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Abstract— This paper deals with continuous-time system
identification using fractional differentiation models. So far,
no algorithm exists concerning model order identification of
fractional models. The “simplified” refined instrumental vari-
able method is proposed to estimate parameters of fractional
differential equation models when all the fractional orders
are assumed known. Then an optimization approach based
on this instrumental variable estimator is presented. This two-
stage algorithm, called oosrivcf is then used for model order
identification by using simultaneously two criteria: the Young
Information Criterion (YIC) and the R

2

T criterion.

I. INTRODUCTION

Fractional calculus dates back to Liouville and Riemann

in the ninetieth century and excels in modeling diffusive

phenomena. Oldham and Spanier [1] expressed diffusive

phenomena in semi-infinite media where diffusive systems

are modeled with transfer functions involving differentiation

orders multiples of 0.5. In electrochemistry, it is proven that

the diffusion of charges in acid batteries is governed by

Randles models [2], [3] that involve a half order integrator. In

semi-infinite thermal systems, Battaglia et al. [4] have shown

that the exact solution of heat equation links thermal flux

to a half order derivative of surface temperature on which

the flux is applied. Foucault currents inside rotor bars in

induction machines obey to diffusive phenomena modeled

by fractional models [5].

Instrumental variable methods for system identification

have been developed since the seventies. For a detailed

description refer to [6], [7], [8] and all references therein.

Refined Instrumental Variables for Continuous system (rivc),

and its simplified version (srivc) when the additive measure-

ment noise is white, were developed in [6], [9]. When the

model lies in the same class as the true system, the rivc

method and consequently the srivc can be interpreted in

optimal statistical terms yielding consistent estimates with

minimum variance.

In system identification with rational models, where only

the coefficients are estimated, the model order remains un-

changed, whereas estimating coefficients and differentiation

orders in fractional models is not a trivial task given that

estimating the differentiation orders in an iterative algorithm

changes the model order at each iteration. In this paper, the

srivc algorithm helps for linear coefficient estimation, and

a gradient-based approach allows the differentiation order

estimation. [10] have exposed this two-stage algorithm with

an application to a thermal system. However, to the best of

authors’ knowledge, no algorithm has ever been proposed in

the literature to fix the model structure, and consequently to

fix optimally the number of parameters.

Fractional models allow modeling infinite dimensional

systems with reduced number of parameters. Since it is

always possible to find a high order rational model equivalent

to a low dimension fractional model [11], the use of high

dimension fractional models is of limited interest.

Mathematical background

Differentiation to an arbitrary order γ, with γ ∈ R

was defined by Riemann and Liouville as being an integer

derivative of order ⌊γ⌋+1 (⌊.⌋ stands for the floor operator)

of a non-integer integral I [12]:

pγx(t)= p⌊γ⌋+1
(

I⌊γ⌋+1−γx(t)
)

∆
=

(

d

dt

)⌊γ⌋+1




1

Γ (⌊γ⌋+ 1− γ)

t
∫

0

x (τ) dτ

(t− τ )
γ−⌊γ⌋



 , (1)

where t > 0, γ ∈ R∗
+. The Euler’s Γ function is defined in

the set of strictly positive real numbers x ∈ R∗
+ as:

Γ(x) =

∞
∫

0

e−ttx−1dt, (2)

and extended to the rest of the real numbers excepting

negative integers x ∈ R∗ \N− by analytical continuity.

It is assumed that the system input u(t) and the noise-free

system output y(t) are related by the following fractional

differential equation,

y (t) + a1p
α1y (t) + · · ·+ aNpαN y (t) =

b0p
β0u (t) + b1p

β1u (t) + · · ·+ bMpβMu (t) , (3)

where p stands for the differentiation operator p = d
dt

, and

so pµu(t) denotes the µ-th time-derivative of the continuous-

time signal u(t), (aj , bi) ∈ R
2, and the differentiation orders

0 < α1 < . . . < αN , 0 ≤ β0 < β1 < . . . < βM , (4)

are ordered for identifiability purposes.

It is easy to define a symbolic representation of the

fractional dynamic system governed by (3) using the transfer
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function:

G (p) =
B(p)

A(p)
=

M
∑

i=0

bip
βi

1 +
N
∑

j=1

ajpαj

. (5)

G(p) is said commensurate of order γ, when rewritten as:

G (p) =

m
∑

i=0

b̃ip
iγ

1 +
n
∑

j=1

ãjpjγ
, (6)

where m = βM

γ
and n = αN

γ
are integers and ∀i′ ∈

{0, 1, . . . ,m}, ∀j′ ∈ {1, . . . , n}:


















b̃i′ = bi if ∃i ∈ {0, 1, . . . ,m} such that i′γ = βi

b̃i′ = 0 otherwise

ãj′ = aj if ∃j ∈ {1, . . . , n} such that j′γ = αj

ãj′ = 0 otherwise.

(7)

In rational transfer functions, γ equals 1 and usually nume-

rator αN and denominator βM orders are both fixed, then

all coefficients bi, i = 0, . . . ,M and aj , j = 1, . . . , N are

estimated. Generally, no care is taken to check whether any

intermediate coefficient, as in (7), equals zero.

Time-domain simulation of fractional systems is an ex-

tensively studied topic in the literature [11], [13], [14].

System identification algorithms proposed in this paper may

be used with any time-domain simulation algorithm of frac-

tional systems. It is however definitely of his responsibility

to correctly simulate the fractional system with negligible

simulation errors, in order to be able to consistently estimate

the fractional model parameters. Otherwise, simulation errors

would affect the estimated parameters. The simulation algo-

rithm used in this paper is based on [11] approximation of

fractional operator in a desired frequency band by a recursive

distribution of zeros and poles.

Stability theorem ([15], extended): A commensurate

transfer function, with a commensurate order γ as in (6),

G(p) = T (pγ )
R(pγ ) , where T and R are coprime polynomials, is

BIBO stable if and only if :

0 < γ < 2 (8)

and

| arg(sk)| > γ
π

2
, ∀sk ∈ C /R(sk) = 0. (9)

The stability conditions are used later when estimating the

commensurate order, which must be in the interval (8) for

stable systems.

II. PROBLEM FORMULATION

For simplicity, the formulation and solution of the estima-

tion problem is restricted to the case of linear, single-input,

single-output system, the analysis being extendable to multi-

variable fractional systems (see e.g.[16]).

It is assumed that the input u(t) and the noise-free

output y(t) are related by the constant coefficient differential

equation (3), which can also be written in the compact model

form (5), where B(p) and A(p) are assumed to be coprime,

and the system asymptotically stable.

The data are collected at regular time-instants from t = 0
to t = Tfinal (K samples), with a sampling period h small

enough. so that the approximation errors while computing

numerically the fractional derivatives are negligible. The

number of samples is assumed to be large enough to guaran-

tee convergence of the estimated parameters to the true ones.

The quasi-stationary input signal {u(t), 0 ≤ t ≤ Tfinal}
applied to the system is persistently exciting, and gives rise

to an output signal {y(t), 0 ≤ t ≤ Tfinal}. The noise-

free output y is supposed to be corrupted by an additive

white measurement noise ξ, normally distributed with a zero

mean and σ2 variance, considered at discrete instants. The

complete equation can be written in the form:

{

y(t) = G(p)u(t)
y∗(tk) = y(tk) + ξ(tk),

(10)

where y∗(tk) is the sampled value of the unobserved noisy

output y(t). Given the discrete-time sampled nature of the

data, the usual assumption is that a discrete-time noise ξ(tk)
is associated with the sampled data (see e.g. [17]). It is

easier to consider white noise in the discrete-time case, since

the concept of continuous-time white noise is a non-trivial

extension of the discrete-time case.

When the model (5) is used, the parameter vector

θ =

[

ρ
µ

]

(11)

is composed of a vector of N + M + 1 transfer function

coefficients,

ρ = [b0, b1, . . . , bM , a1, . . . , aN ]
T
, (12)

and additionally a vector of N+M+1 ordered differentiation

orders, as in (4),

µ = [β0, . . . , βM , α1, . . . , αN ]T. (13)

Estimating all differentiation orders requires to determine

N+M+1 terms along with the N+M+1 transfer function

coefficients. Moreover, if N and/or M are high, the number

of local minima may increase and the nonlinear optimization

algorithms, with high complexity, may fail to converge to

the global minimum. To reduce the number of parameters,

a commensurate model (6) can be chosen, where only one

differentiation order and hence N + M + 2 parameters are

estimated. The parameter vector θ in (11) is then reduced to

the N+M+1 transfer function coefficients as in (12) added

to a single commensurate differentiation order:

µ = γ. (14)

In this case, the searching domain of the commensurate order

is held for γ ∈ (0, 2), which corresponds to the stability

domain as specified in the extended Matignon’s theorem.
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III. MODEL ORDER IDENTIFICATION FOR

CONTINUOUS-TIME FRACTIONAL MODELS

A. Simplified refined instrumental variable for continuous-

time fractional models

In this section all differentiation orders are assumed to

be known and fractional transfer function coefficients are

estimated. The srivc [9], [18] algorithm derives from the sriv

[19], [6] algorithm for discrete-time transfer function model

identification and have been successfully used for more than

three decades in various contexts. This was evolved by con-

verting the maximum likelihood (ML) estimation equations

to a pseudo-linear form involving optimal prefilters (see e.g.

[7]). The iterative srivcf algorithm (srivc for fractional mod-

els), known to deliver optimal estimates when the additive

measurement noise is white, is recalled (see [20], [10] for

the details). Moreover, it has recently been established in

the rational continuous-time case in [21, theorem 1] that

the srivc algorithm converges asymptotically in one iteration

under some mild assumptions1. In the fractional case, the

convergence of the srivcf algorithm follows exactly the same

scheme under the same assumptions.

All linear transformations can be interpreted as lowpass

filtering. Not only direct differentiation of noised signals is

avoided, but also it allows to specify the frequency band into

which the model and system adequacy is sought. Moreover

the filter frequency response should match its system transfer

function. The srivcf uses a filter updated iteratively which

avoids choosing a priori its design parameters.

As in the rational case, if the quasi-stationary input signal

is persistently exciting and the noise signal is white with

zero-mean, the srivcf estimator is asymptotically unbiased

thanks to the iv mechanism. When the system is in the true

model class, the iv estimate provides a consistent estimate

under the following two conditions







E
[

ϕiter
iv,f (tk)ϕ

T
f (tk)

]

is non-singular,

E
[

ϕiter
iv,f (tk)ξ(tk)

]

= 0.
(15)

For lack of space, only the main steps of the srivcf

algorithm are recalled as follows. The interested reader may

refer to [10] for more details.

Step 1 Initialization:

iter=0

Generate an initial2 estimate of coefficient para-

meter vector ρ̂0.

Step 2 Iterative estimation:

do

(i) Generate the auxiliary model output

yiter
iv (t) =

B̂
(

p, ρ̂iter
)

Â (p, ρ̂iter)
u(t). (16)

1as qualified by the authors of the paper.
2Least-squares or instrumental variable methods combined with fractional

state variable filters can be used (see [20]).

(ii) Update the filter

F iter
σ (p) =

pσ

Â(p, ρ̂iter)
, (17)

and compute the filtered derivatives of the

input, the output, and the instruments:

pβiuf (t) = F iter
βi

(p)u(t),

pαjy∗f (t) = F iter
αj

(p)y∗(t),

pαjyiter
iv,f (t) = F iter

αj
(p)yiter

iv (t).

(iii) Generate the regression ϕf (t) and the

instrumental variable ϕiter
iv,f (t) vectors :

ϕf (t) =

[

pβ0uf (t) , . . . , p
βMuf (t) ,

−pα1y∗f (t) , . . . ,−pαN y∗f (t)

]T

ϕiter
iv,f (t) =

[

pβ0uf (t) , . . . , p
βMuf (t) ,

−pα1yiter
iv,f (t) , . . . ,−pαN yiter

iv,f (t)

]T

(iv) Based on these prefiltered data, compute the

new estimates θ̂srivcf
iter

ρ̂iter+1 =
(

Φ
iter
iv,fΦ

T
f

)−1
Φ

iter
iv,fY

∗
f , (18)

with

Φ
iter
iv,f =

[

ϕiter
iv,f (0) . . . ϕiter

iv,f (Tfinal)
]T

,

Φf =
[

ϕf (0) . . . ϕf (Tfinal)
]T

,

Y
∗
f =

[

y∗f (0) . . . y∗f (Tfinal)
]T

.

while maxj

∣

∣

∣

∣

ρ̂
iter+1

j −ρ̂iter
j

ρ
iter+1

j

∣

∣

∣

∣

> ǫ1,

where ρ̂iter
j is the j-th element of the estimated

parameter vector at the iteration iter.

Step 3 Parametric error estimation

Compute the estimated parametric error covariance

matrix

P̂ρ = σ̂2
(

Φiv,fΦiv,f
T
)−1

, (19)

where σ̂2 is the empirical estimation of the noise

variance, and Φiv,f corresponds to Φ
iter
iv,f computed

at the last iteration.

B. Differentiation order estimation

When differentiation orders are unknown, as it is often

the case in practice, it is helpful to consider order estimation

along with transfer function coefficient estimation. An algo-

rithm is proposed to estimate the parameters in two stages.

This algorithm, named order-optimization-srivcf or oosrivcf

for short, uses the srivcf algorithm for coefficient estimation

and is combined with a gradient-based algorithm for differen-

tiation order optimization. Two variants of order optimization

algorithm are recalled [10]. Either all differentiation orders

are set as integral multiples of a commensurate order, as in

the model (??), and the best commensurate order is computed

in the interval (0, 2), or all differentiation orders, as in (5),

are estimated. The former variant is used as a good initial hit
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for the latter variant. The estimation problem is formulated

as a minimization problem of the ℓ2-norm:

J(θ) =
1

2
‖ε (t, θ)‖

2
, (20)

of the output error

ε(t, θ) = y∗(t)−G(p, θ)u(t), (21)

with respect to the vector µ, as in (13) or (14).

A Gauss-Newton algorithm (see e.g. [22]) is used for

the estimation of all differentiation orders µ as defined in

(13). For lack of space, only the main steps of the oosrivcf

algorithm are recalled as follows:

Step 1 Initialization

iter = 0

Initialize µ0 and compute ρ0 with the srivcf

method.

From θ0 = [ρ0, µ0], compute J(θ0).

Step 2 Gauss-Newton optimization

do

Initialize λ = Λ (usually to 1)

do

(i) Compute the error sensitivity function:

∂ε

∂µ
=

[

−
∂ŷ

∂β0
, . . . ,−

∂ŷ

∂βM

,−
∂ŷ

∂α1
, . . . ,−

∂ŷ

∂αN

]T

,

(22)

where the output sensitivity functions are com-

puted numerically.

(ii) Compute the gradient

∂J

∂µ
=

∂ε

∂µ

T

ε, (23)

and the approximated Hessian

H =
∂ε

∂µ

T ∂ε

∂µ
. (24)

(iii) Compute the new order estimate:

µiter+1 = µiter − λ
[

H−1 ∂J
∂µ

]∣

∣

∣

µiter
.

(iv) Compute ρiter using the srivcf .

(v) Evaluate the error criterion: J(θiter+1).
(vi) λ = λ/2

while J(θiter+1) > J(θiter)
iter = iter + 1

while max
l

∣

∣

∣

µiter
l −µ

iter−1

l

µiter
l

∣

∣

∣ > ǫ2

where µiter
l corresponds to l-th element of the

order vector µiter at iteration iter. l equals one in

case of commensurate order estimation.

Step 3 Parametric error estimation

After convergence, the covariance matrix P̂θ as-

sociated to the estimate θ̂ can be estimated [22,

Theorem 9.1] by:

P̂θ = σ̂2H−1, (25)

where σ̂2 is, as previously, the empirical estimate

of noise variance and H is the approximate Hessian

computed towards all the estimated parameters:

H =
∂ε

∂θ

T ∂ε

∂θ
=

∂εT

∂ [ρTµT]
T

∂ε

∂ [ρTµT]
T
, (26)

with ∂ε
∂µ

defined in (22) and

∂ε

∂ρ
= −

[

∂ŷ

∂b0
, . . . ,

∂ŷ

∂bM
,
∂ŷ

∂a1
, . . . ,

∂ŷ

∂aN

]T

,

(27)

where ∀r = 0, . . . ,M, and ∀k = 1, . . . , N

∂ŷ

∂br
=

p̂β̂r

1 +
N
∑

j=1

âjpα̂j

u(t), (28)

∂ŷ

∂ak
= −

M
∑

i=0

b̂ip
β̂i+α̂k

(

1 +
N
∑

j=1

âjpα̂j

)2u(t). (29)

Remarks:

1) In the Gauss-Newton method, the advantage of com-

puting the approximated Hessian is that the second

derivative of ε is not required; hence it is less time

consuming. Moreover, it allows to obtain always a

positive semi-definite matrix which is a necessary

convergence condition. If the criterion is convex, the al-

gorithm reaches the global minimum. Otherwise, only

the convergence to a local minimum is guaranteed. The

λ parameter is used to adjust the step in case of slow

convergence or oscillations around a minimum.

2) The output sensitivity functions (∀r = 0, . . . ,M and

∀k = 1, . . . , N )

∂ŷ

∂βr

= ln(p)
b̂rp

β̂r

1 +
N
∑

j=1

âjpα̂j

u(t), (30)

∂ŷ

∂αk

= ln(p)âkp
α̂k

M
∑

i=0

b̂ip
β̂i

(

1 +
N
∑

j=1

âjpα̂j

)2u(t). (31)

depend on ln(p) (log of the differential operator) which

is not trivial to simulate in the time-domain. That is

why they are computed numerically, using for example

the central difference method.

3) The oosrivcf algorithm works similarly when con-

sidering the commensurate order; µ is then defined

as in (14). Instead of using (22), the following error

sensitivity function will be used:

∂ε

∂µ
=

∂ε

∂γ
= −

∂ŷ

∂γ
, (32)
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where

∂ŷ

∂γ
= ln(p)

M
∑

i=0

ib̂ip
iγ̂ +

M
∑

i=0

N
∑

j=1

(i− j) b̂iâjp
(i+j)γ̂

(

1 +
N
∑

j=1

âjpjγ̂

)2 u (t)

(33)

depends on ln(p). As previously, it will also be com-

puted numerically.

In case all differentiation orders are estimated, it is highly

recommended to estimate a commensurate model, and then

to release the commensurability constraint in order to es-

timate all differentiation orders. The commensurate model

constitutes generally a good initial hit when estimating all

differentiation orders. Monte Carlo simulation results have

been successfully carried out and presented in [10].

C. Model Order estimation

In the identification procedure, a key point involves the

model order structure selection: the number of parameters

N and M in the transfer function (5) need to be fixed. This

point is named as Model order selection in rational systems.

However, in fractional systems, model order αN in (5) is

estimated along with the coefficients. Hence, it is preferable

to talk about structure selection. The method developed for

rational SISO systems [9] is extended to fractional systems.

Two statistical measures are computed and used to choose

between a range of orders M and N , which are defined as:

R2
T = 1−

σ̂2
ξ

σ̂2
y

, (34)

Y IC = log

{

σ̂2
ξ

σ̂2
y

}

+ log

{

1

nθ

nθ
∑

i=1

σ̂2
ξ p̂ii

θ̂2i

}

, (35)

where σ̂2
ξ and σ̂2

y denote respectively the variance of the

simulation error and the variance of the measured output,

p̂ii is the i-th diagonal element of the estimated parametric

covariance matrix given in (25) and θ2i is the square of the

i-th parameter estimate in the θ vector so that the ratio

p̂ii/θ
2
i is a normalized measure of the uncertainty on the

i-th parameter estimate.

R2
T is recognized as the coefficient of determination based

on the simulation error. It is a normalized measure of how

much of the output variance is explained by the deterministic

system part of the estimated model and it will be close to 1 in

low noise situations. However, this measure is not sufficient

to avoid over-parametrization and identify a parsimonious

model. The Young’s information criterion Y IC is more

complex and provides a measure of how well parameters are

defined statistically: the more negative Y IC, the better the

definition. However, it may lead to underestimate the orders

M and N . Both criteria are inspected to find the orders for

which R2
T is sufficiently high to indicate a good explanation

of the data and the Y IC is sufficiently negative to indicate

well-defined parameter estimates.

D. Simulation example

Consider the case of estimating transfer function coeffi-

cients and all differentiation orders of the following data-

generating system:

G1(p) =
0.5

0.5p2.8 + 1.5p1.2 + 1
. (36)

The input signal is a PRBS (see Fig.1).
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Fig. 1. Input, noise-free and noisy outputs, used as identification data,
zoomed between t = 0 and 200s, identification data going up to 600s
(SNR = 10dB and h = 0.02s)

The output y(t) is corrupted at the sampling instants

(10) by an additive Gaussian white noise ξ(tk) with zero

mean and a SNR of 10dB. It is highly recommended that a

commensurate model, as in (6), be estimated first and used

as an initial hit for estimating all orders.

The model structure is chosen as in (5) with β0 = 0.

As initial guess, the coefficients are fixed to 1, and the

differentiation orders are multiple of 1.3.

The estimation synthesis is presented in Table I, where the

first two columns define the model structure. Here the right

model class is defined for N = 3 and M = 1 (marked in

yellow in Table I). When the model is chosen in the right

model class, the oosrivcf converged to the true parameters

(up to to the noise effect):

G1(p) =
0.502

0.502p2.796 + 1.503p1.197 + 1
. (37)

As a comparison, the AIC criterion:

AIC = log

{(

1 +
2nθ

K

)

∥

∥

∥ε
(

t, θ̂
)∥

∥

∥

2
}

, (38)

and the quadratic criteria have been computed and displayed

respectively on the last columns of Table I. Both criteria

are not adapted for choosing the most suited fractional

model class. Indeed, with the AIC criterion, multiple model

structure seem to suit (the lowest criterion value are marked

in green in Table I), and the quadratic criterion do not give

the right model structure (marked in cyan in Table I).
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YIC criterion AIC criterion quadratic criterion

N M JY IC (dB) R
2

T JAIC (dB) J (dB)

2 1 -6.886 0.802 -1.293 -7.031

3 1 -8.020 0.909 -1.632 -10.419

3 2 -4.021 0.909 -1.632 -10.420

4 1 -7.451 0.908 -1.627 -10.368

4 2 -6.174 0.909 -1.632 -10.416

4 3 -4.582 0.909 -1.629 -10.393

5 1 -2.661 0.908 -1.627 -10.369

5 2 -5.031 0.909 -1.629 -10.386

5 3 -4.574 0.909 -1.631 -10.412

5 4 -4.052 0.909 -1.631 -10.408

TABLE I

BEST MODEL STRUCTURES ESTIMATED WITH THE oosrivcf ALGORITHM ACCORDING TO Y IC , AIC AND QUADRATIC CRITERIA.

The Y IC and R2
T criteria have the advantage to directly

give the most suited model structure (marked in red in Table

I): the Y IC should be the lowest and R2
T the highest.

IV. CONCLUSION

The well-known srivc algorithm extended to fractional

models is used to estimate transfer function coefficients and

it is combined to a gradient-based algorithm for fractional

differentiation order estimation. This algorithm is presented

as the oosrivcf algorithm, which combines simultaneously

the transfer function coefficient and the differentiation order

estimation. An initialization procedure is proposed consisting

of estimating a commensurate model first, and then of using

the obtained model as an initial hit for all order estimation.

In order to get the best model structure, two criteria are

required. The R2
T criterion, recognized as the coefficient of

determination based on the simulate error is not sufficient

to avoid over-parametrization and identify a parsimonious

model. However, the Young’s information criterion Y IC
provides a measure of how well parameters are defined

statistically: the more negative Y IC, the better the definition.

It may lead to underestimate model orders. Both criteria are

inspected to find the orders for which R2
T is sufficiently

high to indicate a good explanation of the data and the

Y IC is sufficiently low to indicate well-defined parameter

estimates. The performance of the proposed algorithms has

been evaluated on a simulation example and compared to the

AIC and quadratic criteria.

It will also be interesting to extend this study to deal

with colored output noise by using hybrid Box-Jenkins

models with continuous-time fractional input-output models

and discrete-time noise models.
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[8] T. Söderström and P. Stoica. Instrumental variable methods for system

identification. Springer Verlag, New York, 1983.
[9] P.C. Young. Optimal IV identification and estimation of continuous-

time TF models. In 15th World IFAC Congress, Barcelona (Spain),
2002. IFAC, Elsevier.

[10] S. Victor, R. Malti, H. Garnier, and A. Oustaloup. Parameter and
differentiation order estimation in fractional models. Automatica,
49(4), 2013.
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