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Abstract— Model predictive control (MPC) in resource-
constrained embedded platforms requires faster, cheaper and
more power-efficient solvers for convex programs than is
currently offered by software-based solutions. In this paper
we present the first field programmable gate array (FPGA)
implementation of a fast gradient solver for linear-quadratic
MPC problems with input constraints. We use fixed-point arith-
metic to exploit the characteristics of the computing platform
and provide analytical guarantees ensuring no overflow errors
occur during operation. We further prove that the arithmetic
errors due to round-off can lead only to reduced accuracy,
but not instability, of the fast gradient method. The results
are demonstrated on a model of an industrial atomic force
microscope (AFM) where we show that, on a low-end FPGA,
satisfactory control performance at a sample rate beyond
1 MHz is achievable, opening up new possibilities for the
application of MPC.

I. INTRODUCTION

Model predictive control (MPC) provides a systematic ap-
proach for handling physical constraints in control systems,
often leading to improved control performance and reduced
tuning effort for new applications. However, the intense
computational demands made by MPC methods preclude
their use in applications that could benefit considerably
from its advantages, especially those that run on resource-
constrained, embedded computing platforms.

For linearly constrained MPC problems of low dimen-
sionality, one can partially avoid this computational burden
by precomputing the solution map offline [3]. For larger
problems, this approach quickly becomes impractical, mainly
due to substantial memory requirements, forcing a return to
online optimization methods.

Recently, there has been significant interest in Nesterov’s
fast gradient method (FGM) for the online solution of linear-
quadratic MPC problems [6], [11], [18]–[20]. Compared to
active-set or interior-point schemes, the fast gradient method
does not require the solution of a linear system of equations
at every iteration, which is often a limiting factor for em-
bedded platforms with modest computational capability. This
feature, coupled with the observation that medium-accuracy
solutions are often sufficient for good control performance,
make the fast gradient method a promising candidate for
efficient, low cost MPC.
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There have been several recent efforts to develop cus-
tomized optimization solvers for MPC problems. In terms of
software, [5], [14] describe automatic generators of interior-
point solvers. For hardware, [8], [22], [24] report different
custom computing architectures for both interior-point and
active-set methods using floating-point arithmetic in FPGAs.
Although there has been some progress in accelerating the
core component of these algorithms – solvers for linear
equations – using fixed-point arithmetic [9], extending these
results to the other aspects of interior-point or active-set
algorithms remains challenging.

In this paper, we present a parameterized automatic gen-
erator of custom hardware computing architectures for the
FGM and derive theoretical results that guarantee both the
absence of overflow and bounded error accumulation due to
round-off errors. As a proof of concept, a generated solver
instance is demonstrated for an input-constrained, linear-
quadratic MPC problem for a real-world, highly dynamic
positioning system inside an AFM, running at a controller
sampling rate in excess of 1MHz.

After a brief summary of input-constrained MPC and the
FGM in Sections II and III, we focus on the fixed-point as-
pects of a fast gradient implementation in Section IV. Since it
is crucial to prevent overflow errors for a reliable operation in
fixed-point arithmetic, we provide results that ensure absence
of such errors for all iterations of the method. Furthermore,
we present a convergence analysis under (inexact) fixed-
point computations. This analysis underpins the numerical
stability of the method for hardware implementations and
can be used to choose the minimum number of bits so that
reliable operation is preserved at minimal resource usage.
In Section V, we describe the solver fixed-point hardware
design for low cost and high-speed embedded optimization
implementations. Finally, in Section VI, the contributions
are verified for the AFM MPC. The proposed hardware-
based implementation of the MPC controller achieves so-
lution times below 1 µs, enabling operation at the required
sampling rate of more than 1 MHz on a low-end FPGA.

II. INPUT-CONSTRAINED MPC
At every sampling instant, given an estimate or measure-

ment of the current state of the plant x, an MPC-based
controller for an input-constrained system solves a finite-
horizon optimal control problem in the form

min
1

2
xT
NQNxN+

N−1∑
k=0

[
1

2

(
xT
k Qxk+uT

k Ruk

)
+xT

k Suk

]
(1)

s.t. x0 = x,

xk+1 = Adxk +Bduk, for k = 0, 1, . . . , N − 1,

uk ∈ U, for k = 0, 1, . . . , N − 1,
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with state xk ∈ Rnx and input uk ∈ Rnu confined to the
convex, compact set U containing the origin in its interior.
We assume throughout that the penalty matrix Q ∈ Rnx×nx

is positive semidefinite, R ∈ Rnu×nu is positive definite, and
S ∈ Rnx×nu is chosen such that (1) is jointly convex in the
states and inputs. It is well-known that a receding horizon
implementation of the optimal solutions to this optimization
problem produces a stable feedback controller, provided that
QN is chosen appropriately and N is sufficiently large [15],
even when no terminal state constraints are imposed.

For the sake of simplicity, all of the results of this paper
are presented with reference to the optimal control problem
in regulator form in (1). However, these results are easily
generalized to setpoint tracking problems.

III. FAST GRADIENT METHOD
The fast gradient method is an iterative solution method

for smooth convex optimization problems, first published by
Nesterov in the early 80s [16]. The method can be applied to
the solution of MPC problem (1) if the states in the problem
formulation are eliminated by expressing them as a function
of the current state x and the future input sequence (called
condensing [13]), resulting in the problem

f∗(x) = min
z
f(z;x) :=

1

2
zTHz + zTΦx (2)

subject to z ∈ K,

where z := (u0, . . . , uN−1) ∈ Rn, n := Nnu, the Hessian
H ∈ Rn×n is positive definite under the assumptions in
Section II, and the feasible set is given as K := U× . . .×U.
The current state only enters the gradient of the linear term
of the objective through the matrix Φ ∈ Rn×nx .

In this paper we consider the constant step scheme II
of the FGM in [17, §2.2.3]. Its algorithmic scheme for the
solution of (2), optimized for parallel execution on parallel
hardware, is given in Algorithm 1. Note that the state-
independent terms (I − 1

LH), 1
LΦ and (1 + β) can all

be computed offline and the product 1
LΦx must only be

evaluated once. The core operations in Algorithm 1 are
the evaluation of the gradient (implicit in line 2) and the
projection operator of the feasible set, πK, in line 3. Since
in MPC the set K is the direct product of N nu-dimensional
sets, it suffices to consider N independent projections that
can be performed independently. For the most common
case of a box constraint on the control input, every single
projection corresponds to nu scalar projections on intervals,
each computable analytically. In this case, the fast gradient
method requires only multiplication and addition, which are
considerably faster and use significantly less resources than
division when implemented using digital circuits.

It can be inferred from [17, Theorem 2.2.3] that for every
state x, Algorithm 1 generates a sequence of iterates {zi}Imax

i=1

such that the residuals f(zi;x)− f∗(x) are bounded by

min

{(
1−

√
1

κ

)i
,

4κ

(2
√
κ+ i)2

}
· 2
(
f(z0;x)− f∗(x)

)
, (3)

for all i = 0, . . . , Imax, where κ denotes the condition
number of f , or an upper bound of it, given by κ :=L/µ,

Algorithm 1 Fast gradient method for the solution of MPC
problem (2) at state x (optimized for parallel hardware)
Require: Initial iterate z0 ∈ K, y0 = z0, upper (lower)

bound L (µ > 0) on maximum (minimum) eigenvalue
of Hessian H , step size β :=

(√
L−√µ

)
/
(√
L+
√
µ
)

1: for i = 0 to Imax − 1 do
2: ti := (I − 1

LH)yi − 1
LΦx

3: zi+1 := πK(ti)
4: yi+1 := (1 + β)zi+1 − βzi
5: end for
6: return zImax

where L and µ are a Lipschitz constant for the gradient of
f and a convexity parameter of f , respectively. Based on
this convergence result, which states that the bound exhibits
the best of a linear and a sublinear rate, one can derive a
certified, practically relevant iteration bound Imax such that
the final residual is guaranteed to be within a specified level
of suboptimality for all states from a bounded set [19].

The inclusion of state constraints in the MPC problem (1)
would change the geometry of the feasible set and make the
projection subproblem as hard as the original problem, since
the constraints would no longer be separable in the inputs
uk. A standard workaround is to solve the MPC problem in
the dual domain, again using the fast gradient method [20].

IV. FIXED-POINT ASPECTS

We will first motivate the use of fixed-point arithmetic
from a hardware perspective in Section IV-A and then isolate
potential error sources under this arithmetic in Section IV-B.
We concentrate on two types of errors. For overflow errors
we provide analysis to guarantee that they cannot occur
(Section IV-D), where for arithmetic round-off errors we
prove that there is a converging upper bound on the total
incurred error (Section IV-E). The results we obtain hold
under the assumptions in Section IV-C and guarantee reliable
operation of the FGM on fixed-point platforms.

A. Fixed-Point vs. Floating-Point Arithmetic

General purpose computing platforms must allow for a
wide range of applications that operate on data with poten-
tially large dynamic range, i.e. the ratio of the smallest to
largest number to be represented. In this case, floating-point
arithmetic provides the necessary flexibility. A floating-point
number consists of a sign bit, a mantissa and an exponent
value that moves the binary point with respect to the man-
tissa. The dynamic range grows doubly exponentially with
the number of exponent bits, making it possible to represent
a wide range of numbers with a relatively small number
of bits. However, because two operands can have different
exponents, it is necessary to perform denormalization and
normalization operations before and after every addition
or subtraction, leading to increased resource usage, higher
power consumption and longer arithmetic delays.

In contrast, fixed-point numbers have a fixed number of
bits for the integer and fraction fields, i.e. the exponent does
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not vary and does not have to be stored. Fixed-point com-
putations are the same as with integer arithmetic, hence the
digital circuitry is simple and fast, leading to greater power
efficiency and acceleration through extra parallelization in a
custom hardware implementation. For instance, in a Xilinx
FPGA, fixed-point addition takes one cycle, whereas a single
precision floating-point adder would require 14 cycles while
using one order of magnitude more resources for the same
number of bits [1].

B. Error Sources in Fixed-Point Arithmetic
The benefits of fixed-point arithmetic motivate its use in

the FGM to realize fast and efficient implementations on
FPGAs or other low cost and low power devices with no
floating-point support, such as embedded microcontrollers,
fixed-point digital signal processors (DSPs) or programmable
logic controllers (PLCs). However, there are several types of
errors that must be accounted for:

Representation Errors: Representation errors arise when
converting the problem and algorithm data, e.g. Hessian H
or step size β, from floating- to fixed-point numbers. Poten-
tial consequences include the loss of convexity, change of
optimal solution and a lack of feasibility with respect to the
original problem.

Overflow Errors: Overflow errors occur whenever the
number of bits for the integer part in the fixed-point repre-
sentation is too small, and can cause unpredictable behavior
of the algorithm.

Arithmetic Errors: Unlike with floating-point arithmetic,
addition and subtraction involve no round-off error in fixed-
point arithmetic, provided the result has the same number
of fraction bits as the operands [23]. For multiplication, the
exact product of two numbers with b fraction bits can be
represented using 2b fraction bits, hence a b-bit truncation of
a 2’s complement number incurs a round-off error bounded
from below by −2−b. Note that in 2’s complement arith-
metic, truncation incurs a negative error both for positive
and negative numbers.

C. Problem Setup and Assumptions for the Error Analysis
We henceforth consider the solution to the following

normalized fixed-point representation of the optimization
problem (2):

f∗n(x̂) := min
z
fn(z; x̂) :=

1

2
zT Ĥnz + zT ĥn(x̂) (4)

subject to z ∈ K̂,

whose problem data will be explained below. We use (̂·)
throughout in order to distinguish variables in fixed-point
arithmetic from those in exact arithmetic. We assume the
following on the problem and algorithm data:

Assumption 1: All variables are represented using the
same number of fraction bits b.

Assumption 2: The feasible set under finite precision,
K̂ :=

{
z ∈ Rn

∣∣ ẑmin ≤ z ≤ ẑmax

}
, is an n-dimensional

box and is contained in the original set, i.e. K̂ ⊆ K.1

1Since the truncation errors are negative, one has to contract the original
lower bound zmin of set K by 2−b to avoid the possibility of the fixed-point
implementation returning infeasible solutions w.r.t. the original problem.

Assumption 3: Let Ĥ be the fixed-point representation of
Hessian H and λmax(Ĥ) its maximum eigenvalue (in exact
arithmetic). The number of fraction bits b and/or the constant
c ≥ 1 are chosen such that the fixed-point representation of

Hn :=
1

c · λmax(Ĥ)
· Ĥ,

denoted by Ĥn, has
(i) a maximum eigenvalue of less than or equal to one

(ii) and a minimum eigenvalue that is greater than zero.
Assumption 4: Given the number of fraction bits b and

constant c determined according to Assumption 3, we denote
by Φ̂n the fixed-point representation of

Φn :=
1

c · λmax(Ĥ)
· Φ.

Furthermore, we use ĥn(x̂) to denote the result of the matrix-
vector product Φ̂nx̂ in fixed-point arithmetic.

Assumption 5: The fixed-point step size β̂ is chosen such
that

1 > β̂ ≥
(√

κ
(
Ĥn

)
− 1
)(√

κ
(
Ĥn

)
+ 1
)−1
≥ 0.

Assumption 1 will allow for a simplified analysis in
Section IV-E, whereas Assumption 2 ensures feasibility of
the (approximate) solution returned by the fast gradient
method. Assumption 3 makes sure that the objective function
in (4) remains strongly convex and Assumption 5 guarantees
that the true condition number of Ĥn is not underestimated,
in which case the convergence result of the FGM in (3) would
be invalid. In fact, the assumption ensures that the effective
condition number for the convergence result is given by

κn =

(
1 + β̂

1− β̂

)2

≥ κ
(
Ĥn

)
. (5)

D. Preventing Overflow Errors
In order to avoid overflow errors in a fixed-point im-

plementation of Algorithm 1 (adapted for problem (4)),
the largest absolute values of the iterates’ and intermediate
variables’ components must be known or upper-bounded a
priori to decide how many bits to allocate for their integer
parts. For the static problem data (I − Ĥn), Φ̂n, 1 + β̂ and
β̂, the number of integer bits is easily determined by the
maximum value in each expression. For the dynamical data,
which changes in every iteration of the fast gradient method,
we summarize the upper bounds in the following proposition.

Proposition 1: If problem (4) is solved by the fast gradient
method using the appropriately adapted Algorithm 1, then
the largest absolute values of the iterates and intermediate
variables are given by

‖ẑi+1‖∞ ≤ z̄ := max {‖ẑmin‖∞, ‖ẑmax‖∞} ,
‖ŷi+1‖∞ ≤ ȳ := z̄ + β̂‖ẑmax − ẑmin‖∞,

‖(I − Ĥn) ŷi‖∞ ≤ ȳinter := ‖I − Ĥn‖∞ · ȳ, (6)
‖x̂‖∞ ≤ x̄ := max

x∈X̂0

‖x‖∞,

‖Φ̂nx̂‖∞ ≤ h̄ := ‖Φ̂n‖∞ · x̄, and
‖ti‖∞ ≤ t̄ := ȳinter + h̄,
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for all i = 0, 1, . . . , Imax−1. The set X̂0 is chosen such that
for every state in exact arithmetic x ∈ X0 we have x̂ ∈ X̂0.

Proof: Follows from interval arithmetic and properties
of the vector/matrix ‖ · ‖∞-norm.

Normalization of the objective as introduced in Section IV-
C has no effect on the maximum absolute values of the
iterates. Furthermore, the bound in (6) also applies for the
intermediate elements/cumulative sums in the evaluation of
the matrix-vector product. Notice as well that most of the
bounds stated in Proposition 1 are indeed tight bounds.

E. Stability Analysis Under Arithmetic Round-Off Errors
We show next how to derive an upper bound on the

sequence of residuals {fn(ẑi; x̂)−f∗n(x̂)}Imax
i=0 , where ẑi is a

fixed-point iterate of the fast gradient method for the solution
of problem (4) and x̂ is the fixed-point representation of
the initial state. For this purpose, we relate iterates ẑi to
the iterates generated under exact arithmetic, zi, which then
leads to the bound

fn(ẑi; x̂)− f∗n(x̂) ≤ fn(zi; x̂)− f∗n(x̂) + ∆i(x̂), (7)

where for an increasing number of iterations i→ +∞:
• the residual with respect to the iterates in exact arith-

metic, fn(zi; x̂) − f∗n(x̂), converges to zero according
to (3) (note that the condition number in case of the
fixed-point implementation is given by κn in (5)),

• and the term ∆i(x̂), which is due to arithmetic round-
off errors, converges to some positive constant ∆∞(x̂).

Consequently, although there is a persistent worst case error
in the residual due to arithmetic round-off errors, this result
ensures that the error does not accumulate continually, which
is a crucial prerequisite for reliable operation of the fast
gradient method on fixed-point platforms.

In the literature, there are different approaches for a
convergence analysis of the FGM under inexact computa-
tions. However, none of them address errors from fixed-point
arithmetic explicitly. Existing research can be classified into

(i) approaches that derive conditions to guarantee that no
continual error accumulation occurs, e.g. [2], [21], and

(ii) an approach that investigates convergence in a general
error framework [4], concluding that errors can be
accumulated, which leads to divergence of the method.

Although arithmetic round-off errors due to fixed-point arith-
metic could be interpreted within the framework of [2]
in order to prove a converging upper bound ∆i(x̂), we
provide a complimentary and much shorter analysis based on
control theory for the most common case of strongly convex
quadratic objectives.2

The following proposition provides the entry point for the
numerical stability analysis:

Proposition 2: Assume that problem (4) is solved by the
FGM using the appropriately adapted Algorithm 1. Let b be
the number of fraction bits and n be the dimension of the
decision vector. Any accumulation of finite precision errors

2Note that the approach in [21] assumes vanishing errors for an increasing
iteration count; since we assume constant bit lengths for fixed-point number
representation, this is not a viable approach in the context of this paper.

up to iteration i, ηi := ẑi − zi, i = 0, . . . , Imax, can be
described by the two-step recurrence

ηi+1 = diag(επ,i)
(
I−Ĥn

)(
ηi+β̂(ηi−ηi−1)+εy,i−1

)
+ εt,i,

for η−1 = η0 and some arithmetic round-off errors due to
• matrix-vector multiplication (line 2), εt,i ∈ [−n2−b, 0]n,
• scalar-vector multiplication (line 4), εy,i∈ [−2−b, 2−b]n,

with εy,−1 = 0,
and some vectors επ,i ∈ [0, 1]n that capture the (potential)
error reduction from the projection operation in line 3.

Proof: At iteration i, the error in line 2 of Algorithm 1
is given by

t̂i − ti = (I − Ĥn)(ŷi − yi) + εt,i,

where εt,i is a vector of errors from the matrix-vector
multiplication. Since there are n round-off errors in the com-
putation of every component, the total error per component
is in the interval [−n2−b, 0]. For the projection in line 3 we
note that in view of Assumption 2 there is no arithmetic
error; furthermore, every component of the previous error
t̂i−ti can only be decreased (this can be verified analytically
or graphically), giving rise to the LHS multiplication with
diagonal matrix diag(επ,i). Finally, in line 4, the error is

ŷi+1 − yi+1 = (1 + β̂)ηi+1 − β̂ηi + εy,i,

where two scalar-vector multiplications incur error εy,i
with components in [−2−b, 2−b] (addition and subtraction).
Putting everything together in terms of ηi+1 and considering
that ẑ0 − z0 = ŷ0 − y0 completes the proof.

Although the errors ηi are inherently bounded by the
box K̂, we will see next that even if there is no truncation
of the errors due to projection on K̂, i.e. diag(επ,i) = I ,
i = 0, 1, . . . , Imax − 1, the errors remain bounded. In order
to show this, we first express the two-step recurrence of the
error in Proposition 2 as the one-step recurrence[

ηi+1

ηi

]
︸ ︷︷ ︸
=:ξi+1

=

[(
1 + β̂

)(
I − Ĥn

)
−β̂
(
I − Ĥn

)
I 0

]
︸ ︷︷ ︸

=:A

[
ηi
ηi−1

]
︸ ︷︷ ︸

ξi

+

[(
I − Ĥn

)
I

0 0

]
︸ ︷︷ ︸

=:B

[
εy,i−1
εt,i

]
︸ ︷︷ ︸

=:υi

(8)

and prove that matrix A is Schur stable. Stability follows
from the theorem below since matrix Ĥn is positive definite
with maximum eigenvalue of less than or equal to one
(Assumption 3) and step size β̂ is in [0, 1) (Assumption 5).

Theorem 1: Let C be any symmetric positive definite
matrix with maximum eigenvalue less than or equal to one.
For every constant γ in the interval [0, 1] the matrix

M :=

[
(1 + γ)(I − C) −γ(I − C)

I 0

]
is Schur stable, i.e. its spectral radius ρ(M) is less than one.

Proof: Refer to [10].
The next lemma provides an upper bound on the magni-

tude of error ηi for any arithmetic round-off errors that might
have occurred up to iteration i.
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Lemma 1: Let b be the number of fraction bits and n
be the dimension of the decision vector in problem (4).
Consider the error dynamics due to arithmetic round-off
in (8), assuming no error reduction from projection. The
magnitude of any accumulation of round-off errors up to
iteration i, ‖ηi‖ = ‖ẑi − zi‖, is upper-bounded by

η̄i=‖EAi‖
∥∥∥∥[η0η0

]∥∥∥∥+2−b
√
n(1+n2)

i−1∑
k=0

‖EAi−1−kB‖ (9)

for all i = 0, . . . , Imax − 1, where matrix E :=
[
I 0

]
.

Proof: From the one-step recurrence (8) we find that

ξi = Ai ξ0 +

i−1∑
k=0

Ai−1−kBυk, i = 0, 1, . . . Imax − 1,

such that the result is obtained from applying the properties
of the matrix norm. Observe that 2−b

√
n(1 + n2) is the

maximum magnitude of υk for any k = 0, . . . , i− 1.
Since matrix A is Schur stable, the bound in (9) converges.

Indeed, the effect of the initial error ξ0 decays according to

‖EAi‖ ∝ ρ(A)i, (10)

whereas the term driven by arithmetic round-off errors in
every iteration behaves according to

i−1∑
k=0

‖EAi−1−kB‖ ∝ 1

1− ρ(A)
− ρ(A)i

1− ρ(A)
. (11)

This result can be used to construct the bound on the
residuals in (7).

V. PARAMETRIZABLE HARDWARE ARCHITECTURE

Amdahl’s law [7] states that the potential acceleration
through parallelization is limited by the sequential fraction of
an algorithm. In the FGM, a large fraction of the computation
involves matrix-vector multiplications, hence the expected
benefit of parallelization is substantial. In order to minimize
sequential dependencies, the original FGM has been slightly
modified (cf. Algorithm 1). Also observe that the compu-
tation of the individual vector components is independent
of each other and the only communication occurs at matrix-
vector multiplication. This allows for efficient parallelization
given the custom computing and communication architecture
discussed next. Specifically, we describe a tool that takes as
inputs the data type, number of bits, level of parallelism and
the latencies of an adder/subtracter (lA) and multiplier (lM )
and automatically generates a digital architecture described
in the VHDL hardware description language.

For a fixed-point data type, the generated architecture
implementing Algorithm 1 for problem (4) is depicted in
Figure 1. The matrix-vector multiplication is computed in the
block labelled v̂T ŵ, which is shown in detail in Figure 2a.
It consists of an array of n parallel multipliers followed by
an adder reduction tree of depth dlog2 ne. The architecture
for performing the projection operation on set K̂ is shown
in Figure 2b. It compares the incoming value with the upper
and lower bounds for that component. The results of the
comparisons drive the select signal of a multiplexer which
either saturates the component or allows it through.

πK̂

Fig. 1: Fast gradient compute architecture. Boxes denote
storage elements and dotted lines represent n parallel vector
links. The dot-product block v̂T ŵ and the projection block
πK̂ are depicted in Figure 2 in detail. FIFO stands for first-in
first-out memory and is used to hold the values of the current
iterate for use in the next iteration. In the initial iteration, the
multiplexers allow x̂ and Φ̂n through and ĥn(x̂) is stored in
memory. In the subsequent iterations, the multiplexers allow
ŷi and I − Ĥn through and ĥn(x̂) is read from memory.

+
+

+
+

+

(a) Dot-product block with
parallel tree architecture.

(b) Projection block. A delay of lA
cycles is denoted by z−lA .

Fig. 2: Architectures of dot-product and projection block.

The amount of parallelism in the circuit is parameterized
by parameter P . In Figure 1, P = 1, meaning that there is
parallelism within each dot-product but the n dot-products
required for matrix-vector multiplication are computed se-
quentially. If the level of parallelization is increased to P =2,
there will be two copies of the shaded circuit in Figure 1
operating in parallel, one computing the odd components of
ŷi and ẑi, the other computing the even. The different blocks
communicate through a serial-to-parallel shift register that
accepts P serial streams and outputs n parallel values for
matrix-vector multiplication. These n values are the same
for all blocks. It takes

⌈
n
P

⌉
clock cycles to have enough data

to start a new iteration, hence the number of clock cycles
needed to compute one iteration of the fast gradient method
for P ∈ {1, . . . , n} is

L :=
⌈ n
P

⌉
+ lAdlog2 ne+ 2lM + 3lA + 1. (12)

Note that in a custom hardware implementation the num-
ber of execution cycles is exact. Providing cycle accurate
completion guarantees is very important for high-speed real-
time applications. Expression (12) also suggests that there
will be diminishing returns to parallelization – a consequence
of Amdahl’s law. However, (12) also suggests that if there
are enough resources available, the effect of the problem size
on increased computational delay is only logarithmic in the
worst case. As Moore’s law continues to deliver devices with
greater transistor densities, the possibility of implementing
algorithms in a fully parallel fashion for medium size opti-
mization problems is becoming a reality.
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sample

Piezo plate actuatoru

Fig. 3: Schematic diagram of the atomic force microscope
(AFM) experiment. The signal u is the vertical displacement
of the piezoelectric actuator, d is the sample height, r is the
desired sample clearance, and y is the measured cantilever
displacement.
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and the frequency response data from which it was identified
(solid, green).

VI. CASE STUDY: OPTIMAL CONTROL OF AN ATOMIC
FORCE MICROSCOPE

We consider the control of an AFM in which the overall
objective is to obtain a topographical image of a sample
specimen by measuring and manipulating the vertical clear-
ance of a cantilever beam from the surface of the sample.
The AFM system we consider is depicted schematically in
Figure 3, in which the specific control objective during the
imaging process is to maintain a constant reference distance
r = 50 nm of the cantilever tip from the sample surface. The
varying height d of the imaged sample can be controlled via
the vertical displacement u of a piezoelectric plate actuator
supporting the sample.

We use an experimentally obtained AFM system model
from [12] whose frequency response is shown in Figure 4,
along with the frequency response of a 12th order LTI SISO
model of the system. We use a state-space representation
of this model in observer staircase form, so that the first
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Fig. 5: Typical cantilever tip deflection (nm, top), control
input signal (Volts, middle) and sample height variation (nm,
bottom) profiles for the AFM example.

state is directly proportional to the controlled error signal
r− (d+ y), in order to facilitate tuning of the controller via
manipulation of the MPC objective function. We assume an
input constraint u ∈ [0, 12.5], representing the allowable
input voltage range of the piezoelectric actuator. For the
purposes of evaluating our FGM implementation of MPC,
we assume that the system state is available from some
external estimator. We choose a diagonal cost matrix Q and
scalar R such that the system achieves the simulated closed-
loop behavior exemplified by Figure 5 when the controller is
implemented in a standard reference tracking configuration
using a control horizon of 16 samples. To achieve good
closed-loop performance, we target controller sampling rates
in excess of 1 MHz.

Our goal is to choose the minimum number of bits and ite-
rations such that the closed-loop performance is satisfactory
while minimizing the amount of resources needed to achieve
the desired sampling frequencies. Figure 6 shows the actual
FGM convergence behavior of the residual ‖z∗(x̂) − ẑi‖
for one sample in the simulation. The maximum attainable
accuracy for different numbers of bits is determined by the
bound on the magnitude of any accumulation of round-off
errors η̄i in (9) since ‖z∗(x̂)− ẑi‖ ≤ ‖z∗(x̂)− zi‖+ η̄i. In
the figure, we show the value of η̄i at convergence, η̄∞, as
an indication of the tightness of our derived bound.

Table I shows the difference in closed-loop tracking per-
formance for different fixed-point controllers compared to
a double precision floating-point controller executing 400
fast gradient iterations at each sample (considered to achieve
optimal tracking). It is clear that 15 iterations are not enough
for satisfactory tracking. Assuming that a relative tracking
error smaller than 0.1% is desirable, using 20 fast gradient
iterations and 14 fraction bits would be the optimal choice.

For a fixed number of iterations one can calculate the exe-
cution time deterministically according to (12). The FPGA
designs can be clocked at more than 400 MHz using chips
from Xilinx’s high-performance Virtex 6 family or at more
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TABLE I: Percentage difference between the tracking error
for a double precision floating-point controller using Imax =
400 and different fixed-point controllers.

Imax\b 10 12 14 16 18 20 22
15 55.18 33.25 29.13 28.74 29.28 29.25 30.65
20 16.13 0.88 0.06 0.02 0.02 0.02 0.02
25 17.56 0.96 0.05 0.01 0.01 0.01 0.01
30 17.57 0.96 0.04 0.00 0.00 0.00 0.00
35 17.42 0.95 0.04 0.00 0.00 0.00 0.00

than 230 MHz using the low cost and low power Spartan 6
family. Table II shows the achievable sampling times for dif-
ferent levels of parallelization. The resource usage is stated
in terms of the number of embedded multiplier blocks since
this is the limiting resource in these designs. With Virtex 6
devices one can achieve sampling times beyond 1 MHz for
P = 2 and close to 2 MHz for P = 16 (maximum paral-
lelism), whereas for Spartan 6 devices well over 600 kHz
sampling frequencies are achievable with P = 2 and close
to 1 MHz for P = 7. For Virtex 6, all designs fit inside the
smallest device in the family (LX75T), whereas for Spartan 6
technology a variety of chips will be suitable for different
designs. Note that the devices in the low power family will
have power ratings in the region of 1 Watt.

TABLE II: Resource usage and potential performance at
400MHz (Virtex 6) and 230MHz (Spartan 6) with Imax =20.
Ts stands for sampling time.

P 1 2 3 4 6 7 16
multipliers 18 36 54 72 108 126 288

V6 Ts (µs) 1.30 0.90 0.80 0.70 0.65 0.60 0.55
S6 Ts (µs) 2.26 1.57 1.39 1.21 1.13 1.04 -

S6 chip LX16 LX25 LX45 LX75 LX75 LX75 -
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