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Model predictive control for tracking random references

P. Falugi! and D. Q. Mayne!

Abstract— This paper proposes a simple model predictive
control scheme for linear systems, tracking a random reference
and analysis its performance. In such situations it is usual to
assume that the reference eventually converges to a constant
in which case convergence to zero of the tracking error can
be established. In this note we characterize the set to which
the tracking error converges and the associated region of
convergence when the reference does not converge to a constant.

I. INTRODUCTION

If a dynamic linear system subject to constraints is re-
quired to track a time varying reference it is possible, under
certain conditions, to establish, under model predictive con-
trol, asymptotic or exponential stability of a robust invariant
set. However establishing such stability is often difficult
and it is common, therefore, to assume that the reference
signal converges to a constant; this assumption simplifies
the analysis considerably and usually permits asymptotic or
exponential stability of a robust invariant set to be estab-
lished. In the present paper we examine performance, in the
context of Model Predictive control (MPC) for linear systems
subject to constraints, when this simplifying assumption is
not made. The feasibility problem for time varying references
was originally tackled using an error governor [1] and
subsequently a reference governor [2]-[4] and a controller
designed a priori. The key idea is to attenuate the refer-
ence command to avoid constraint violation [5]. Interesting
control approaches for the tracking of piece-wise constant
references, have been studied in [6]-[12] and in [13], [14]
for asymptotically constant references. In [9] the problem
of tracking sinusoids and ramps has been solved using a
generalization of the disturbance estimation approach. In
this note an MPC algorithm, that permits constrained linear
systems to track time varying references that are not assumed
to be generated by a known finite dimensional exogenous
system, is presented. In particular we seek to guarantee
the confinement of the trajectories in a compact set by the
addition of a constraint. The tracking performance in this
framework can be improved adopting the method proposed
in [9] to achieve offset-free tracking for reference signals
such as sinusoids and ramps but we do no follow this
approach here in order to focus on on the confinement
of the trajectories in a compact set when the reference is
varying arbitrarily in a compact set. Preliminary studies have
been carried out for nonlinear systems [15] where a MPC
scheme, with an artificial reference similar to that in [16],
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exploited a bound on the value function introduced directly
in the optimization problem was exploited. Here, contrary
to the approach in [15], the optimization problem solved
at each time instant is a vanilla Model Predictive Control
problem where the virtual reference, that is close to the actual
reference, guarantees the confinement of all trajectories to a
compact set.

II. A TRACKING PROBLEM

We consider the problem of MPC control when the target
state varies randomly but remains in a compact set and the
system is subject to state and control constraints. The system
to be controlled is described by

xt = Ax+ Bu
rto=rtg (1)
y =Cz

where x € X C R" is the state of the system being
controlled, u € U C R™ is the control input, » € R? with
p < m is the reference output and ¢ is a random signal that
takes values in the compact set = that contains the origin
and is such that r remains in a compact set R; it is required
that the output y track a reference r so that, ideally, y = r.
Assume that, for each » € R, there exists an equilibrium
state-control pair (z(r), us(r)) satisfying

[IEA _OBHNZ[H u €U z,€X Q)

where X is a closed subset of R™ and U a compact subset
of R™. For sake of clarity, let assume that the solution to
(2) can be parametrized [7] as

(xs(r),us(r)) = [My, M,]r. 3)

where M, € R™*P and M, € R™*P are constant matrices.
The parametrization (3) can be determined if the solution
to (2) is unique. More generally, it is possible to select
an equilibrium pair (z(7), us()) € R*™™ satisfying input
and state constraints and minimizing the distance between
7 and the desired reference r. If r is constant, the control
is required to steer the initial state of the system to an
equilibrium state. However, the reference output r may vary
and is assumed to take values in a discrete set R; it may
be regarded as a discrete state Markov process and we do
not necessarily assume that r converges to a constant. Notice
that state component r is not stabilizable. It is assumed the
state and control constraint sets X and U are, respectively, a
polyhedron and a polytope and that they contain the desired
target pairs (x5(r), us(r)).

Given the current state xz and the reference r € R, the



model predictive control action is obtained by solving a
finite horizon optimal control problem P, that includes
a virtual reference 7 characterized below. The composite
state is w = (r,7). Because future values of the reference
are unknown, it is assumed constant along the prediction
horizon. This leads to the following optimization problem
Py (w):

Vi (w) = m&n{VN(w,u) |ueUn(w)}

where
N-1
Vi (w, ) £ Vi(@(N;7),7) + > L& (i 7), a(i; 7)),
i=0
and

Un (w)

{ulz(i) eX, u(i) €U,
Vi€ lo.y—1;2(N) € Xp(7)}

where, for each i € Isq, #(i;r) £ x(i) — z4(r) and
@(i;r) = u(i) — us(r). In the two definitions immediately
above, x(i) £ x(i; x,u, r), the solution to 2+ = Az + Bu at
time ¢ if the initial state 2(0) = x and the control sequence
is u = {u(0),u(1),...,u(N — 1)} so that the argument of
Vi is (w,u) and the argument of Uy is w as indicated; also
Is9 £ {0,1,2,...} and, for all integers j, k, the integer set
Lix = {j,j+1,...,k}. The solution to Py (w) is u®(w)
and the implicit model predictive control law is x defined
by

4)

where u(0;w) is the first element of the sequence u’(w).
We also assume the existence, for each r € R, of a terminal
constraint set X¢(r) and a terminal cost function V(-,r)
satisfying the usual stability condition

Assumption 1: For all r € R and all x € X;(r):
min,ep{Vy(at — zs(r),r) | 2t € Xy(r)} < Vi(z —
x5(r),r) — (z — 25(r), u — us(r)) with X;(r) £ {z € R" |
Vi(-,7) < ¢} a sublevel set of Vy(-,r) and the condition
Vi(0,r) = 0.
A reference output r is said to be admissible if X;(r) C X
satisfying assumption 1 is non-empty. Let Z(r) £ z — z4(r)
and (r) £ u — us(r), we assume that ¢, X;(r) and V;
satisfy

Assumption 2: There exist Ko, functions oy and as such
that £(Z(r),a(r)) > a1(JZ(r)]) for all x € X and w € U,
Vi(&(r),r) < as(|Z(r)|) for all z € Xf(r), r € R.
If r is constant (¢ = 0) then, as is well known, the
assumptions 1 and 2 imply that x4(r) is asymptotically stable
with a region of attraction Xy (r) = {x | Uy (z,7) # 0}.
Since the adopted model (1) is linear a convex cost is
computationally advantageous and in particular the quadratic
one with £(Z(i;7),u(i; 7)) £ o — zs(F)[E + |u — us(7)|%
and V3 (Z(N;7),7) £ |2(N) —z4(7)|% where Q > 0, R > 0
and P > 0 is such that assumption 1 is satisfied.
Let X £ U,er Xp(r). At time 0 if © ¢ X select 7 €
interior(R) closest to the current r and keep # constant while
the measured state * ¢ X. When = € X the reference + is
the virtual reference closest to  such that z € Xy (7). Then,

ky(w) = u(0;w)
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given the current state = and the reference r € R, the control
action, obtained by solving the optimal control problem Py
with virtual reference 7, guarantees that the successor state
x7 lies in a set denoted by X’ and characterized below. For
each (r,¢) € R xR, let L(r,c) £ {z | V§(x,r) < c} and

c. = Irﬁ{jn {c| Az + Brn(z,r) € L(r,c), ¥V z € X¢(r)}.
ceR>o
} &)

where sy (z,7) is given by (4). For each r € R, let
X (r) £ {x € R* | Vi(x,r) < ¢.}. Thus = € Xf(r)
implies z+ € X’f(r) Since we are interested in satisfying
prescribed bounds on the tracking error it is possible
to choose the size of Xy(r) in a such away that
X' £ U,erX)(r) guarantees the desired tracking
performance.

III. THE TRACKING ALGORITHM

In this section we formulate and discuss the control
approach for tracking an unknown randomly varying ref-
erence. Roughly speaking, the main idea of the proposed
strategy consists in changing the reference used by the MPC
optimization problem only if the state is close enough to
the steady state characteristic in order to guarantee that the
successor state does not leave the set X”. In this way it is pos-
sible to ensure that the tracking error converges to a specific
region. The proposed approach is computationally attractive
since it merely requires the solution of a conventional convex
model predictive control problem to compute the feedback
law and to determine 7. This desired virtual reference 7
minimizes its distance from the measured reference and
satisfies * € Xy (7); it can be computed by solving an
optimization problem. The additional computational load
introduced by the solution of the latter problem depends on
the choice of Xy (7). Possible, computationally appealing,
choices of X (7) are ellipsoids or polytopes. Here, we choose
the ellipsoidal description since it is computationally more
suitable for high dimensional systems even if it gives a
more conservative domain of attraction. The ellipsoidal set
parameterized with respect to the reference can be chosen as
X¢(7) ={z | (1—Myr) P(x—M,7) < c;} with P > 0 and
c; such that assumptions 1 and 2 are satisfied. The choice of
P is driven by performance requirements and the existence
of a linear feedback law v = K(x — M,#) + M,7 that
stabilizes the operating points when the constraints are not
active. Then, it is of interest to find the ellipsoid of maximum
volume that lies inside the polyhedral set C' = {x | a;z <
bi(F)i=1,...d} 2 {x— M7 € X, K(x— M,#)+ M,# €
U} which we assume is bounded and has nonempty interior
following the procedure in [17, page 414]. In particular given
the actual z and r the current virtual reference # and X (7)
can be obtained solving the following optimization problem



P, (2,7)
min lre —7||?
re€R,y>0
(x — Myre) P(x — Myr.) <~
VY2 P20l + aiMyre < bi(re) i =1,...d
(6)
The optimization problem P,.(z,r) is not convex. Indeed,
the constraints in P,.(z,r) for a given ¢ can be rewritten in
a quadratic form as follows

(x — Myre) P(x — Myre) — (bi(re) — aiMyre)*d < 0 (7)

where d £ 1/||P~/2a}||? is a constant and b;(r.) depends
affinely on 7. since describes the bounds on the input
variables. Let b;(r.) = b? — blr.. Since the quadratic form
(7) is convex if and only if the quadratic term M (P —
aba;) )M, — b}lbi1 + Qb},aiMx is semidefinite positive [17],
the optimization problem P,.(z,7) is not convex in general.
A simplified optimization problem is Ps(z,r)

min  |jre — 7|2
.

TeER (8)
(x — Myre) Pl — Myre) < 4

where 4 is the smallest value of  for all r. € R; 4 is easily
computable exploiting convexity.

If P > 0 in (8) is the solution of the algebraic Riccati
equation of the optimization problem Py (x,r) with @ > 0
and R > 0 without constraints, the set X’ with ¢, = ¢,
coincides exactly with X. This is a consequence of the fact
that the solution of the infinite time linear quadratic optimal
control problem subject to constraints is equivalent to a finite
dimensional cost with Vi (Z(N;7),7) £ |2(N) — 24()|%
(see [18], [19]).

The adopted control algorithm is:

Tracking algorithm

Initialization: At time 0, given the current values of x and
r, select

e 7 € Rclosestto r, if x ¢ X

o 7 € R closest to  such that v € Xy(7), if z € X.
Step 1 (Compute control:) Compute kn(z,7) by
solving Py (2, 7) and apply u to the system being controlled.
Step 2 (Update 7 and x)
Measure the successor state ™ and set z = x+. Set ¢ = i+1
and update 7 as follows

{ (i 1)

where 7 is the solution to problem P (x,7) orP,(z,r) . Then
go to Step 1.

ifx g X
ifzeX

T =

©))

Notice that the actual = belongs to & if the optimization
problem P (z,r) is feasible.

Remark 1: The initialization of the “Tracking algorithm”
can be carried out with different techniques. At the first
time instant it can be advantageous to solve the optimization
problem proposed in [7] where an admissible reference 7
is computed together with the control law allowing a larger
domain of attraction.
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Remark 2: Whenever the obtained set X’ is too large for
the problem under consideration, the condition z € X¢(7)
could be replaced by = € B(z4(7),e) where B(wg,¢) = {x |
|z — x| < e} with B(zs(7),e) C Xy (#) for suitably chosen
E.

IV. ANALYSIS

We now examine the properties of the control strategy
introduced in the previous section when r takes arbitrary
values in R. Feasibility of Py(x,#) is guaranteed for all
t > 0 once it is obtained at £ = 0.

Proposition 1: Suppose assumptions 1 and 2 are satisfied.
If Py(x,7) is feasible then Py (x+,7T) is feasible where
2t = Az + Bry(z,7) and 77,7 € R satisfy (9)

The proposed approach enjoys the following property

Theorem 1: Suppose assumptions 1 and 2 are satisfied.
The control strategy proposed in section III guarantees

@) The set X’ is positively invariant for the controlled

system 27 = Ax+ Bry(x,7) with # € R solution
to (9) and t > t.+1 where t. = min{t > 0| z(t) €
X}
Every trajectory of the controlled system z™ =
Az+ Bry(x,7) commencing in X (7(0)) remains
in it and converges to X,(#) for all possible real-
izations of the reference sequence r.

If the reference trajectory takes values in the compact set
‘R, then the state x converges to the set X’ and does not leave
the set X’. The set X’ needs to be large enough to guarantee
fast tracking but not too much to ensure a reasonable
confinement of the tracking error. This trade of is not easily
achievable and it depends on the system under control. The
addition of a constraint while guarantees the confinement of
the trajectories in a compact set on the other side generate a
slower response of the closed loop system and consequently a
loss in performance. The simulation experiments have shown
that the introduced control strategy performs reasonably well
when the set of references is not excessively large. Notice
that when =z € X the loss of performance, when compared
with [7], [20], which can occur in some situations, when
fast tracking is required, is not significant as illustrated
in the examples. The overall performance of the proposed
algorithm depends on the choice of X;(#) and its tuning
may not be easy.

(ii)

V. EXAMPLES

In both examples the proposed model predictive controller
is compared with the approach proposed in [7], here de-
noted by PW tracking MPC, for tracking piecewise constant
references since it preserves feasibility of the controller
for varying reference signals. The comparison analyses the
behaviour of the proposed strategy for slowly varying and
piecewise constant references for which the PW tracking
MPC was designed. The terminal ingredients X;(r) and
Vi (-,r) satisfying assumption 1 are the same for the pro-
posed algorithm and the PW tracking MPC. The PW tracking
MPC algorithm has an additional term in the cost penalizing
the deviation between the artificial steady state and the target



steady state that has been chosen as ||zs(7) — x4 (r)|| v, Where
Vr = 5000 to allow fast tracking.

The four tank example

A state-space continuous time model of the quadruple-
tank process system is described in [6], [21]. This problem
is an interesting example for demonstrating the effectiveness
of the proposed tracking approach since the system transfer
function has multivariable transmission zeros in the right
hand side of the complex plane. A linear model describing
the plant is given by

ay 0 C1 0 b1 0
0= 0 a2 0 c - 0 b "
o 0 0 a3 O 0 b3
0 0 0 a4 by O
10 00
v= Cm{o 10 o}m
where ©+ £ h — h, and u £ ¢ — ¢ are de-

viation variables around the operating point h, =
[0.627, 0.636, 0.652, 0.633] and ¢, = [1.6429, 2]/3600
denoting, respectively, the levels and inflow in the tanks
(see [6] for more details). The model parameters are a; =
—0.0063, a; = —0.0071, a3 = —0.0043, a4 = —0.0042,
c1 = 0.0043, co = 0.0042, by = 5.0000, b2 = 6.6667,
bs = 10.0000 and by = 11.6667 and they are provided in
the appropriate units where the length is specified in meters
and the time in seconds. The state and control constraint sets
in the physical coordinates are

X= {heR*|h €[0.3, 1.36], hy € [0.3, 1.36] ,
hs €[0.3, 1.3], hy €[0.3, 1.3]},
U:

while the set of references is required to lie in
R={reR’|r; €[0.61, 0.65]i=1,2},

The discrete-time model is implicitly defined via the op-
timization process using a period of 5 seconds and the
controller uses N = 40 corresponding to a prediction horizon
Tn = 200s. The selected stage cost is £(Z(r),u(r)) = |z —
zs(r)|% + [u—us(r))|% where Q = C'C and R = 100 L.

The ellipsoidal set X;(r) used in (8) is defined by P > 0
solution of the algebraic Riccati equation with the given @
and R. Figures 1 and 2 show the system response when the
reference is a square wave. Notice that the reference signals
for h; and hg jump at different times and all state variables
move away from their positions when a change in one of the
reference signals occurs. The large changes in the reference
can cause the trajectories of the controlled process to deviate
considerably from reference trajectory during the transient.
The proposed approach prevents the occurrence of large
deviations from the set of equilibrium pairs using a suitable
virtual reference as shown in figure 3. The adopted policy
generates smaller spikes in the applied inputs as illustrated
in figure 4 since essentially the reaction to a change of the
reference is contained. This can give loss of performance
in some situations where it is not necessary to limit the
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{geR? | ¢ €0, 5.2/3600], g2 € [0, 4.85/3600]}.

80 015 1‘ 1‘.5 é 2.‘5 3

Time x10
Fig. 1: State variables hq(t) vs time: references trajectories
(dotted), proposed algorithm (solid), PW tracking MPC
(dashed).
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L L ‘ L L L
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;
Time

)

x10

Fig. 2: State variables h(t) vs time: references trajectories
(dotted), proposed algorithm (solid), PW tracking MPC
(dashed).

change of the reference as demonstrated in the next example.
However this is not always the case as is shown in figures
1, 2 and 5 where the closed loop system has been simulated
using randomly varying references.

Continuous stirred tank reactor

The linear model of the continuous stirred tank reactor is
based on the model proposed in [22], [23]. The system is
described by

T, = (1/9)(1 —$1) —klee_(M/“)

iy = (1/0)(xf — x2) + kx1e"M/*2) — qu(zy — x,)

Yy =2

(10)

where x is the product concentration, x, is the temperature
and wu is the coolant flow rate and it has been linearized at
the locally unstable operating point z. = (0.2632,0.6519).
The model parameters are 6 = 20, k = 300, M =5, xy =
0.3947, x. = 0.3816 and o« = 0.117. The state and control
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Fig. 3: References trajectories (dotted), virtual reference for
the proposed algorithm (solid), artificial reference for the PW
tracking MPC (dashed) in the original coordinate space

x10~ x10”

1.5 1.4

q1(t)
q2(t)

0.5

—
A

x10*

Time Time

Fig. 4: Input variables ¢ vs time: proposed algorithm (solid
with circles) and PW tracking MPC (dashed)

constraint sets are

X={zecR? |2, €[0,1], x5 €[0,1]},
U=10,2],

The controller uses N = 420 with a prediction horizon Ty =
420s corresponding to a sampling period of 1 second. The
selected stage cost is £(Z(r), a(r)) = |v — zs(r)[g + |u —
us(r))|% where @ =[1 0; 0 10%] and R = 1.

The ellipsoidal set X () described in 8 is defined by P >
0 solution of the algebraic Riccati equation with the selected
@ and R. The simulation experiments carried out using the
linearized system show that, in this case, a rapidly varying
reference trajectory does not cause the trajectories to move
far away from the set of admissible references

R={reR|re[0.55 0.65]}.

In this case it would not be necessary to apply our approach.
Figures 6 and 7 demonstrate that the behaviour of the two
algorithms is similar while x € X and the trajectory is
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Fig. 5: State variables hi(t) and ho(t) vs time: reference
trajectory (dotted), proposed algorithm (solid), PW tracking
MPC (dashed).
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Fig. 6: State variable x5 vs time: reference trajectory (dotted),

proposed algorithm (solid) and PW tracking MPC (dashed)

distant from the set X. A delay in the tracking response
occurs when the trajectory is approaching X but is not inside
the set as it is visible in figures 6, 7 and 8. However, the
simulations performed using the nonlinear model show that
the proposed technique is effective and considerably reduces
the occurrence of spikes slowing down the response of the
system as shown in figures 9 and 10.

VI. CONCLUSION

Whenever the output reference for a system is constant
or converges to some constant, standard model predictive
control may be used to ensure stability of the controlled
system and asymptotic tracking. This paper study the case
when the reference output ranges randomly over a set of
values and shows that, when this happens, the state can
move far away from the sets of operating points if a virtual
reference is not chosen carefully. The proposed approach
selects a virtual reference that guarantees the trajectory
remains in a specific set.

REFERENCES

[1] E. G. Gilbert, I. Kolmanovsky, and K. T. Tan, “Discrete-time reference
governors and the nonlinear control of systems with state and control
constraints,” Int. J. Robust Nonlinear Control, vol. 5, pp. 487-504,
1995.



Fig.

Concentration 1 (t)

L L L L
200 250 300 350

Time

L L
0 50 100 150 400

7: State variable x; vs time: steady state values given by

the reference trajectory (dotted), proposed algorithm (solid)
and PW tracking MPC (dashed)

Fig.

References

L L L L
200 250 300 350

Time

L L
0 50 100 150 400

8: Reference trajectory (dotted), Virtual reference for the

proposed algorithm (solid) and artificial reference for PW
tracking MPC (dashed)

[4]

[5]

[6]

[7]
[8]

[9]

[10]

(11]

[12]

A. Bemporad, A. Casavola, and E. Mosca, “Nonlinear control of
constrained systems via predictive reference management,” [EEE
Transactions on Automatic Control, vol. 42, pp. 340-349, 1997.

E. G. Gilbert and I. Kolmanovsky, “Fast reference governors for
systems with state and control constraints and disturbance inputs,”
Int. J. Robust Nonlinear Control, vol. 9, pp. 1117-1141, 1999.

D. Angeli, A. Casavola, and E. Mosca, “Predictive pi-control of linear
plants under positional and incremental input saturations,” Automatica,
vol. 36, pp. 1505-1516, 2000.

P. Kapasouris, M. Athans, and G. Stein, “Design of feedback control
systems for unstable plants with saturating actuators,” in Proc. IFAC
Symp. on Nonlinear Control System Design, A. 1. (Ed.), Ed. Pergamon
Press, 1990.

D. Limon, I. Alvarado, T. Alamo, and E. Camacho, “Robust tube-
based MPC for tracking of constrained linear systems with additive
disturbances,” Journal of Process Control, vol. 20, pp. 248-260, 2010.
——, “MPC for tracking piecewise constant references for constrained
linear systems,” Automatica, vol. 44, pp. 2382-2387, 2008.

L. Chisci and G. Zappa, “Dual mode predictive tracking in the pres-
ence of piecewise constant references for constrained linear systems,”
International Journal of Control, vol. 76, pp. 61-72, 2003.

U. Maeder and M. Morari, “Offset-free reference tracking with model
predictive control,” Automatica, vol. 46, pp. 1469-1476, 2010.

F. Blanchini and S. Miani, “Any domain of attraction for a linear
constrained systems is a tracking domain of attraction,” SIAM J.
Control Optim., vol. 38, pp. 971-994, 2000.

L. Shead and J. Rossiter, “Feasibility for non-square linear mpc,” in
Proc. of the American Control Conference, 2007, pp. 4464-4469.

J. Rossiter, B. Kouvaritakis, and J. Gossner, “Guaranteeing feasibil-

523

Fig.

Temperature 2 (t)

L L L L
200 250 300 350

Time

L L
100 150 400

9: State variable x5 vs time: reference trajectory (dotted),

proposed algorithm (solid) and PW tracking MPC (dashed)

Fig.

Temperature 2 (t)

o o
s & o 5
S St & S

I

~

&)
T

0.6_

10: State variable x5 vs x1: proposed algorithm (solid)

and PW tracking MPC (dashed)

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

ity in constrained stable generalised predictive control,” IEEE proc.
control theory appl., vol. 143, pp. 463—469, 1996.

U. Maeder, F. Borrelli, and M. Morari, “Linear offset-free model
predictive control,” Automatica, vol. 45, pp. 2214-2222, 2009.

G. Pannocchia and E. Kerrigan, “Offset-free receding horizon control
of constrained linear systems,” AICHE Journal, vol. 51, pp. 3134—
3146, 2005.

P. Falugi and D. Q. Mayne, “Tracking performance of model predictive
control,” in Accepted to 51st IEEE Conference on Decision and
Control, 2012.

A. Ferramosca, D. Limon, I. Alvarado, T. Alamo, and E. F. Camacho,
“Mpc for tracking of constrained nonlinear systems,” in Proceedings
of the 48th Conference on Decision and Control and 28th Chinese
Control Conference, 2009, pp. 7978-7983.

S. Boyd and L. Vandenberghe, Convex Optimization.
University Press, 2004.

M. Sznaier and M. Damborg, “Heuristically enhanced feedback control
of constrained discrete-time linear systems,” Automatica, vol. 26, pp.
521-532, 1990.

D. Chmielewski and V. Manousiouthakis, “On constrained infinite-
time linear quadratic optimal control,” Systems and Control Letters,
vol. 29, pp. 121-129, 1996.

A. Ferramosca, D. Limon, I. Alvarado, T. Alamo, and E. Camacho,
“MPC for tracking with optimal closed-loop performance,” Automat-
ica, vol. 45, pp. 1975-1978, 2009.

K. Johansson, “The quadruple-tank process,” IEEE Transactions on
Control System Technics, vol. 8, pp. 456-465, 2000.

G. Hicks and W. Ray, “Approximation methods for optimal control
synthesis,” The Canadian Journal of Chemical Engineering, vol. 49,
pp. 522-528, 1971.

S. Kameswaran and L. T. Biegler, “Simultaneous dynamic opti-
mization strategies: recent advances and challenges,” Computers and
Chemical Engineering, vol. 30, pp. 1560-1575, 2006.

Cambridge



