t). (15)

Now, we are in position to define the covariance dynamics
intended for the optimization problem. For simplicity, we
omit the arguments of the expressions, and so for each m ∈
O we get the differential Riccati equation of the extended
Kalman filter:

Ṗo,m(t) = Ao,mPo,m + Po,mA
T
o,m +Qo,m,w

− Po,mCT
o,m,wR

−1

o,mCo,m,wPo,m, (16a)

Po,m(t0) = Po,m,0. (16b)

We define a shorthand notation for each m ∈ O of (16a) as

Ṗo,m(t) = fP,m(t, qs(t), ψ(t), Po,m(t)). (17)

B. Dynamic Optimization Problem

The path-planning problem is formulated as a Bolza type
[13] dynamic optimization problem with a receding predic-
tion horizon t ∈ [t0, tf ]. Let the control input us(t) ∈ Rnus

form the decision variables of the optimization problem.
Define the Lagrange term as

ΦL(t, us) =

∫ tf

t0

∑
m∈O

trw(Po,m(t), vL,m)+
dus
dt

T

Rs
dus
dt

dt,

(18)
where for each m ∈ O we have vL,m ∈ Rnxo,m and
Rs ∈ Πnus

, which are design variables. The Mayer term is

ΦM (tf ) =
∑
m∈O

trw(Po,m(tf ), vM,m), (19)

where for each m ∈ O we have vM,m ∈ Rnxo,m , which also
is a design vector.

The optimal control problem (OCP) is constrained by
the mobile sensor system (1) and the objects’ covariance
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dynamics (16), and can be stated as

min
us

ΦL(t, us) + ΦM (tf ) (20a)

s. t. ẋs(t) = fs(t, xs(t), us(t), ps), (20b)
xs(t0) = x̂s,0, ps = p̂s, (20c)
xs(t) ∈ Xs, us(t) ∈ Us, ∀m ∈ O, (20d)

Ṗo,m(t) = fP,m(t, qs(t), ψ(t), Po,m(t)), (20e)
Po,m(t0) = Po,m,0, (20f)
Po,m(t) ∈ Πnxo,m

, (20g)

where positive definiteness of Po,m follows from xo,m being
a non-constant random variable. The solution to (20) pro-
vides us for each t ∈ [t0, tf ] with an input vector u?s(t) ∈ Us.
Given the variables u?s , x̂s,0, and p̂s we can solve the IVP
formed by (1a)-(1b) over the optimization horizon. This
results in an optimal mobile sensor state trajectory, denoted

x?s(t) ∈ Xs, t ∈ [t0, tf ]. (21)

Equation (21) serves as guidance input to a path maneuvering
controller for the mobile sensor.

V. THE OBSERVER AND CLOSING THE LOOP

The optimal sensor trajectory (21) found by solving (20)
has an expiration date, since there are inaccuracies in the
problem formulation. Specifically, the predicted trajectories
of the objects may drift away from the true trajectories, the
ambient conditions change, and the limited horizon of the
OCP force us to periodically set up and solve new dynamic
optimization problems.

In our system there is a decomposition of time scales,
where the control of the mobile sensor operates at a higher
frequency (milliseconds) than the optimization-based path
planner (seconds to minutes). Thus, the Path Planner pro-
vides the mobile sensor with desired operating conditions,
that is, a path maneuvering task, which is updated peri-
odically. Between each update, the Observer continuously
performs processing of the incoming plant data and other
information. The model descriptions used in the Observer
and the Path Planner need not be of the same fidelity.
Moreover, the filter used in the former component can be
more sophisticated than the extended Kalman filter used in
the dynamic optimization problem.

Let k ∈ N1 denote the iteration number of the Path Planner
block. Suppose the next optimization interval is denoted by
Tk+1 := [t0,k+1, tf,k+1]. A requirement of the Observer is
that it must provide the following model parameters ∀m ∈ O:

xs(t0,k+1) = x̂s,0, (22a)
ps = p̂s,k+1, (22b)

xo,m(t0,k+1) = x̂o,m,0, (22c)
po,m = p̂o,m,k+1, (22d)

Po,m(t0,k+1) = Po,m,k+1, (22e)
Qo,m(t), Ro,m(t) given∀t ∈ Tk+1. (22f)

Typically, we want to employ the new operating conditions
x?s,k+1(t), defined for all t ∈ Tk+1, starting with t0,k+1.

Fig. 4. The desired sensor trajectory x?s is updated at t0,k+1.

Since the optimization algorithm has a nonzero computation
time, the model parameters provided by the Observer are
predicted values. It is important to choose t0,k+1 sufficiently
far into the future in order to ensure that x?s,k+1(t) is readily
available and properly transferred to the mobile sensor in a
timely manner.

To illustrate the mechanics of a re-optimization we
consider a one-dimensional time-varying variable Xreal(t)
that represents our plant model (UAV and objects). Let
Xk(t|t0,k) and Xk+1(t|t0,k+1) denote the predicted trajec-
tories for the plant at iteration k and k+ 1, respectively. Let
X̂k+1,pred(t|tnow) denote the currently best future prediction
of the plant model, which is provided by the Observer block.
In a similar way we define the output trajectories at iteration
k and k + 1 as x?s,k(t) and x?s,k+1(t), which is obtained by
solving (20).

Suppose tnow is the time instant we choose to use the
current information and solve the OCP (20) for iteration k+
1. Denote TP := t0,k+1− tnow as the prediction interval. The
time limit for an optimization is thus TP . Fig. 4 illustrates,
conceptually, what is going on.

VI. NUMERICAL EXAMPLE

A. Setup

We will investigate the case of monitoring three moving
objects using an aerial mobile sensor. We assume that the
initial positions of the objects are estimated from some coarse
resolution intelligence (for instance satellite images). In the
following, we state specific equations for the different parts
of the system, with associated numerical values given in
Table I.

1) Mobile Sensor Dynamics: For the mobile sensor we
use a planar kinematic model (constant altitude) with the
scalar bank angle us(t) as control input. Let Ns and Es
denote the North and East position of the sensor and qs :=
col(Ns, Es). The orientation of a body-fixed reference frame
relative to {NED} is ψ(t) ∈ S . We use the dynamics

Ṅs(t) = ps,U cos(ψ)− ps,N , (23a)

Ės(t) = ps,U sin(ψ)− ps,E , (23b)

ψ̇(t) =
ps,g
ps,U

tan(us(t)), (23c)
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TABLE I
PARAMETERS FOR THE NUMERICAL EXAMPLE.

Parameter Value Unit

col(ps,N , ps,E) col(0, 0) m/s
ps,U 25 m/s
ps,g 9.81 m/s2

[Ns,L, Ns,U ] [0, 3] km
[Es,L, Es,U ] [0, 3] km
[us,L, us,U ]

[
− 5π

36
, 5π
36

]
rad

p1 col(2.5, 0.3) m/s
p2 col(1.5,−0.2) m/s
p3 col(0.0,−0.3) m/s
Qo,m∈I3 50 · I2
Ro,m∈I3 100 · I2
For Qo,m,w:
α 0.8 -
K1 1.4 × 10−8 · I2 m−1

K2 5.2 × 10−7 · I2 m−1

For Co,m,w:
α 1 -
K1 3.3 × 10−5 · I2 m−1

K2 − m−1

TP 60 s
tf,k − t0,k 10 s
vL,m∈I3 col(10, 10) s2/m2

Rs 100 rad−1

vM,m∈I3 col(50, 50) s2/m2

Qs(t) diag(1, 1, 0.1)
Rs,c(t) diag(10, 10, 1)
∆x col(300, 300) m

where ps,N and ps,E are wind speeds in North and East
direction, ps,U is the surge for zero wind speeds, and ps,g
is the standard gravity. We further constrain the planar
coordinates to remain in the bounding box formed by the
inequalities

Ns,L ≤ Ns(t) ≤ Ns,U , (23d)
Es,L ≤ Es(t) ≤ Es,U , (23e)

where Ns,L, Ns,U ∈ R and Es,L, Es,U ∈ R are lower
and upper bounds in North and East direction, respectively.
Finally, the bank angle is bounded by

us,L ≤ us(t) ≤ us,U , (23f)

with us,L, us,U ∈ S.
2) Object Dynamics: A homogeneous set of objects are

used, such that for all m ∈ I3 we define the state vector
xo,m := col(No,m, Eo,m) and the equations

Ṅo,m(t) = pN,m + wN,m(t), (24a)

Ėo,m(t) = pE,m + wE,m(t), (24b)

where No,m and Eo,m describe object m’s North and East
positions, pm := col(pN,m, pE,m) is the velocity vector,
and wo,m(t) := col(wN,m, wE,m) ∼ (0, Qo,m(t) is process
noise.

We assume that when the mobile sensor is sufficiently
close to an object, it is able to measure the position of the

objects. For all m ∈ I3 we have

yo,m,w(t) = W (t, qs, xo,m, ψ) · I2
[
No,m
Eo,m

]
+vo,m(t), (24c)

where vo,m(t) ∼ (0, Ro,m(t)) is a measurement noise vector
for object m, and the weighting operator W (t, qs, xo,m, ψ)
depends on whether it is used in the Path Planner or the
Observer, see definitions below.

3) Path Planner: The measurement model is the same for
all the objects and employs the smooth weighting function
(9), such that for all m ∈ I3 the weighting operator is

Wo,m(t, qs, xo,m, ψ) = wC∞ · I2, (25)

where I2 is the two-dimensional identity matrix. Other
relevant parameters are given in Table I.

4) Observer: We use the same vehicle and object models
as in the Path Planner, with the exception that we in addition
treat the sensor states as random variables (with process
noise ws(t) ∼ (0, Qs(t))). Moreover, we employ a hybrid
extended Kalman filter [12] to process measurements and
perform state estimation.

a) Mobile Sensor Estimator: We assume that the wind
components ps,N and ps,E of the sensor dynamics are
known parameters. Define the state estimation vector as
x̂s := col(q̂s, ψ̂). We assume that all the state variables
are measured linearly with Cs := I3 and measurement
noise vs(t) ∼ (0, Rs,c(t)). The continuous-time state and
covariance dynamics of this state vector are

˙̂xs(t) =

ps,U cos(ψ̂)− p̂s,N
ps,U sin(ψ̂)− p̂s,E
ps,g
ps,U

tan(us(t))

 =: fs(t, x̂s, ws = 0),

(26a)

Ṗs(t) = AsPs + PsA
T
s +Qs − PsCT

s R
−1
s,cCsPs, (26b)

where As(t) is the partial derivative along the currently best
state estimate:

As :=
∂fs
∂xs

(t, x̂s, 0). (26c)

b) Object Estimator: We assume that the velocity vec-
tors of the objects are constant and known. For all m ∈ I3
the object state estimation vector contains the position of the
object: x̂m := col(N̂o,m, Êo,m). The continuous-time state
and covariance dynamics of the system are ∀m ∈ I3

˙̂xm(t) =

[
pN,m
pE,m

]
(27a)

Ṗm(t) = Qo,m − PmCT
o,m,wR

−1
o,mCo,m,wPm, (27b)

where the weighting operator used here is the same for all
the objects. Unlike previously, we employ the more realistic
non-smooth weighting function defined in (8), such that for
all m ∈ I3 the measurement operator is

Co,m,w(t) = Wo,m(t, qs, xo,m, ψ)Co,m(t) = wC−1 · I2.
(27c)

Notice also that the process spectral densities Qo,m are not
weighted as was the case for the path planner. Between
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measurements we set Ro,m = ∞· I2. When a measure-
ment arrives, a correction step identical to the discrete-
time (Extended) Kalman filter is executed, with discrete-
time measurement covariance chosen as Rd = RcFs, where
Rc is the spectral density and Fs = 1 Hz is the sampling
frequency of the measurements. We assume that the sampling
frequency is the same for both the vehicle measurements and
the measurements of the objects. For details on the discrete-
time Kalman filter, consult for instance [12].

B. Implementation

In order to efficiently solve the optimal control problem
of (20), a numerical method is required. We choose a direct
transcription approach where both the state and control
variables are discretized, resulting in a finite-dimensional
nonlinear programming (NLP) problem. The simultaneous
collocation of finite elements is used to obtain Lagrange in-
terpolation polynomial descriptions of both the state and con-
trol input. The control input is piecewise constant, whereas
the states are described using K-point Radau collocation, for
details consult [13].

The resulting large-scale NLP formulation benefits from
being sparse and having structure. These properties can be
exploited using an efficient NLP solver. We formulate the
problem in the symbolic framework CasADi [14], which
provides the necessary derivative information required by
both the extended Kalman filter and the NLP solver. The
CasADi framework contains an interface for the primal-dual
interior-point NLP solver IPOPT [15]. IPOPT is compiled
with OpenBLAS [16] and the linear algebra sparse direct
solver MA27 [17].

When solving initial value problems, for instance when
finding predicted trajectories of the objects, we use the ODE
solver CVODES, which is part of the SUNDIALS suite [18],
accessible through an interface in CasADi.

C. Results

The simulation was run for a total of 15 iterations with the
initial conditions x̂s = col(1500, 1500, 0) and Ps = 100 · I3
for the sensor, and for the objects we let x̂1 = col(300, 200),
x̂2 = col(600, 2400), and x̂3 = col(2400, 1500), each
with initial covariance Pm∈I3 = 1000 · I2. A 2-point Radau
collocation was used for the state variables, with a total of 60
collocation elements at each iteration. The control input was
set to be piecewise constant with 20 collocation elements.
The resulting optimization problems has 3800 variables. The
solution time for each iteration was on average 5.6 s±1.8 s
on a standard laptop computer. Since the realized interval
of each iteration is 60 s, the current setup is applicable
for real-time application. The sensor and objects start at
the different markers shown in Fig. 5. The figure displays
the paths traveled during the simulation. It can be seen that
the mobile sensor moves between the different objects and
thereby keeps the state estimation error covariances of the
objects at bay. A measurement of an object is identified by a
big reduction in the trace of the estimation error covariance,
as shown in Fig. 6. Finally, from Fig. 7 we observe that
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Fig. 5. The mobile sensor moves between the objects and obtains
measurements.
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Fig. 6. The trace of the objects’ covariance as a function of time. Object
1, 2, and 3 from the top, respectively.

the control input never exceeds ±0.436 rad, which is the
bounds on the bank angle. Consequently, the planned paths
meets the posed maneuverability constraints.
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VII. CONCLUSION

An optimization-based mobile sensor path planner for
monitoring of moving objects has been devised. The feasible
planned paths promote the objective of minimizing the trace
of the objects’ estimation error covariance. Despite the
occasional tendency of circulating a single object and the
challenge of tuning, the approach may have merit with some
additional work.

Future work include:
• Extending the approach to also estimate uncertain object

parameters in the dynamic optimization problem.
• Analyzing convergence.
• Allow multiple mobile sensors to collaborate on achiev-

ing the objective.
• Investigate how the optimization problem scales with

the number of differential states.
• Performing experiments to serve as proof of concept.
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