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Abstract— New sufficient conditions for H2 pseudo-optimali-
ty in Krylov-based model reduction of linear dynamical systems
are presented. The conditions are easy to evaluate and permit
first applications: a new algorithm to generate H2 pseudo-op-
timal reduced models with respect to the projecting subspace
and a procedure to generate superior local optima in iterative
methods. Numerical examples illustrate the contributions.

I. INTRODUCTION

Model order reduction (MOR) aims at the approximation
of large-scale dynamical systems by another model of re-
duced order. For the reduction of linear time invariant (LTI)
systems different approaches have been shown to be well-
suited, such as the Krylov subspace methods, [1], [9], or the
Truncated Balanced Realization (TBR), [1].

The (relative) approximation error in the dynamics of the
reduced system is commonly measured in the H2 or H∞
norm. Recently, in [10], [11] algorithms for computing H2

(pseudo-)optimal reduced systems were proposed. However,
these methods are of iterative nature, and convergence can
be proven only for particular dynamical systems [6].

A necessary condition for a (local) H2 optimality is so-
called H2 pseudo-optimality. It turns out that—although no
analytic solution to H2 optimality is available—at least the
analytic solution to H2 pseudo-optimality can be found.

In this work, H2 pseudo-optimality is investigated based
on the reduction by Krylov subspaces. The theoretical insight
leads to a new algorithm to enforce H2 pseudo-optimality
in the reduced system, with the advantage over existing
approaches, that the connection to the projecting Krylov sub-
space is maintained. This can be of benefit in certain cases.
Furthermore, a restart strategy for the iterative methods in
[10], [11] is derived from the proposed sufficient conditions.

In Section II preliminaries are given. The main theorem,
which introduces new sufficient conditions for H2 pseudo-
optimality, can be found in Section III. Section IV discusses
the potential of the theoretical results, together with possible
applications. Numerical examples are given in Section V.

II. PRELIMINARIES

We consider LTI systems of the form

Eẋ(t) = Ax(t) + bu(t), y(t) = cx(t), (1)

where x(t) ∈ RN , u(t) ∈ R and y(t) ∈ R denote the states,
input and output of the system, respectively. The dynamics of
the system are described by E,A ∈ RN×N and b ∈ RN , c ∈
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R1×N . It is assumed that E is non-singular: det(E) 6= 0.
With the usual abuse of notation, let G(s) denote the transfer
function of system (1) in the Laplace domain as well as the
dynamical system itself.

The goal of model order reduction is to approximate a
large-scale system (1), e. g. with N = 102 . . . 107, by one
of much smaller dimension n � N . In projection based
model reduction, this is carried out by appropriate projection
matrices V,W ∈ RN×n, leading to the reduced dynamics
Gr(s) with the state-space representation

Erẋr(t) = Arxr(t) + bru(t), yr(t) = crxr(t), (2)

where Ar =WTAV, Er =WTEV, br =WTb, and cr =
cV. Note that the reduced system can be interpreted as a pro-
jection of (1) by the projector P = EV

(
WTEV

)−1
WT ,

mapping onto span(EV) orthogonally to span(W). The
reduced system (2) is called a Petrov-Galerkin projection
of (1), [9]. In this paper the projection matrix V (or W) is
chosen to span certain rational Krylov subspaces.

A. Rational Krylov Subspaces

A Krylov subspace is generally defined as

Kk(A, b) = span
{
b, Ab, . . . , Ak−1b

}
. (3)

By selecting a complex valued expansion point si ∈ C and
a desired multiplicity mi ∈ N+ the rational input Krylov
subspace reads as

Kmi
si := Kmi

(
(A− siE)−1E, (A− siE)−1b

)
. (4)

If the projection matrix V then is computed to span the union
of certain Krylov subspaces

span(V) ⊇ Kmi
si , i = 1, . . . , q (5)

the reduced model (2) matches mi moments around the
respective expansion points si, if si is neither an eigenvalue
of (1) nor an eigenvalue of (2), [1], [7], [9]. Moments are
defined as the coefficients of the Taylor series expansion
of the transfer function around si. As the rational transfer
function Gr(s) interpolates G(s) at the given frequencies si,
this method for model reduction is referred to as Rational
Interpolation or Rational Krylov (RK).

B. Equivalence to Sylvester Equations

It was first shown in [8], and related to other results in [15],
that any basis of an arbitrary input rational Krylov subspace
(5) can equivalently be interpreted as the solution V of a
Sylvester equation

AV −EVS = bĉr, (6)
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where the eigenvalues of S ∈ Rn×n correspond to the expan-
sion points si defining the subspace span(V). Furthermore,
the vector ĉr ∈ R1×n basically contains information on the
orthogonalization process that was used to construct V. From
(6) a second Sylvester equation can be derived

AV −EVE−1r Ar = b⊥ĉr, (7)

where b⊥ := (I−P)b ∈ RN closes the vector chain from b
to its projection Pb. The matrix S and the vectors b⊥ and
ĉr are crucial for the formulation of the results in this paper.
The following equations describe one possible way for their
computation (for details please refer to [15]):

b⊥ = b−EVE−1r br, (8)

ĉr = (bT⊥b⊥)−1bT⊥
(
AV −EVE−1r Ar

)
, (9)

S = E−1r (Ar − brĉr) . (10)

C. The Error System

The approximation error in model reduction is defined as
the difference in the output of the original and the reduced
system, ye(t) := y(t)−yr(t), and is described by the transfer
function Ge(s) := G(s)−Gr(s). In [15] it was shown, that
when the reduced system stems from a Krylov projection,
the error system can be factorized as follows:

Ge(s) = G⊥(s) · Ĝr(s), (11)

G⊥(s) := c (sE−A)
−1

b⊥, (12)

Ĝr(s) := ĉr (sEr −Ar)
−1

br + 1. (13)

Please note, that G⊥(s) shares A,E and c with the original
system and differs from it only in the input b⊥. In addition,
Ĝr(s) shares Ar,Er and br with the reduced system and
differs only in the output ĉr and the feedthrough term.

D. Gramian and H2 Norm

The solutions of the generalized Lyapunov equations

APET + EPAT + bbT = 0, (14)

ATQE + ETQA + cT c = 0, (15)

define the Controllability Gramian P and the Observability
Gramian ETQE of G(s), which play an important role in
the analysis and reduction of dynamical systems, [1]. We
will use the Gramians to compute the H2 norm, defined as

‖G‖2H2
:=

1

2π

∫ +∞

−∞
|G(jω)|2dω. (16)

The H2 norm of a system can equivalently be formulated
with respect to P and Q by ‖G‖2H2

= bTQb = cPcT , [5].
Applying this formulation to the error system Ge(s), leads
to the following statement for the approximation error, [1],

‖Ge‖2H2
= bTQb + 2bTYbr + bTr Qrbr (17)

= cPcT − 2cXcTr + crPrc
T
r , (18)

where X and Y solve the Sylvester equations

AXETr + EXAT
r + bbTr = 0, (19)

ATYEr + ETYAr − cT cr = 0, (20)

and Pr and ETr QrEr denote the reduced Gramians, i. e. Pr
and Qr solve the reduced Lyapunov equations

ArPrE
T
r + ErPrA

T
r + brb

T
r = 0, (21)

AT
r QrEr + ETr QrAr + cTr cr = 0. (22)

E. H2 (Pseudo-)Optimality

H2 optimal model reduction is the search for the reduced
system Gr(s) of fixed order n, such that

‖G−Gr‖H2
= min

dim(G∗
r)=n

‖G−G∗r‖H2
(23)

In [10] it was shown, that a necessary first-order condition to
(23) is that Gr(s) interpolates G(s) and its derivative G′(s)
at the mirror images of the reduced poles. Let λi be the poles
of Gr(s), then this reads as

G(−λi) = Gr(−λi), i = 1, . . . , n (24)
G′(−λi) = G′r(−λi), i = 1, . . . , n. (25)

In other words, Gr(s) matches two moments at the mir-
ror images of its poles λi. However, the set {λi} =
{λ1, λ2, . . . , λn} ⊂ C of reduced poles, that can fulfill both
(24) and (25), is not known a priori, which is why only iter-
ative methods can be stated that hopefully converge to such
a set. Nevertheless, the Iterative Rational Krylov Algorithm
(IRKA), presented in [10], shows good convergence behavior
and leads to locally optimal reduced models in the H2 norm.

Indeed, it is possible to enforce merely (24) and disregard
(25) for arbitrary sets {λi} of asymptotically stable reduced
poles, which induces the concept of pseudo-optimality.

Definition 1. Let {λi} = {λ1, λ2, . . . , λn} ⊂ C be a given
set of asymptotically stable reduced poles and define the set
T (λ) of all transfer functions of order n sharing the pole-
configuration {λi}. Then, the pseudo-optimal reduced system
Gr(s) solves the following minimization problem

‖G−Gr‖H2
= min
G∗

r ∈T (λ)
‖G−G∗r‖H2

(26)

Theorem 1 ([11]). The reduced system Gr(s) is pseudo-
optimal, i. e. it minimizes (26) in the set of all reduced
systems sharing the pole-configuration {λi}, if and only if

G(−λi) = Gr(−λi), i = 1, . . . , n. (27)

Therefore, pseudo-optimality is a necessary condition for
an H2 optimal reduced system (23). In [11], Theorem 1 was
used to propose an Iterative SVD-Rational Krylov Based
Method (ISRK), that combines the IRKA algorithm with
guaranteed preservation of stability.

F. The Problem Formulation

The starting point for this work is to note, that a sufficient
condition for H2 pseudo-optimality can be stated as

Λ(S) = −Λ(Ar,Er), (28)

where Λ(S) denotes the set of eigenvalues of S from (6)
and Λ(Ar,Er) denotes the set of eigenvalues {λi} of the
generalized eigenvalue problem: det(Ar−λiEr) = 0. Please
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note, that the set Λ(S) corresponds to the set of expansion
points that was used to construct the projection matrix V,
see [8], [15] for details. Therefore, by moment matching,
(28) guarantees that condition (27) is fulfilled.
Remark. Condition (28) is sufficient but not necessary for
(27) to hold. However, since Gr(s) is unique with respect to
the transfer behavior, it is not restrictive to concentrate on
(28) to find the solution to (27). (The uniqueness is due to
the fact that n expansion points for moment matching and n
reduced poles are fixed in the reduced system.)

The contribution of this work is to analyze (pseudo-)
optimality based on the matrix formulation (28) rather than
on the interpolation formulation (27). Towards this aim,
five new and easy-to-evaluate conditions are shown to be
equivalent to (28). Furthermore, first ideas how to benefit
from these new conditions are presented in Section IV.

III. MAIN RESULTS

We are now ready to state the main theorem.

Theorem 2. Let V span a rational input Krylov subspace,
i. e. (5) – (10) hold, and let {λi} = {λ1, λ2, . . . , λn} ⊂
C be a given set of asymptotically stable reduced poles,
{λi} = Λ(Ar,Er), that is closed under conjugation. Then,
the following statements are equivalent:

i) Λ(S) = −Λ(Ar,Er)
ii) S = −PrAT

r E
−T
r P−1r

iii) E−1r br + Prĉ
T
r = 0

iv) SPr + PrS
T −Prĉ

T
r ĉrPr = 0

v) X = VPr
vi) P−1r = ETr Q̂rEr

where ETr Q̂rEr defines the Observability Gramian of the
system Ĝr(s), i. e. Q̂r solves the reduced Lyapunov equation

AT
r Q̂rEr + ETr Q̂rAr + ĉTr ĉr = 0. (29)

The proof is given in the appendix. Please note, that The-
orem 2 only requires a rational Krylov subspace V, whereas
W can be arbitrary (as long as Ar, Er are nonsingular).
For the sake of convenience we assumed {λi} to be closed
under conjugation, because then a real basis V can be found,
leading to exclusively real matrices in the theorem.

Naturally, dual conditions to Theorem 2 can be stated if W
spans an output rational Krylov subspace and V is arbitrary
(as long as Ar, Er are nonsingular). In this regard, the dual
Sylvester equations read as [15]

ATW −ETWSTW = cT b̂r, (30)

ATW −ETWE−Tr AT
r = cT⊥b̂r, (31)

where c⊥, b̂r and SW can be computed by

cT⊥ = cT −ETWE−Tr cTr , (32)

b̂r = (c⊥c
T
⊥)−1c⊥

(
ATW −ETWE−Tr AT

r

)
, (33)

STW = E−Tr

(
AT
r − cTr b̂

T
r

)
. (34)

With these definitions, the dual conditions for H2 pseudo-
optimality can be stated.

Theorem 3. Let W span a rational output Krylov subspace,
i. e. (30) – (34) hold, and let {λi} = {λ1, λ2, . . . , λn} ⊂
C be a given set of asymptotically stable reduced poles,
{λi} = Λ(Ar,Er), that is closed under conjugation. Then,
the following statements are equivalent:

i) Λ(SW ) = −Λ(Ar,Er)
ii) STW = −QrArE

−1
r Q−1r

iii) E−Tr cTr + Qrb̂r = 0
iv) STWQr + QrSW −Qrb̂rb̂

T
r Qr = 0

v) Y = −WQr

vi) Q−1r = ErP̂rE
T
r

where P̂r solves the reduced Lyapunov equation

ArP̂rE
T
r + ErP̂rA

T
r + b̂rb̂

T
r = 0. (35)

Proof. The proof is dual to the one of Theorem 2, hence
omitted.

Corollary 1. Let V and W span input and output rational
Krylov subspaces, respectively. If both the conditions from
Theorem 2 and from Theorem 3 are fulfilled, then the first-
order necessary conditions for H2 optimality are satisfied.

Proof. Due to condition i) of Theorem 2 and Theorem 3, the
expansion points used to construct V and W are equal and
therefore, two moments are matched at the mirror images
of the reduced poles—which is equivalent to the first-order
necessary conditions for H2 optimality (24) and (25).

Remark. Applying Theorem 2 to the Sylvester equations (6)
and (7) leads to the H2 pseudo-optimal Sylvester equations

AVPrE
T
r + EVPrA

T
r = −bbTr , (36)

AVPrE
T
r + EVPrS

TETr = b⊥b
T
r . (37)

(Dual Sylvester equations for W can also be formulated.)
Please note, that (36) was already presented in [4] (for the
special case E = I), using a completely different proof.

IV. APPLICATIONS

Although Theorems 2 and 3 reveal new insight on H2

pseudo-optimality, the benefit of the new conditions remains
open; first applications are still presented in the following.

A. H2 Pseudo-Optimal Reduction

Based on Theorem 2, a new iteration-free algorithm can
be designed for the Pseudo-Optimal Reduction by Krylov
(PORK) with a given set {si}, see Algorithm 1.

Indeed, the outcome of PORK could also have been
computed in a more straightforward fashion, as sketched
in the following: the goal is to find a reduced model of
order n which not only has poles at a given set {λi}, but
also interpolates the original model at {−λi}. Now assume
Erẋr = Arxr + bru to be given, such that Λ(Ar,Er) =
{λi} and br controllable (e. g. choose Ar diagonal, Er = I
and br = [1, . . . , 1]T ). Furthermore, define

M :=
[
(−λ1Er−Ar)

−1
br, . . . , (−λnEr−Ar)

−1
br

]
(38)

N :=[G(−λ1), . . . , G(−λn)] . (39)
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Algorithm 1 Pseudo-Optimal Reduction by Krylov (PORK)
Input: E, A, b, c, {si}
Output: H2 pseudo-optimal reduced system Gr(s)

1: V = arnoldi(E,A,b, {si})
// Algorithm for computing the rational Krylov subspace

2: Choose W arbitrary (e. g. W = V)
3: Ãr = WTAV, Ẽr = WTEV, b̃r = WTb
4: b⊥ = b−EVẼ−1r b̃r // eq. (8)
5: ĉr = (bT⊥b⊥)−1bT⊥

(
AV −EVẼ−1r Ãr

)
// eq. (9)

6: S = Ẽ−1r

(
Ãr − b̃rĉr

)
// eq. (10)

7: P−1r = lyap(−ST , ĉTr ĉr) // condition iv)
8: br = −(P−1r )−1ĉTr // condition iii)
9: Ar = S + brĉr, Er = I, cr = cV

Then, the interpolation condition G(−λi) = Gr(−λi), i =
1, . . . , n, can be rewritten as

crM = N, (40)

which is an n-by-n linear system that can be solved for cr
such that Gr(s) = cr(sEr −Ar)

−1br is pseudo-optimal.
A possible application of this approach or PORK is

the following: assume e. g. that an arbitrary model order
reduction (Krylov, TBR, etc.) is performed leading to an
intermediate reduced system G∗r(s). Using the reduced poles
of G∗r(s) in order to compute the pseudo-optimal reduced
system Gr(s) must lower the H2 error due to Theorem 1.
In this setting, the numerical efforts for PORK and the
simpler approach (40) are equivalent: the main effort in
PORK is the computation of the Krylov subspace, as this
is the only operation in high dimension N ; this however,
is comparable to the computation of N. Nevertheless, the
approach (40) is more straightforward than PORK and was
already generalized to multiple inputs/outputs in [2].

However, the advantage of PORK is that the reduced sys-
tem stems from a projection onto V, whereas the connection
to the Krylov subspace V is irrecoverable by the approach
(40). This can be of benefit as discussed in the following.

The error system can be factorized for arbitrary reduced
order models by (11) – (13): Ge(s) = G⊥(s) · Ĝr(s). The
only prerequisite is that the reduced system stems from a
Krylov based projection, which is why the factorization for a
pseudo-optimal reduced system is not possible by the simple
approach (40). This is due to the fact that the projecting
subspace V is mandatory for computing b⊥ by (8) in order to
perform the factorization. Therefore, only PORK is capable
of constructing a pseudo-optimal reduced system for which
the error system can be factorized.

This is of particular benefit, because then Ĝr(s) is all-pass
and the remaining error moves to G⊥(s), [14]. This leads to
the idea that in a second step G⊥(s) can be further reduced,
which is pursued by the SPARK algorithm in [12]. There,
the reduced models are iteratively constructed and therefore,
only converge up to a certain tolerance towards a local H2

optimum. Forcing pseudo-optimality by PORK instead, can
significantly improve the performance of SPARK.

Furthermore, bounds on system norms of G⊥(s) can be
used in order to bound the approximation error in model
reduction for a special class of systems, as presented in [13].
There, due to the all-pass nature of Ĝr(s), a pseudo-optimal
reduced system by PORK can lower the overestimation in-
herent in the bounds. Therefore, PORK is a natural extension
to the SPARK algorithm and the bounds in [13], which will
be tackled in future work.

B. Restarting IRKA/ISRK

The final local optimum after convergence of IRKA/ISRK
heavily depends on the initial selection of expansion points.
To our knowledge, only heuristics are available for this
choice, [10], and no strategy to guarantee a good local opti-
mum is known. In the following, we present a new approach
for this choice. The basic idea is to take a simple set of initial
shifts, say random or zero, and perform IRKA/ISRK; after
convergence, the reduced system is used to find new initial
shifts, in order to restart the algorithm. Towards this aim, the
update rule of IRKA, {si} ← −Λ(Ar,Er), is reformulated
in Algorithm 2, based on the conditions of Theorem 2: the

Algorithm 2 Update in IRKA
Input: Er, Ar, br, cr
Output: next shifts {si}

1: Pr = lyap(E−1r Ar, E
−1
r brb

T
r E
−T
r )

2: ĉr,d = −P−1r E−1r br // desired ĉr by condition iii)
3: Sd = E−1r (Ar − brĉr,d) // desired S by eq. (10)
4: {si} ← Λ(Sd) // update

algorithm computes the desired ĉr for pseudo-optimality in
step 2, which can be interpreted as a “feedback” vector
that places the reduced poles at its mirror images in step 3.
Therefore, Algorithm 2 is nothing else than the IRKA update
{si} ← −Λ(Ar,Er), but provides a new degree of freedom:
the update is carried out by the “feedback” ĉr,d that can be
arbitrarily scaled; if now α · ĉr,d is used once instead of ĉr,d,
the scalar α ∈ R is the degree of freedom, that allows to
judiciously restart an already converged IRKA by choosing
α 6= 1. Admittedly, this approach is heuristically motivated,
but performs well and can also ensure convergence even if
IRKA does not converge in the first place, as will be shown
by the numerical examples.

The approach will be compared to another restart strategy,
where—in the style of the original IRKA—the reduced
eigenvalues are directly scaled by α: {si} ← −α·Λ(Ar,Er).

C. H2 Optimal Convergence Criterion

Another application of Theorems 2 and 3 is to track con-
vergence in IRKA/ISRK. Condition iii) comprises a vector
that is zero in the H2 (pseudo-)optimum. Therefore, the
relative norms RV

H2
:= ‖E−1r br +Prĉ

T
r ‖2/‖E−1r br‖2 and

RW
H2

:=‖E−Tr cTr+Qrb̂r‖2/‖E−Tr cTr ‖2 measure convergence,
i. e. indicate the distance to a pseudo-optimum. This allows to
divide the information into the input and output side by RV

H2

and RW
H2

, respectively. Note, that for ISRK only RV
H2

= 0
holds upon convergence, whereas for IRKA RV

H2
=RW

H2
=0.
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The original convergence criterion is the relative change in
the reduced eigenvalues, [10]. However, it is unclear, how the
pairing of the k-th with the k−1st eigenvalues should be done.
Nevertheless, in most of the numerical tests it was sufficient
to use the command cplxpair in MATLAB, which is why
no significant benefit of RV

H2
and RW

H2
was observed.

V. NUMERICAL EXAMPLES

We illustrate the applications of the previous section by
two numerical examples from the benchmark collection [3].
The first one is the artificial single-input single-output model
FOM of order N = 1006. The second example is a structural
model of one component of the International Space Station
(ISS) of order N = 270. We choose the dynamical system
from the first input to the first output. For details on the
models please refer to the benchmark collection.

In the first scenario we reduce the FOM model by IRKA
to the order n = 8 with initial expansion points si = 0, i=
1, . . . , n. From iteration 20 on, IRKA alternates between two
sets of expansion points (reduced poles). Due to this “limit
cycle” behavior, IRKA has to be stopped. A remedy would be
to take the poles of one of the reduced systems and compute
the corresponding H2 pseudo-optimal reduced model. Here,
the projecting subspace V of a previous iteration can be
recycled, which is why PORK takes in this setting only one
fourth of the time compared to the solution of (40). Another
remedy is to restart IRKA by the approach from Section IV-
B, because taking 2 · ĉr,d once, leads to convergence. The
resulting reduced system is compared to the H2 pseudo-
optimal one in Figure 1. The relative H2 errors are 0.54 for
the pseudo-optimal system and 0.017 for restarted IRKA.
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Fig. 1. Magnitude plot, FOM model, n = 8

In the second scenario we reduce the ISS model by IRKA
to the order n = 8 with initial expansion points si = 0,
i = 1, . . . , n. Although IRKA converged, restarting it can
lead to better reduced systems as shown in Figure 2, where
the relative H2 and H∞ errors are plotted after convergence,
when IRKA is restarted with different values of α for
both strategies form Section IV-B. Note, that the error for
IRKA without restart corresponds to the value α = 1.
Comparing the results reveals that the new restart strategy
from Section IV-B is more robust, because, if it converges to
a new local optimum, it always finds the best local optimum
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Fig. 2. Relative H2 and H∞ error, ISS model, n = 8

in this example. In contrast, scaling the reduced eigenvalues
for restart causes a rather random behavior, and the best
optimum is found only for isolated values of α. This leads
to the conclusion, that ĉr,d points to a judicious direction,
and therefore, it is reasonable to scale this direction. The
magnitude plots for the different strategies are compared in
Figure 3 for the value α = 20.

100 101 102 103

−100

−80

−60

−40

−20

Frequency [rad/sec]

M
ag

ni
tu

de
[d

B
]

original
IRKA
Λ(Ar,Er)
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Fig. 3. Magnitude plot, ISS model, n = 8

VI. CONCLUSIONS
New conditions for H2 pseudo-optimal reduction by

Krylov subspaces are presented. The conditions give theoreti-
cal insight onH2 optimality, allow to design a new algorithm
for the direct H2 pseudo-optimal reduction, and furthermore,
permit the judicious restart of IRKA and ISRK. Future work
will cover further applications, the combination with SPARK,
and the generalization to multiple inputs/outputs.

APPENDIX
Proof of the Main Theorem. Let V be the basis of the ra-
tional input Krylov subspace with expansion points {−λi}.
Then, (10) and (21) hold and can be rewritten as:

E−1r ArPr − SPr −E−1r brĉrPr = 0, (41)

E−1r ArPr + PrA
T
r E
−T
r + E−1r brb

T
r E
−T
r = 0. (42)
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ii) ⇔ iii): We start with condition ii), being equivalent to

−SPr −PrA
T
r E
−T
r = 0. (43)

Substituting PrA
T
r E
−T
r by (42) yields

⇔ E−1r ArPr − SPr + E−1r brb
T
r E
−T
r = 0, (44)

Comparing (44) with (41) leads to condition iii), which
shows the equivalence of ii) and iii).

iii) ⇔ iv): First, please note that(
E−1r br + Prĉ

T
r

) (
E−1r br + Prĉ

T
r

)T
= E−1r brb

T
r E
−T
r

+ E−1r brĉrPr + Prĉ
T
r b

T
r E
−T
r + Prĉ

T
r ĉrPr. (45)

Now substituting E−1r ArPr in (42) by (41) leads to

SPr + PrS + E−1r brĉrPr + Prĉ
T
r b

T
r E
−T
r

+ Prĉ
T
r b

T
r E
−T
r + E−1r brb

T
r E
−T
r = 0, (46)

and with (45) it follows that

SPr + PrS−Prĉ
T
r ĉrPr =(

E−1r br + Prĉ
T
r

) (
E−1r br + Prĉ

T
r

)T
. (47)

If the left hand side is zero, so is the right hand side and
vice versa.

i) ⇐ ii): This part is obvious, when identifying Pr as a
similarity transformation.

i) ⇒ ii): To prove this part, we again consider (10)

−S = −E−1r Ar + E−1r brĉr, (48)

which is true for any Krylov based reduction. Condition i)
leads to the interpretation of (48) as a pole placement prob-
lem in control theory: we are searching for the “feedback” ĉr
such that the eigenvalues of E−1r Ar are mirrored along the
imaginary axis. Because condition i) requires that all eigen-
values are assigned, it follows that the pair (E−1r Ar,E

−1
r br)

must be controllable and therefore, the ĉr we are searching
for is unique. Now rewriting (42), we find that

PrA
T
r E
−T
r P−1r = −E−1r Ar −E−1r brb

T
r E
−T
r P−1r . (49)

Due to Λ(Ar,Er) = Λ(PrA
T
r E
−T
r P−1r ), condition i)

requires that the left hand sides of (48) and (49)—and
consequently also the right hand sides—share the same
eigenvalues. However, since both right hand sides differ only
in ĉr and −bTr E−Tr P−1r , respectively, and since ĉr is unique,
we can identify ĉr = −bTr E−Tr P−1r . This is equal to iii)
which is equivalent to ii) and proofs that i) ⇒ ii).

iii) ⇔ v): Noting that X in (19) is unique, we will insert
v) in (19) and show that this is equivalent to iii):

AVPrE
T
r + EVPrA

T
r + bbTr = 0 (50)

⇔ AV + EVPrA
T
r E
−T
r P−1r + bbTr E

−T
r P−1r = 0 (51)

Using (42) for PrAT
r E
−T
r yields

⇔ AV + EVE−1r A−1r −EVE−1r brb
T
r E
−T
r P−1r

+ bbTr E
−T
r P−1r = 0. (52)

Substituting b−EVE−1r br = b⊥ we get

⇔ AV + EVE−1r A−1r = b⊥
(
−bTr E−Tr P−1r

)
. (53)

Matching (53) with (7), equivalence of iii) and (53) follows.
iv) ⇔ vi): Starting from condition iv)

P−1r S + STP−1r − ĉTr ĉr = 0, (54)

we will insert (10)

S = E−1r Ar −E−1r brĉr
iii)
= E−1r Ar + Prĉ

T
r ĉr, (55)

to show that this is equivalent to vi):

⇔ P−1r E−1r Ar + AT
r E
−T
r P−1r + ĉTr ĉr = 0 (56)

⇔ ETr E
−T
r P−1r E−1r Ar + AT

r E
−T
r P−1r E−1r Er

+ĉTr ĉr = 0 (57)

Comparing the Lyapunov equations (57) and (29), we can
identify Q̂r = E−Tr P−1r E−1r , which completes the proof
that conditions i) - vi) are equivalent.
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