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Contribution plots for Statistical Process Control:
analysis of the smearing-out effect
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Abstract— Since the generation of contribution plots requires
no a priori information about the detected disturbance (e.g.,
historical faulty data), it is a popular fault isolation technique
in Statistical Process Control (SPC). However, Westerhuis et
al. reported that contribution plots suffer from fault smearing,
i.e., the influence of faulty variables on the contributions of
non-faulty variables, which complicates the fault isolation task
as variables unaffected by the fault may be highlighted and
faulty variables obscured [1]. This paper presents an analysis of
the smearing effect for three general contribution computation
methods: Complete Decomposition, Partial Decomposition and
Reconstruction-Based contributions. The analysis shows that
(i) smearing is present in all three methods, (ii) smearing
depends on the chosen number of principal components of
the underlying latent variable model and (iii) the extent of
smearing increases for variables correlated in the training data
for a well-chosen model order. The effect of smearing on the
isolation performance of single and multiple sensor faults of
various magnitudes is illustrated using a simulation case study.
The results indicate that correct isolation with contribution
plots is not guaranteed for multiple sensor faults. Furthermore,
contribution plots only outperform univariate fault isolation for
single sensor faults with small magnitudes. For multiple sensor
faults, univariate fault isolation exhibits a significantly larger
correct fault isolation rate. Based on the smearing analysis
and the results for sensor faults, the authors advise to use
contributions only if a sound physical interpretation of the
principal components is available.

I. INTRODUCTION

Abnormal event management is of central importance
to the process industries. Early detection and diagnosis
of process faults permits timely interventions to keep the
process within a safe controllable operating region and
avoids production loss associated with the abnormal situ-
ation. Statistical Process Control (SPC) is a set of data-
based techniques for process monitoring, fault detection
and fault diagnosis. Due to the abundance of sensors in
today’s process plants, extensive historical databases contain-
ing frequent measurements of online sensors on hundreds of
variables are becoming a commodity for process engineers.
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Therefore, employing SPC to exploit these existing databases
has tremendous potential and has already resulted in a large
number of industrial applications.

The basic concept of SPC is the statistical comparison
of the current process measurements with historical data
obtained under Normal Operating Conditions (NOC). Pro-
cess behavior not included in the NOC data is detected
by fault detection statistics. The process is monitored using
control charts which depict the value of the statistic and
corresponding control limits for normal operation at each
time point.

Statistical projection methods such as Principal Compo-
nent Analysis (PCA [2]) and Partial Least Squares (PLS [3])
greatly simplify fault detection by reducing the multivariate
and typically heavily correlated sensor data to a smaller set
of uncorrelated latent variables. The successful application of
PCA and PLS has been reported extensively in literature and
has become a standard approach to SPC since its introduction
in the early nineties [4], [5].

Upon detection of a process disturbance, the multivariate
control charts do not provide any information about the root
cause of the abnormal situation. If a sufficient amount of
historical data of all of the process faults is available, clas-
sification methods can achieve conclusive diagnosis results
by assigning the fault to the class the new measured data
most resembles. However, as the process is designed and
controlled to remain in the normal operating region, the
availability of such data is often a bottleneck for developing
an adequate classifier.

Alternatively, the underlying PCA or PLS model can be
investigated by examining contribution plots, which chart
the contribution of each variable to the out-of-control statis-
tic [6]. Because of its ease of implementation and the absence
of a need for historical faulty data, contribution plots are by
far the most popular approach to find the cause of an alarm
signal in SPC and have found extensive use in applications
(see e.g., [71, [8], [9], [10]). Westerhuis et al. were the
first to report the propagation of contributions of faulty
variables to the contributions of variables not influenced
by the fault [1]. This ’smearing-out’ effect quickly leads
to ambiguous diagnosis results for complex process faults.
Different contribution computation methods were proposed
in the literature. Alcala and Qin showed that each of them is
affected by smearing [11]. Hence, a profound understanding
of the smearing effect is imperative for the choice of a con-
tribution computation technique and a correct interpretation
of the fault isolation results.

The goal of this paper is to provide a deeper insight into



the smearing effect for contribution plots. The remainder
of this paper is structured as follows. Section II contains a
concise description of contribution computation. Section III
presents an analysis of the causes of contribution smearing
for three popular general types of contribution computation
methods. In Section IV the influence of smearing on fault
isolation is further studied for the case of sensor faults and
referenced against isolation based directly on the pretreated
data. Section V ties the analysis and case study results
together to draw some conclusions.

II. CONTRIBUTION PLOTS

Contribution plots rely on the investigation of the underly-
ing statistical projection method. This paper focuses on basic
PCA for ease of explanation and because of its popularity in
industrial applications. The derived formulas can be readily
extended to other statistical projection methods (see, e.g.,
Westerhuis et al. [1]). Section II-A briefly describes the
basics of PCA based process monitoring and Section II-B
discusses the theory of contribution computation.

A. PCA based monitoring

Consider an industrial data set consisting of m measure-
ments on n variables organized in an m X n data matrix
X. Before applying PCA, each column of X is scaled to
zero mean and unit variance (i.e., auto-scaling). For the
remainder of this paper, the data is assumed to be auto-
scaled. PCA divides the original R" measurement space
into a model space spanned by principal components (the
model hyperplane) and a residual space [2]. The principal
components are obtained from the eigen-decomposition of
the covariance matrix S of X

S = ﬁXTX (1)
- [A O -
=[P P [0 ]x] P B )

where P € R"*" contains the r eigenvectors of S associated
with the r largest eigenvalues contained in a diagonal matrix
A € R and P € R"™™ " holds the eigenvectors
corresponding to the remaining eigenvalues contained in a
diagonal matrix A € R""*"=" The number of retained
principal components r is decided by the user. The columns
of P and P span the model hyperplane and residual space
respectively. A measurement vector x € R™ can therefore
be decomposed into two vectors

% = PP"x
X = f’f’Tx

3)
“)

with X and X the projections of x on the model and residual
spaces, respectively. x can be represented in a new coordinate

system defined by the columns of P
t=xP 3)

where t € R"*! contains the so-called scores of x that
represent x by a reduced set of r uncorrelated variables.
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The measurement vector x is subjected to fault detection
by computing fault detection indices. The general formula

for quadratic fault detection indices is
Index (x) = [|x|/3; = x"Mx

(6)
where M depends on the specific fault detection statistic. For
the popular Squared Prediction Error (SPE) and Hotelling’s
T? statistics, M is equal to
MSPE :f)ﬁ’rv
M- =PA~'PT.

)
®)

The matrices Mgpg and Mry2 are symmetric and positive
(semi-)definite. Mgpg is also idempotent.

B. Contribution computation

The use of contribution plots for Statistical Process Con-
trol (SPC) was introduced by MacGregor et al. in order
to investigate the underlying PCA or PLS model when a
fault detection statistic exceeds its control limit [12], [13].
MacGregor et al. decompose the fault detection statistic
into a sum of terms, each associated with one variable,
called contributions. The assumption behind contribution
computation is that variables associated with the fault exhibit
large contributions. In this case, a contribution plot enables
engineers and operators to focus their attention on a small
subset of variables and therefore facilitates the diagnostic
task.

As there is no unique way to decompose a fault de-
tection statistic into a sum of terms each assigned to a
single variable, various authors proposed different formulas
for contribution computation. Alcala and Qin unified these
into three general methods: complete decomposition, partial
decomposition and reconstruction-based contributions [14].

1) Complete Decomposition (CD): The CD contribution
of the ¢-th variable is defined by Alcala and Qin as

©)

where &; is the i-th column of the n x n identity matrix [14].
CD contributions are always positive and their sum is equal
to the value of the corresponding statistic.

2) Partial Decomposition (PD): Alcala and Qin [14]
define the PD contribution of the i-th variable as

PD; = x M&&/ x.

CD; = (g}M%x)2

(10)

As for CD contributions, the sum of the PD contributions
equals the value of the corresponding fault detection statistic.
However, PD contributions can attain negative values. When
a variable is equal to its mean or expected value, i.e., @Tx =
x; = 0, its PD contribution is equal to zero.

3) Reconstruction-Based (RB): RB contributions were
proposed in [11] as

(6Mx)”
&TME;
RB contributions are always positive. Unlike CD and PD

contributions, their sum is not guaranteed to be equal to the
value of the corresponding statistic.

RB; = (1)



III. THE SMEARING EFFECT

Westerhuis et al. were the first to report that faulty vari-
ables influence the contribution of non-faulty variables [1].
The effect of a fault is smeared out over the different
contributions and the difference between contributing and
non-contributing variables decreases. This section analyzes
the smearing behavior of CD, PD and RB contributions to
provide a deeper understanding of the cause and nature of
contribution smearing.

A. Smearing of CD contributions

Substituting M in Eq. 9 by f’f’T for the SPE statistic and
PA~'PT for the T? statistic yields their CD contributions.

(e (87) ')

(¢ paPT)? x)2

Cse

K3

12)

13)

By using the idempotent property of f’f’T and Eq. 4, the
CD contributions to the SPE statistic reduce to

CDSPE = (5} f’f’Tx)2 (14)

= (%) =2 (15)
The above derivation demonstrates that the CD contributions
to the SPE statistic are equal to the squared components
of the residual vector X along each axis of the original
measurement space. The residual vector is computed by pro-
jecting the measurement vector on the residual subspace and
expressing the resulting vector in the original coordinates.
The compression to a smaller number of subspace variables
and subsequent expansion back to the measurement space
enables faulty and non-faulty variables to interact which is
the fundamental cause of contribution smearing.

For the T? statistic, Eq. 13 can be rewritten as

cp!” = (53 PA—%PTX)2 (16)

(g;fPA*%tT)Q.

= a7
To obtain the CD contributions to the T? statistic, x is
projected onto the model plane to obtain the scores t. Each
score is scaled by its standard deviation before expressing
the score vector in the original measurement space. Similar
to the SPE contributions, the compression and subsequent
expansion enables faulty and non-faulty variables to interact.

To gain further insight into the smearing phenomenon,
it is instructive to rewrite the two contribution formulas
(Egs. 12, 13) in a different form. At the mathematical core
of each contribution formula is a simple linear combination
of the measured variables. The CD contributions to the SPE
and T? statistic can be rewritten as

n
(673171 + E Vij'rj
j=1,j#i

2

CDSPE = (18)
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Biwi+ Y Oy

T2
CD, = (19)
=Ly
where
T T 1
a;=1- Zp?z Bi = Z N o (20)
=1 =1
T ks 1
Yij = — Zpilpjl bij = Z A 2 papst 1)
=1 =1

and p;; refers to the element at row 4 and column [ of P i.e.,
the loading of z; in the [-th principal component.

Three main conclusions can be drawn from the above
equations. Firstly, the linear combination of all variables
at the core of these equations evidences the presence of
smearing. Since it is not known a priori which variables are
faulty, smearing of contributing to non-contributing variables
is unavoidable. Secondly, as the coefficients 7;; and d;;
depend on the retained number of principal components
r, the contribution pattern depends on the selected model
order of the PCA model. Various methods for model order
selection exist and their influence on contribution plot based
fault isolation is rarely, if ever, considered. Finally, since
correlated variables have similar loadings in the different
principal components, the extent of smearing between vari-
ables tends to increase, provided the model order r is well-
chosen to adequately reflect the NOC covariance matrix.
Hence, while a data plot at the moment of detection will only
show increased values for variables directly influenced by
the detected fault, contribution plots will also show increased
values for those variables correlated with the latter variables.
In the specific case of CD contributions, the influence of
variable x; on the contribution of z; is equal to the influence
of x; on the contribution of z;, which is clear from the
expressions of 7;; and §;; since 7;; = v;; and 6;5 = J;.

B. Smearing of PD contributions

The PD contributions can be obtained by substituting M

in Eq. 10 with PP’ for the SPE statistic and PA~'PT for
the T? statistic, yielding

PDSPE — xTPP ¢,¢Tx
PDT = x"PA P ¢ k.

(22)
(23)

The expression for the SPE statistics contributions (Eq. 22)
can be rearranged by substituting Eq. 4 to obtain

PD}™ = XTg¢/x

(24)
(25)

A variable’s PD contribution to the SPE statistic equals
the product of its auto-scaled value z; and corresponding
residual z,;. Hence, the cause of contribution smearing is
identical to CD contributions, though the smearing effect is
mitigated by multiplication with the auto-scaled variable.



Reworking the expression for the T? statistic (Eq. 23)
using Eq. 5
PD! = tA~'PT¢¢Mx
= (g;rPA’ltT) x;

(26)
27)

results in the product of the mean centered variable x; and a
term similar to the square root of the T?’s CD contribution
(Eq. 17). Although each score is scaled by its variance
instead of its standard deviation, the same conclusions about
smearing as in the CD case apply.

The formulas for the PD contributions can be rearranged
as the product of the variable with a linear combination of
all variables.

n
SPE
PDZ- =x; | ox; + E Vi Tj
J=1,j#i

(28)

T2 -
PDi =x; | €x; + E Cijxj
J=1,j#i

(29)

where

s

—1,2

€ = E :)‘z Pi
=1

The above equations lead to the same three conclusions as
for the CD contributions. However, the premultiplication of
x; mitigates the smearing effect at the cost of the occurrence
of counterintuitive negative contributions.

Gi =Y N'pupy  (30)
=1

C. Smearing of RB contributions

The concept of RB contributions is to reconstruct each
variable based on the other variables. When reconstructing
a non-faulty variable, some of the remaining variables are
faulty and faulty information is used for reconstruction.
Hence, smearing is present in RB contributions by definition.

Similar arithmetics as in the CD and PD cases lead to the
following expressions for RB contributions

2

n
RB}™ = | a; + Z Vigi |/

31
J=1,j#1i
2
RB?ZZ €T + Z Q‘jxj /Ei. (32)
Jj=1,j#i

The above expressions are very similar to the expressions for
CD contributions (Egs. 18 and 19) and the same conclusions
about the presence of smearing, the effect of » and the influ-
ence of NOC correlations are drawn. Note that, unlike CD
contributions, the influence of variable z; on the contribution
of x; is not necessarily equal to the influence of x; on the

contribution of x; since v;;/\/a; # Vji/\/Q;.
IV. A CASE STUDY: SENSOR FAULTS
Sensor faults are, from a fault isolation point of view, the
simplest faults that can happen in a process and therefore

form a useful case study to investigate the effect of contri-
bution smearing.
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A. Theoretical results

Alcala and Qin studied sensor faults where the fault-free
measurements are zero, i.e., equal to their mean or expected
value (for a continuous process) or lying on the average
trajectory (for batch processes), and the faulty sensor has
a magnitude equal to f [11]. The faulty measurement vector
is of the following form

xf =&/

If the contribution of the faulty variable is greater than or
equal to any other fault-free variables’ contribution, the fault
is isolated correctly. Alcala and Qin proved for this type of
single sensor faults that correct isolation is guaranteed for the
PD and RB contributions but not for CD contributions [11].

In this paper, the analysis is extended to multiple sensor
faults. For ease of explanation but without loss of generality,
we consider two simultaneous sensor faults with a fixed
magnitude f of the form

X =& f + &S

where j # k. From the results of Alcala and Qin, correct
isolation of multiple sensor faults with CD contributions is
not guaranteed [11]. It can be shown that also PD and RB
contribution methods do not guarantee correct isolation of
this type of faults due to the contribution smearing effect
(due to space constraints the proof is omitted). Note that by
the definition of x; and x, isolation of these fault types
based on the mean centered data instead of contributions is
trivial since the only variables deviating from their expected
value, i.e. zero, are the faulty variables.

(33)

(34)

B. Numerical illustration

The Normal Operating Conditions (NOC) data is gen-
erated according to the following process model (adapted
from [14])

T —0.3441  0.4815  0.6637
o ~0.2313 —0.5036  0.3545|
z3|  |—0.5060  0.2495  0.0739 tl + noise
z4| ~ |-0.5552 —0.2405 —0.1123 t2
T —0.3371  0.3822 —0.6115| L™
T —0.3877 —0.3868 —0.2045

(35)

where ¢1, to and t3 are uniformly distributed random vari-
ables with a range of [0, 2], [0, 1.6] and [0, 1.2], respectively.
The noise term consists of white Gaussian noise with zero
mean and a standard deviation of 0.2. The simulated single
and multiple sensor faults are of the form

(36)
(37

xf =xnoc + & f
xg =xnoc + & f + & f

where j # k, j and k are uniformly distributed among the six
variables and the fault magnitude f has a range of [0.1,4].
For each absolute magnitude of f, 3000 faulty samples are
generated, 1500 with a negative sign and 1500 having a
positive sign. 2000 NOC samples are generated for model
identification. The NOC data is mean-centered and scaled to



unit variance. The faulty samples are normalized similarly
using the mean and variance of the NOC data. Three PCA
models with respectively 2, 3 and 4 principal components
are identified on the NOC data.

The computation of contributions does not require the
corresponding fault detection statistic to exceed its control
limit. If one statistic detects the disturbance (e.g., the SPE
statistic), fault isolation can be based on the contributions to
all statistics (i.e., both SPE and T? statistics). Therefore, the
detection rate is not taken into account for assessing isolation
performance and the isolation performance is examined for
each generated faulty sample.

The measured correct fault isolation rates are depicted in
Fig. 1. The correct isolation rates of CD (M), PD (e) and
RB (A) contributions to the SPE and T? statistics for single
sensor faults are plotted in Figs. 1(a) and 1(c), respectively.
The contributions are computed from a PCA model with
3 principal components. The dashed line represents the
isolation performance achieved by using the absolute value
of the (mean centered and scaled to unit variance) faulty
data. The contributions to the T? index have lower correct
classification rates than those to the SPE index. Be aware
that the dashed line does not change between Figs. 1(a)
and 1(c) since isolation based on the data is independent
of the monitoring statistic used. From the results for the
SPE statistic, it is clear that the PD and RB contributions
outperform data-based isolation at low fault magnitudes. The
RB contributions achieve the highest isolation performance.
For larger magnitudes the PD, RB and data-based correct
isolation rates reach 100% which is in accordance with the
theoretical guarantee of correct isolation for large single
sensor faults. On the other hand, correct isolation using
CD contributions is not guaranteed and the CD computation
method is outperformed by PD and RB.

The correct isolation rates of CD, PD and RB contributions
to the SPE and T? statistics for multiple sensor faults are
plotted in Figs. 1(b) and 1(d), respectively. For multiple
sensor faults, data-based isolation (dashed line) has over-
all higher correct isolation rates. PD contributions achieve
the highest performance of the three contribution methods,
because they are the most related to the data due to the
multiplication of each linear combination with the variables’
value in Eqgs. 28 and 29. CD contributions on the other hand,
exhibit the lowest isolation performance. For contributions
to the SPE statistic, the CD contributions do not exceed 7%
correct isolation rate due to the smearing effect. The RB
contributions now take third place, despite having the highest
performance for single sensor faults using the SPE index.

The influence of the selected number of principal compo-
nents 7 is depicted in Fig. 2 for single sensor faults isolated
with RB contributions to the SPE statistic (Fig. 2(a)) and
multiple sensor faults isolated with PD contributions to the
T? statistic (Fig. 2(b)). It is evident from the process model
(Eq. 35) that the correct choice of the number of components
is 3 since the generated data is governed by 3 latent variables
(i.e., t1, t2 and t3). Figs. 2(a) and 2(b) compare the correct
isolation rate for the models with 2 (undermodeling), 3
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Correct isolation rate

05 15 2 —25
Absolute fault magnitude

(a) Single sensor fault, SPE

Correct isolation rate

Correct isolation rate

0.5 1 15 2 25 3
Absolute fault magnitude

(c) Single sensor fault, T2

Correct isolation rate

1 3

05

15 2 25
Absolute fault magnitude

(d) Multiple sensor fault, T2

Fig. 1. Correct isolation rates of CD (H), PD (e) and RB contributions (A)
to the SPE for (a) single and (b) multiple faults and to the T2 for (c) single
and (d) multiple faults. The dashed line depicts the correct classification
rate achieved by using the absolute value of the mean centered and scaled
(to unit variance) data.

(correct) and 4 (overmodeling) components. In Fig. 2(a),
r-values different from 3 exhibit a lower correct isolation
rate. In Fig. 2(b), the correct isolation rates if r equals 2
or 3 are comparable. For r equal to 4, the performance is
significantly lower. Figs. 2(a) and 2(b) are representative for
other combinations of fault type, statistic and contribution



Correct isolation rate

(a)

Correct isolation rate

1.5 2 25
Absolute fault magnitude

(b)

Fig. 2. Correct isolation rates of (a) single sensor faults with RB
contributions to the SPE and (b) multiple sensor faults with PD contributions
to the T2 for 2 (M), 3 (e), and 4 (A) principal components. The dashed
line depicts the correct isolation rate achieved by using the absolute value
of the mean centered and scaled (to unit variance) data.

computation method. These plots show that under- or over-
modeling can have a negative effect on contribution fault
isolation performance. Note that the correct isolation rate
based on the absolute value of the data (dashed line) is
independent of r and identical to Fig. 1.

V. CONCLUSIONS

Fault isolation confines the origin of a detected fault to
a subset of the measured variables and in this way greatly
narrows the search for the underlying cause. However, fault
isolation is only a starting point: operators and plant engi-
neers still need to bridge the gap between the fault isolation
results and true fault diagnosis. Fault isolation techniques
should aim to minimize this gap. Because PCA based tech-
niques only model correlation, not causation, contribution
plots highlight groups of correlated variables, which is the
essence of contribution smearing.

The previous analysis (Section III) shows that to eliminate
the smearing effect, the coefficients ; ;, d;; and (;; in
Egs. 18, 19, 28, 29, 31 and 32 have to be set to zero, i.e.,
multivariate detection followed by univariate fault isolation.
Hence, univariate isolation is superior to contribution plots
when smearing presents a problem for fault isolation.

If a physical interpretation of the principal components is
available, it is advisable to base the fault isolation on the
deviation of the current scores t from those obtained under
normal operating conditions. Isolating a detected disturbance
to one or more scores allows one to link the detected
disturbance with the underlying process dynamics captured

433

by the principal components corresponding to these scores.
In this case, the result of the fault isolation step is a group of
variables corresponding to the faulty dynamics, rather than
individual variables. Knowing what process dynamics are
faulty provides operators with a good starting point to bridge
the gap to true fault diagnosis based on their experience.

Unfortunately, a clear physical interpretation of each score
is seldom available for process data. Section III demonstrated
that the linear combination present at the core of each
contribution computation method evidences the presence of
smearing. The coefficients of this linear combination depend
heavily on the principal components. If the interpretation of
the principal components is unclear, using this information
for fault isolation may confuse operators and increase the
gap between isolation and diagnosis. The case study results
(Section 1V) have shown that the information contained in
the principal components might be helpful for example when
isolating single sensor faults with the RB technique, but
might obscure the faulty variables for faults as relatively
simple as multiple sensor faults where data based isolation
achieves much higher correct isolation rates. Therefore, if no
clear interpretation of the principal components is available,
the authors advise to discard this information and perform
multivariate detection followed by univariate fault isolation,
i.e., basing fault isolation of general process faults on the
deviation of the current measurements from their NOC values
instead of contributions or scores.
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