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A Multiobjective Optimization Approach for Optimal Control Problems
of Mechanical Systems with Uncertainties
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Abstract—This work deals with the optimal control of
mechanical systems with uncertainties which are associated to
e.g. unknown parameters such as friction coefficients or geome-
try parameters in the model. While in the deterministic setting
we characterize the maximal performance of the control system
by fulfilling a predefined task exactly, in presence of uncertainty
a performance measure is introduced whose mean has to be
minimized to guarantee maximal performance of the control
system. Taking this notion of system performance as additional
objective into account leads to a multiobjective optimal control
problem. Based on techniques from multiobjective optimization
we present a methodology to numerically approximate the set
of Pareto optimal solutions. The approach is verified by means
of a robot arm maneuver with uncertain model parameters.

I. INTRODUCTION

The goal in classical optimal control theory is to determine
control strategies that, if applied to the system, fulfill some
predefined task optimally w.r.t. some given quantity. How-
ever, for many applications specific system parameters such
as e.g. friction coefficients or geometry parameters are not
known or cannot be measured exactly. Due to this uncertainty
the execution of the task can no longer be guaranteed by the
control system. Strategies in robust optimal control theory
([11, [2], [3]) are based on formulations that ensure that the
task has to be fulfilled for all realizations of the uncertainty
in a given set. If the distribution of the uncertain variables is
known (or not exactly known), probabilistic guarantees for
robust solutions are computable a priori dependent on the
uncertainty set (see e.g. [1], [2] for an overview of tractability
and probabilistic guarantees for special problem classes). In
this work we choose a less conservative approach: Based
on the introduction of a performance measure [4], which
states how well the predefined task is fulfilled by the control
system, we develop a methodology which takes this notion
of system performance as additional objective into account.
In particular, we want to design a control that, on the one
hand, is optimal w.r.t. the prescribed objective functional
and, on the other hand, maximizes the system performance.
The resulting problem is a multiobjective optimal control
problem, for which the optimization of several objectives at
the same time is required. In our case, these objectives are
conflicting such that no unique optimum can be determined.
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Rather, one is interested in determining a set of compro-
mise solutions, the Pareto optimal solutions [5] such that a
decision maker is able to select one Pareto optimal control
strategy fitting his demands best. Based on existing numerical
approaches for the solution of multiobjective optimization
and optimal control problems we present a numerical method
to approximate the Pareto set.

Common approaches to solve deterministic optimal con-
trol problems such as direct methods (cf. [6] for an overview)
are based on a time-discretization of the control or state
and control trajectories and the differential equation. In this
way, the optimal control problem is transformed into a
finite-dimensional nonlinear constrained optimization prob-
lem. Standard optimization techniques such as SQP [7]
can be used to compute the optimal solution. The direct
method DMOC [8] is particularly tailored to mechanical
systems since it preserves specific geometric properties such
as symmetries in the discrete solution. DMOC has also
been extended to the case of optimal control problems with
multiple objectives [9]. If system parameters are uncertain,
an optimal control problem can be formulated by minimizing
the mean of an objective functional w.rt. a differential
equation involving random parameters whose distribution
is assumed to be known. Common solution methods are
e.g. sample average approximation methods ([10], [11])
based on Monte Carlo simulations.

In the area of multiobjective optimization, numerical
methods can be classified in global and local methods:
Global methods stepwise iterate a complete set of candidate
solutions to an approximation of the Pareto set while local
methods use local information of single Pareto points to
compute nearby solutions. Well known global methods are
evolutionary algorithms (e.g. [12]) or subdivision methods
(e.g. [13]). Typical local methods are the weighted sum
method (e.g. [14], [12]), continuation methods (e.g. [15],
[16]) or reference point methods (e.g. [14]). For the solu-
tion of optimal control problems with multiple objectives,
typically direct methods for the solution of optimal control
problems are combined with numerical multiobjective opti-
mization methods (see e.g. [17], [9], [18]).

In Section II the optimal control problem in the presence
of uncertainty is transformed into a multiobjective optimal
control problem by introducing a performance measure. In
Section III we recall basic definitions of multiobjective opti-
mization problems and present the reference point technique,
a local method for the approximation of Pareto sets. In
Section IV the general form of a multiobjective optimal
control problem with uncertainty is introduced and a solution



strategy is proposed. In Section V we investigate a control
maneuver of a robot arm modeled as two-link manipulator,
for which the arm lengths are assumed to be uncertain (due
to measurement errors) with known probability distribution.
For a successful operation a minimum arm tip positioning
accuracy is required.

II. OPTIMAL CONTROL WITH UNCERTAINTY
Consider a control system described by

X(t) = f (x(t),u(1)) (1)

with Lipschitz continuous f, with the state function x: 1 —

R”" and the control function u : I — R™, I = [ty,tf]. Let

J(x,u) = [;C(x(¢),u(t))dt be an objective functional which

measures a quantity of interest and let r: R” — R be a

function describing a task that has to be fulfilled by the

control system. An optimal control problem is given as:
Problem 2.1: Find a control u* that solves

minJ(x,u) = /1 Cx(), u(r)) dt @)

subject to the differential equation (1), to an initial value
constraint of the form x(fy) = x°, and to a terminal constraint
r(x(z)) = 0.

Each optimal solution of Problem 2.1 satisfies r(x(tf)) =0,
i.e. the fulfillment of the task is guaranteed by the system.
In this case, we say that the system performance is maximal.
We now assume that some of the system parameters are
uncertain and introduce random variables & € R® with known
distributions associated with the uncertainty of the system
parameters. The control system is now described by

x(t) = f (x(t),u(), 6)- 3)

We assume that x(¢) can be expressed as function of &,
i.e. x(¢,&). In the following we simply write x(z) but keep
in mind that x is also a function of &. In the uncertain
case, a formulation of the optimal control problem has
to be found for which the objective and the constraints
have to remain meaningful for different realization of the
random variables. The objective functional J is replaced by
its expectation given by J(u) = [J(x,u)p(E)dE, where p(&)
is the probability density function (pdf) of £. Note that in
the presence of uncertainty the terminal constraint r(x(¢7,&))
takes different values for different values of random variables
£. Thus, the fulfillment of the task cannot be guaranteed
anymore. Our aim is to design a control that, on the one hand,
is still optimal w.r.t. to the prescribed objective functional
and, on the other hand, optimizes the system performance.
We introduce a single performance measure Y (x,&) > 0 that
measures the system performance, i.e. how well the prede-
fined task is fulfilled by the control system. For r(x(tf)) =
0 we have Y = 0, which corresponds to maximal system
performance as in the deterministic case. In the presence of
uncertainty the performance of the system is defined to be
optimal if the expectation value of the performance measure
Y is minimized, i.e. we want to minimize

= [YxEp(E)dE.

“4)
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For the performance measure chosen in (11) this means that
maximal system performance corresponds to minimal mean
violation of the terminal constraint.! This is in contrast to
other approaches in robust optimal control, where e.g. the
probability of a state constraint violation is required to be
below some safety parameter, which is included as inequality
constraint (denoted as chance or probabilistic envelope con-
straint [3]) or as new single objective function in the optimal
control problem while the original optimality criterion is
neglected (see e.g. [4]). Instead, we still take the original
objective into account, treat (4) as an additional objective
and are faced with a multiobjective optimal control problem
for which optimal compromise solution are computed.

III. MULTIOBJECTIVE OPTIMIZATION

We introduce the following
Problem 3.1: A multiobjective optimization problem is
given by

fnin{F(y)}7 S:={yeR"|g(y)=0,a(y) <0}, (5)

with F:R" - R k> 1, g:R" - R™ and a : R” — RY.
The set of Pareto optimal solutions of Problem 3.1 can be
determined based on the concept of dominance.

Definition 3.1: (i) A vector z € § is dominated by a
vector y € S (in short: y < z) with respect to Problem
3.1if F(y) <F(z) and F(y) # F(z).

A point y € S is called Pareto optimal or a Pareto point
if there is no z € S which dominates y. (F(y) is also
called a Pareto point.)

The Pareto set & is defined as the set of all Pareto
points and the corresponding set in the image space
F(2) is called the Pareto front.

For the approximation of the Pareto set reference methods
are appropriate in particular, if the dimension » is high. The
basic idea is to generate unreachable reference points T € RF
in the image space of F, where each of them is used for the
following distance minimization:2

min [F(y) =Tl $:={yeR"|g(y) =0,a(y) <0}. (6

(ii)

(iii)

Standard minimization algorithms like SQP or Ipopt® can be
applied to solve these single objective minimization prob-
lems. More precisely, for a given multiobjective optimization
problem 3.1 and a Pareto optimal point yy € & the reference
point optimization algorithm works as follows:

P:={yo}
FP:={F(y)}
for i=0,...,M do
for j=1,...,k do
Choose TJ’ € R* near F(y;) but outside of F(S)
Solve ' i= argminycs |[F(y) — 7|
if |F(y;) —Tj|| > O then

"Note that the expected value is only one choice of many measures and
could be easily replaced.

2For the numerical computations we minimize the squared distance to
ensure differentiability.

3https://projects.coin-or.org/Ipopt



YIP|+1 =]

P:=PU{yp1}

FP = FPU{F(yp.1))

end if
end for
end for

M € N is a predefined number of steps, P is the resulting set
that approximates the Pareto set & in the convex case and
a connected part of it in the nonconvex case and FP is the
corresponding front. The if-condition ensures that the chosen
reference points are not reachable. For the reference point
generation we choose a strategy suggested in [19] which
is designed to approximate the Pareto front for a bi-criteria
optimization problem with evenly spread points very fast.

IV. MULTIOBJECTIVE OPTIMAL CONTROL WITH
UNCERTAINTY

The multiobjective optimal control problem with uncer-
tainty introduced in Section II can be generally formulated
as follows.

Problem 4.1: Find a control u* that solves

mm/]xu

subject to (3) with vector valued objective functionals
J=(,....0) and J = (Ji,...,Jy) such that Ji(u) =
JJi(x,u)p (é)dﬁ Each J;(x,u) may consist of a Lagrange
and a Mayer term J;(x,u) = [;Ci(x(¢),u(t))dt + y;(x(z¢)),
i=1,....k, withC=(Cy,...,Cy) and y = (y1,..., ) being
vector-valued, continuously differentiable functions.

The numerical solution of Problem 4.1 involves three key
tasks: (i) the numerical solution of the state equation (3), (ii)
a strategy to approximate the objective functional J, and (iii)
an optimization algorithm to approximate the Pareto set.

man

)

A. Numerical Approximation

For the first task a numerical integrator based on a
prescribed time grid Ar = {1o,...,ty =t} is used. Let uy =
{ue 3 be a discretization of the time-dependent function
u(t), where uy is an approximation of u(#;). For a fixed
control sequence uy; and fixed parameter & a variational
integrator is applied to compute an approximation x; =
{xk}ivzo of the curve x(z).* Variational integrators [20] are in
particular efficient for Hamiltonian and Lagrangian systems
since they preserve structural properties such as symmetries
in the discrete approximation.

For the second task in general two approximations have
to be performed to evaluate an objective functional of the
form (7). We use the same approximation rules for each
objective functional J;, i = 1,...,k but omit the index i for
simplicity in this section. The two approximations are based
on a discretization in time (based on the discrete time grid
{tk}szo) and the space of uncertain parameters. We use a
straight forward approximation technique that is based on
a simple sampling of the uncertain parameters. We assume
a bounded support of the pdf which is realized by cutting

“Note that each x;, k=0,...,N, is a function of E.
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the pdf at appropriate bounds. For our numerical examples
such a support is chosen by five times the standard deviation
since it is unlikely that the parameters are outside this region.
Note that also in most practical applications the region of
uncertainty is bounded (system parameters can only change
within a prescribed region). Thus, we introduce lower and
upper bounds él and & on the random variables such that
& e [ELEY for i=1,...,s, and discretize & with M; + 1
discretization points for each component &, i=1,...,s. We
define equidistant discrete grids {‘giki}g]i:o with &y = &/,
Git; = Gio + A&k and &y, = Eio + MAE; = &} with grid sizes
A& € R, i=1,...,55 The discretized probability density
function p; is defined as

((élklv"' 7€Sk_r))
= 8
pd(é) é Aé 21],1 Z?j;lp((élllv'”vésls)) ®
for Gy, 1 <& <&y, for i=1,....s,
K= 1o My 0= 1, s and pa(E) =0 if & ¢ [£], &) for

at least one i. Note that this choice of p; guarantees that
[pa(E)dE = 1. Thus, J(u) can be approximated by

Ja(ug) = A& -+~ A;-
M, M
Z Z Ja(xa(&urys 56y ) ua)pa((Eurys- -+, Esty)
n=1 l=1
le 5 Z?fil Ja(xa Gy ) ua)p (Siys -, 8aty))
21171 Z?;I;]p((élllv”' 7ésl_c)) '

(©))

with J; being the approximation of J based on time dis-
cretization and numerical quadrature rules (see e.g. [8]). Note

that the probability P of & being in [Eix,—1,&1k,] X -+ X
[éskx—laésk_y} can be approximated by
Poyot, = ((flkl, -, &sky)) (10)
Zl] 1’ lv lp((éllla : 76515))

The multiobjective optimal control problem is thus trans-
formed into a multiobjective optimization problem with
objective function J; and optimization parameters y = ug =
{ug,...,un}, where x4(&) is computed with a variational
integrator. The discretization of the time interval determines
the problem dimension and is typically high to reach the
desired accuracy requirements. Thus, for the computation
of Pareto optimal control sequences uy = {up,...,un} and
for the approximation of the Pareto set (the third task), the
reference point optimization method described in Section III
is applied. The discretization of the uncertain parameter
space significantly influences the duration for the objective
function evaluation. Note that for each evaluation of Jy (i)
(My+1)---(M;+ 1) simulations of the differential equa-
tion (3) are required.

5In the following the first index of & refers to the vector component where
the second index represents the grid point.



B. Procedure of the Methodology

The proposed methodology can be summarized in the
following steps:

1) Determine the optimal control sequence for the deter-
ministic optimal control problem.
Formulate the multiobjective optimal control problem
with uncertainty based on a performance measure.
Transform the problem into a multiobjective optimiza-
tion problem with uncertain parameters.
Approximate the Pareto set.

2)
3)

4)

In the first step we solve the optimal control problem
2.1 with objective functional J; for the deterministic system,
i.e. & =&, using the direct optimal control method DMOC.
This enables us to compute a control sequence u;(&) that
is an approximation of the optimal control function u*(é )
such that the desired task defined by r(x(z;)) =0 is fulfilled
by the deterministic control system. In the second step we
introduce uncertain system model parameters. The objective
functional becomes J; = [J; (x,u)p (&) d&. Furthermore, we
reformulate the terminal constraint r(x(tf)) = 0 as an ad-
ditional objective functional J, by defining a performance
measure ¥ whose expectation value has to be minimized for
optimal performance. We choose Y = ||7(x(tf))||5 such that

B = [ Irtaley)IEp (&) d.

In the third step we discretize the multiobjective optimal
control problem by approximating the solution of the dif-
ferential equation as well as the objective functionals as
described in the previous subsection. In the fourth step we
apply the reference point method to solve the multiobjec-
tive optimization problem. Starting with the optimal control
sequence u;(§) for the deterministic case as initial guess,
we search for control sequences which are Pareto optimal
W.L.L. fd71 and fd,z- For the distance minimization (6) we
choose the two-norm and minimize the squared distance
as ||Jy(ug) — T|)5. We use a SQP method implemented in
the NAG library® to solve this single optimization problem.
While the optimization of the deterministic problem can be
solved quite efficiently (in the range of several seconds for
the example described in Section V), the approximation of
the Pareto set of the uncertain problem (step 4)) involves the
highest computational effort (typically in the range of several
hours depending on the problem size and the approximation
accuracy given by the number of reference points).

(1)

V. NUMERICAL EXAMPLE

We demonstrate our approach by a robot arm modeled as a
two-link manipulator. The lengths L; and L; of the two links
are assumed to be not known or exactly measurable. The goal
is to determine control sequences u(¢) that are Pareto optimal
w.r.t. control effort and performance. The performance of the
system is determined by the arm tip state error at the final
time ¢y compared to a prescribed goal state.

Shttp://www.nag.co.uk
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A. The Deterministic Optimal Control Problem

The two-link manipulator (see Fig. 1 on the left) consists
of two coupled planar rigid bodies with mass m;, length [;
and moment of inertia J;, i = 1,2, respectively. For i € 1,2,
we let 6; denote the orientation of the ith link measured
counterclockwise from the positive horizontal axis. If we
assume one end of the first link to be fixed in an inertial
reference frame, the configuration of the system is specified
by (6:(¢),62(t)). Control torques u(t) = (71(¢),72(t)) are
applied at the base of the first link and at the joint between
the two links. For a detailed model description we refer
to [8]. The goal is to determine a control sequence u(t) which
steers the robot arm tip (modeled as end point of the two-link
mechanism) from a prescribed initial state x to a prescribed
final state x.f, where x = (g,v) consists of the arm tip’s
position g = (L; cos 0y + L, cos 6, L sin 0; + L, sin 62)T and
its velocity v=¢ = (—L10; sin0; — L,6,sin 6, L6 cos O +
Lzéz Ccos 92)T.

In the first step, the deterministic optimal control problem
is solved, fpr which the lengths are fixed to some reference
value & =& = (Ly,L5). The endpoint condition x(f7) — Xrer =
0 is incorporated as terminal constraint in the optimal control
problem such that only one objective functional, the control
effort given as Jj(u) = ]}g%ﬂu(z‘)ﬂgdt, is considered. To
determine the optimal control sequence u;(é ) the numer-
ical method DMOC [8] is employed which bases on the
discretization of the underlying optimal control problem. We
choose the link lengths to be £; = 1.0, i = 1,2. The prescribed
goal state is given by Xief = (gref, Gret) = (0,1.5,0,0) which
corresponds to a not fully but almost stretched final up-
up position of the manipulator’ with zero velocity at time
ty = 1.0. For the discretization a discrete time grid with
N +1 = 20 discretization points is chosen leading to 78
optimization variables in DMOC (two times 20 discrete
configuration and two times 19 discrete control parameters).

B. Performance in Presence of Uncertainty

In the second step, the control problem is reconsidered in-
cluding uncertainty. It is assumed that both unknown lengths
Ly and L, can vary randomly in a range of 0.5% around the
given value L; = 1.0, i = 1,2, i.e. the region of uncertainty
is [0.995,1.005] x [0.995,1.005]. Furthermore, the random
parameters are assumed to be independent and normally
distributed around the reference value ﬁ,- =1.0,i=1,2. The

probability density function is given by p(&) = p1(&1)p2(&2),
2
where p;(&) = 127: exp —% (%) ) is the pdf of & =

(e}
L;, i=1,2, with 6 =0.001 and u =1.0.

For the numerical treatment the space of uncertain pa-
rameters [0.995,1.005] x [0.995,1.005] is discretized by two
equidistant grids {&,&pn,...,&m}, M; =33,i=1,2, and we
approximate the pdf by the discretized probability density
function py(&) using formula (8). In Fig. 1 on the right
the probability P of é being in [glkfl,élk] X [521,1752[] is
depicted as given by Py in equation (10).

"Note that the up-up position corresponds to g = (0,2.0).



First, we investigate the influence of uncertainty on the
system performance if the optimal control (&), that was
computed for the deterministic case, is applied to the system.
We integrate the differential equation (3) with fixed optimal
control sequence uy = uj(&) and different grid values &;; =
(&11,62j), i,j=0,...,M. In Fig. 2 it can be seen that the
different final states x(¢f,&;;) of the arm tip strongly deviate
from the reference value for the final position grer = (0,1.5)
(Fig. 2 on the left) and the final velocity vies = (0,0) (Fig. 2
on the right). The colors indicate the probability values as
given in Fig. 1. Thus, the performance of the system given
by (11) is relatively bad in presence of uncertain lengths and
new control sequences have to be determined to improve the

system performance.

C. Multiobjective Optimal Control with Uncertainty

To reduce the deviation from the reference goal state,
the mean of the performance measure Y (11) is treated as
additional objective function. The same maneuver should be
performed in such a way that on the one hand, the required
control effort and on the other hand, the mean deviation from
the prescribed goal state x.f is minimized in presence of
the uncertain length parameters & = (L, L,). The reference
point optimization method is employed to determine Pareto
optimal control sequences using 36 reference points for the
approximation of the Pareto front. For the minimization
of (6) a SQP method implemented in NAG is used. Each
minimization involves 38 optimization parameters (two times
N = 19 discrete controls) and each function evaluation re-
quires My -M, = 1156 simulations.®

Figure 3 (left) shows the approximation of the Pareto
front. A first interesting observation is that the deterministic
solution u;(&) computed by DMOC (blue cross) is not part
of the Pareto front. It is dominated by a less expensive control
belonging to the closest point on the Pareto front indicated
as red circle in Fig. 3 (left). The final state distribution for
this Pareto optimal point is shown in Fig. 4 (a)-(b). The
distribution’s center in configuration space does not lie in the
reference configuration ¢ leading to a worse performance
in configuration space. However the distribution in velocity
space is concentrated more closely around the reference
velocity veef compared to the distribution in the deterministic
case (cf. Fig. 2 (right)), which results in a better performance
in velocity space. Thus, a similar performance in state space
can be reached by using less control effort.x

Generally, it can be observed in Fig. 3 (left) that for
increasing control effort the mean of the deviation from the
final goal state decreases. In Fig. 3 (right) the configuration
of the arm tip for three selected Pareto points PP1-PP3 with
L;=1.0,i=1,2, is shown. The red trajectory belongs to a
solution with low control effort but high mean deviation,
whereas the magenta trajectory requires a higher control
effort and presents a solution with smaller mean deviation.
This is also illustrated in Fig. 4 showing the reached final

8To speed up the computations we used less grid points M, and M, and
interpolated the trajectory’s final state at the grid points in between.

probability

1.005

Fig. 1. Left: Model of the two-link manipulator. Right: Discretization of
uncertain parameter space and approximated probability.
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Fig. 2. Final positions g(ir,&) (left) and velocity v(ts,&) (right) for

different values of lengths parameters & and optimal control sequence u;(&).
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Fig. 3. Left: Approximation of the Pareto front (black curve) with three

selected Pareto points PP1-PP3. The optimal solution computed with DMOC
for the deterministic case (blue cross) is not Pareto optimal (dominated by
PP1). Right: Configuration of arm tip for PP1-PP3 with L; = 1.0, i = 1,2
(g1 solid, g, dashed).

configurations and velocities for random lengths. For exam-
ple, for PP1 less control effort is required to control the
manipulator to a lower position compared to the goal position
(note that the distribution’s center in configuration space in
Fig. 4 (a) lies below the goal state). Along the Pareto front
the area of reached final states contracts and thus the system
performance increases as desired.

VI. CONCLUSIONS

In this contribution we presented a numerical framework
for the treatment of optimal control problems in the presence
of uncertain parameters. In addition to the first objective
prescribed for the deterministic optimal control problem,
the maximal system performance was introduced as second
objective based on a prescribed performance measure. The
problem can be transformed into a finite-dimensional multi-
objective optimization problem by numerical approximation
techniques. The Pareto set of this problem was approximated
with a reference point technique that iteratively searches for
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(c) Final configuration (PP2). (d) Final velocity (PP2)
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(e) Final configuration (PP3).

Fig. 4. Behavior of final points in configuration and velocity space for
three selected points of the approximated Pareto front.

new Pareto optimal solutions. For the robot arm maneuver it
could be observed that the objectives minimal control effort
and maximal performance are indeed contrary, i.e. a higher
system performance leads to higher control effort. Based on
the information of the whole Pareto set, the decision maker is
able to select one Pareto optimal control strategy dependent
on the actual demands concerning system performance and
control efficiency. For a further validation of the proposed
methodology different applications have to be considered.
In particular, different formulations have to be investigated,
which are more closely related to the robust optimization
literature, e.g. using probabilistic envelope constraints [3]
to reformulate the terminal constraint or minimizing the
probability of failure as second objective [4]. First tests
already indicate a similar conflicting behavior between min-
imal control effort and minimal probability of failure. From
a numerical point of view we will investigate strategies to
decrease the computational expense (for the described exam-
ple the approximation of the Pareto set took several hours),
e.g. by using concepts from polynomial chaos theory [21].
Furthermore, a comparison concerning numerical effort and
accuracy with different numerical methods for the different
steps would be interesting, e.g. using evolutionary algorithms
for the approximation of the Pareto set.
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