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Sliding-Mode Control of a Hydrostatic Drive Train
with Uncertain Actuator Dynamics

Hao Sun and Harald Aschemann

Abstract— A sliding-mode approach with disturbance com-
pensation is proposed in this paper for the tracking control of
a hydrostatic drive train, which is commonly used in off-road
vehicles. A control-oriented modelling results in a system of
four nonlinear differential equations which are subject to un-
certain actuator dynamics with saturation effects and unknown
disturbances — a leakage volume flow and a disturbance torque
acting on the hydraulic motor. The disturbances are estimated
by a nonlinear reduced-order disturbance observer and used
for a disturbance compensation. Thereby, the switching part in
the sliding-mode control law and chattering phenomena can
be reduced. Simulation results point out that the proposed
approach leads to an excellent tracking performance despite
the given uncertainties in the actuator dynamics.

I. INTRODUCTION

A hydrostatic transmission uses hydraulic oil to transmit
power from the power source to the drive mechanism [1].
A simple hydrostatic transmission consists of a hydraulic
pump and a hydraulic motor, of which at least one must
have a variable displacement, operating together in a closed
circuit. The fluid flows directly from the motor outlet to
the pump inlet, without returning to the tank. On the pump
side the mechanical torque from the engine is transformed
by the hydraulic pump into a pressurised fluid flow which
is transformed back to mechanical torque by the hydraulic
motor. By varying the tilt angle (changing the displacement)
of either pump or motor, any desired transmission ratio can
be obtained within a predefined boundary.

Hydrostatic transmissions are widely used as a charac-
teristic component of drive trains in practically all types of
working machines like harvesters, wheel loaders, excavators,
telehandlers and agricultural tractors. They are typically
operated in combination with diesel engines for mobile
applications and offer a variety of advantages in comparison
to pure mechanical transmissions. Besides the capability of a
continuously variable transmission with high power density
and the generation of large traction forces at low speeds,
hydrostatic transmissions allow for reversing the direction of
rotation without changing the gear. Moreover, it is possible to
perform breaking manoeuvres without mechanical wear. Due
to the significant advantages in comparison with mechanical
gearboxes, hydrostatic transmissions have also attracted the
attention of engineers from other industrial fields like wind
energy technology in [2], [3], and [4].

Hydrostatic transmission systems are subject to several
nonlinearities due to input saturation, friction, directional
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change of the valve opening, unknown load and leakage,
which complicates a model-based control of such a system.
Even so, gain-scheduled PID-controllers are still currently
the choice of industrial practice for controlling hydrostatic
transmissions [5]. In order to improve energy efficiency and
to consider environmental aspects in mobile applications, a
model-based nonlinear control approach has been proposed
in [6], [7]. Both the simulation and experimental results show
that the approach can lead to higher tracking accuracy and
active damping of pressure oscillations. Additional uncer-
tainty due to an unknown load torque acting on the motor
side is considered and counteracted by an observer-based
disturbance compensation. The control approach discussed
in [6], [7] is based on the assumption that an approximate
feedforward compensation of the known actuator dynamics
can be achieved, which leads to a model order reduction.
In this case, only the difference pressure and motor angular
velocity are used for feedback control.
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Fig. 1. Drive train with a closed-circuit hydrostatic transmission.

Considering both uncertainty in the actuator dynamics —
imperfectly known time constants in the actuator dynamics —
and unknown disturbances — a leakage volume flow as well as
a load torque acting on the hydraulic motor — a sliding-mode
controller with disturbance observer is proposed in this paper.
Sliding-mode control uses a high frequency switching control
action to bring the trajectories in finite time to a predefined
sliding surface and keep them within the vicinity of this
surface thereafter. Sliding-mode control has been known
as a standard approach to tackle parametric uncertainties,
although it has been subject to problems in applications
regarding chattering phenomena [8], [9] and [10]. The paper
is organised as follows: in Sec. I, the control-oriented mod-
elling of the hydrostatic drive train system depicted in Fig. 1
is addressed. A sliding-mode controller is designed for the
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hydrostatic drive train considering explicitly the uncertainties
in the actuators in Sec. III. In Sec. IV, a reduced-order
disturbance observer is introduced. The estimated leakage
volume flow and the disturbance torque can then be used for
compensation measures in the control scheme. At control
allocation, the displacement limitation due to physically
bounded tilt angle at both pump and motor is also considered
in this paper. The simulation results presented in Sec. V
show excellent tracking performance for both the difference
pressure and the motor angular velocity.

II. CONTROL-ORIENTED MODELLING

Dynamic system modelling plays a dominant role in
modern control technology. An accurate system model is
the key to improving the overall system performance. The
considered mechatronic system is divided into a hydraulic
subsystem and a mechanical subsystem, which are coupled
by the torque generated by the hydraulic motor [11].

A. Hydraulic subsystem

The hydraulic pump is connected to the rotor shaft, and
its main function is to convert mechanical energy into
hydraulic energy. Pumps are characterized by a volumetric
displacement V,, in m3 /rev, which describes the fluid volume
displaced per rotation of the rotor shaft. The pump flow g, is
determined by a nonlinear function gp = Vp(ap)np. The
calculation of the pump volumetric displacement depends
on the specific mechanical design. For the widely used axial
piston pump with a tiltable swashplate, Vp can be expressed
as

Vp(ap) = NpApdp tan(apmas - @p). (D

Here, ap = apmaz - @p denotes the swashplate angle of
the pump, Ap the effective piston area, dp the diameter of
the piston circle, and Np the number of pistons. With the
reasonable assumption of a small swashplate angle |ap| <
18° [12], and

Vo = NPAPdPaP,max’

27

the pump volume flow can be described by gp = Vpo? PWp.
Here, the normalized swashplate angle &p € (—1,1) and the
rotational speed of pump wp are introduced. Accordingly,
the volume flow rate qas = Vs (apr)nas into the hydraulic
motor can be formulated as a nonlinear function of the bent
axis angle, with

2

Vi (anr) = NapAprdag sin(ans,maa - @ar)- 3)

As before, the assumption of a small tilt angle ap; < 20°

and
% Ny Anrdar oot maa

M= 2

allow for a simplified relationship ¢y = Vardoaswar, with
the normalized angle &y € (en,1), epr > 0, and the
motor angular velocity wp;. Without consideration of the
pressure loss in the transmission lines, the high- and low-
pressure side can be described by one pressure value p4 and
pp, respectively. The pressure dynamics of the hydrostatic
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Displacement unit

Displacement unit

Fig. 2. Axial piston hydraulic pump (left, swashplate design) as well as
hydraulic motor (right, bent axis design).

transmission in closed-loop configuration follows from a
mass balance in combination with an oil model [12]

Ba

Pa = 7(QP —qMm — qIL — qELA); ©)
A

. DB

pB = A (—qp +am + a1z — 9ELB)- 6)
B

Here, Sy, k € {A, B}, denotes the effective bulk modulus of
the fluid, and V}, describes the volume of the corresponding
transmission line. The internal leakage oil flow ¢;7, is mod-
elled as a laminar flow resistance [1], which depends linearly
on the difference pressure

qrr = ki - (pa —pB) (N

and is characterized by the leakage coefficient k;r. The
external leakage can be described by [12]

qera = kera -pa, ®)
geLB = KELB " PB- )

Here, kppa and kg p represent the external leakage coef-
ficients. A model order reduction becomes possible, if some
reasonable symmetry assumptions are made. Considering
identical capacitances Cy = Cp =: C'y, see [1] and [13],
with v
Cy=—", ke {A B}
Br
leads to an order reduction by one. As a result, the differential
equation for the difference pressure is given by

(10)

2 /. -
Ap = —— (VP apwp — Vi apwnr — ql) , (1)
Cu 2
with a resulting leakage volume flow
qu = 2kiLAp+kgrapa — kgL pB- (12)

as a lumped disturbance. The dynamics of the displacement
units for both pump and motor is characterised by a first-
order lag behaviour, respectively, according to

Tyi & + 6 = u;, i € {P,M}, (13)

where the time constants 7),; are not exactly known and
uncertain. The input voltages u; of the corresponding pro-
portional valves for the displacement units serve as physical
control inputs. As the tilt angles of the diplacements units
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are limited, saturation functions satj(&;) are introduced as

follows

di,maz &z Z a
saty(&@;) =S a; for b<é&; <a,
a; <b

(14)

&iﬂnin
where @ = O, maz and b = &; pipn represent the upper and
lower output limits determined by the mechanical design:
{en, 1} for the hydraulic motor and {—1,1} for the hy-
draulic pump. In the simulation model, (13) is implemented
with limited integrators for ap and ;.

B. Mechanical subsystem

The longitudinal dynamics of the working machine is
governed by the equation of motion. The vehicle with the
drive train (vehicle mass m,, wheel radius r,,, gear box
transmission ratio 4, rear axle transmission ratio ¢,, damping
coefficient d, at the drive shaft), see also Fig. 3, can be
described by the following first order differential equation

Jy  Jat+myrd\ . d
<JM+_‘(]2+G.2.2VHJ> WMJF%WM: (15)
lg aly K
~—
Jv dv

- ~ w w -
Vi Ap apr — (TMftanh(M) + Tqf tanh(.iM) T - L ),
N e’ 13 ZQE Zazg

T™
TU

where 7,7 is the torque of the hydraulic motor. Jys, J, and
J, are the mass moments of inertia of the hydraulic motor,
gear box and rear axle, respectively. The maximum values
Tumy and 74 characterise the friction models of the hydraulic
motor and the gear box, whereas ¢ << 1 represents a small
number.

C. State-space description

The overall system model involves four first order differ-
ential equations. Introducing the normalized angles of the
displacement units &;, i € {P, M}, the difference pressure
Ap, and the motor angular velocity wy; as state variables,
the state vector results in x = [&p,dnr, Ap, wM]T. The
corresponding state-space representation becomes

1~ 1
—7—Qp + HUP

dp Tup~
ay | _ ~ T Tum Oé]v1~+ Tount UM
| T | 2Vewe 1 (5 2Vpwm 1 (5 qu
Ap ﬁsat_l(ap)‘d* ﬁsatEM (CY]\/[) e
WM _dv Vv at 1 (& _ T
M Tewm + PrApsat,,, (Gar) — F& 0

2
J, +myr,

Fig. 3.  Kinematical structure of the drive train with gear boxes and
disturbance torque.

III. SLIDING-MODE CONTROL DESIGN

A sliding-mode controller is derived in this section. The
control scheme of the whole dynamic system is shown in
Fig 4. For the hydrostatic transmission system, the proposed
sliding-mode controller provides a systematic approach to the
problem of maintaining stability and consistent performance
despite modelling imprecisions like unknown time constants
of the actuators. Here, the leakage volume flow gy and
the resulting disturbance torque 7y are determined by a
nonlinear reduced-order disturbance observer and employed
for a correction of the inverse dynamics, see Sec. IV. For

. — Hydrostati
Desired Sliding Mode Actuator M| ARSI
: | Transmission
Tajectrory Contro Actuator P | -~ /Drive Chain
L ]
Disturbance
Observer

Fig. 4. Block diagram of the observer-based sliding-mode control.

the control design, the the first two time derivatives of the
difference pressure and motor angular velocity are calculated.
In both cases, the second time derivative depends directly
on the control input, leading to a relative degree of four that
complies with the system order. By inserting the actuator
dynamics, the system dynamics in form of two second-order
nonlinear differential equations becomes

Aj = Frul(x,0p) + fpa(unr, éar)

Tum
+ %U‘;P)(UP - &P) + dP'r(TU) + qu(QU)a (17)
Op = fu(x,wp)
QJVI(AP)

+ (unr — anr) + dy- (o, 7v) + darg(qu)-

(18)

TuM

Here, fp, p, and gp ps are nonlinear functions of the system
states, whereas dp; i, @ € {7, ¢} denote nonlinear functions
of the disturbance variables. The vector € = [ep,en]
comprises the tracking error of the difference pressure and
the motor angular velocity according to

19)
(20)

ep = Apg — Ap,
Epnr = Ward — Whr-
As starting point for the sliding-mode controller, the time-

varying switching functions s;(t),7 € {P, M}, are defined
as follows

t
sP(t):ép+2)\6p+)\2/ epdr, 21)
0

t
SM(t>:é]w+2)\€M+)\2/ epdr. 22)
0
Here, A > 0 is a strictly positive constant. As can be seen
from (21) and (22), the dynamics on the sliding surface
si(e;) = 0 is of second order with respect to the tracking
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errors e;,9 € {P, M}. Calculating the first time derivatives
of 152 4 € {P, M}, and inserting (17), (18), (21) and (22),

2%

results in
lis% = sp(ép 4+ 2Xép + Mep)
2dt ’
= Sp(Aﬁd + 2)\ép + )\2€p — fp1 — I{PQ
uM
— 22 (wp — dp) —dpr —dp), (23)
uP
lisfw = SM(EM + 2Xépr + )\261\/[)
2dt ’
= s (@ara + 20énr + Ney — fu
= 2 (ung = ann) = dagr = darg)- (24)
uM

The following design step consists in determining a control
law such that the switching functions according to (21) and
(22) converge to zero and remain on the sliding surfaces
s;(e;) = 0 afterwards. This objective is achieved by design-
ing an appropriate control input u;,i € {P, M}, so that the
corresponding sliding-condition is satisfied [14]. As a result,
the control inputs can be stated as

Tup ;. .
up = PP [up + ¢p] + ap, (25)
Tunrr .. i
upr = Mg + dar] + anr, (26)
am
with
bp = APa + 2Xép + Nep — fp1 — fpz —dpr — dpg,
TuM
(27)
dr = Onma + 20én + Neanr — fur — darr — darg. (28)

Here T,;,i € {P, M}, represent the estimated actuator time
constants. Substituting the designed controller (25) and (26)
into (23) and (24) results in

1d 2 ~ TuP TuM

5775 = ~lpsp + <¢pPTuP + prTuM sp, (29)
PP

1d “ CfuM

i%sij = 7UMSM+Z/JMm5M7 (30)

where v, p a0 are time-varying nonlinear functions. The
assumption that the actuator time constants are bounded by

0< Ti,min S Tz § T;,ma:ry S {P; M} (31)
leads to
Tui .
||T _||§Ti, i€ {P,M}. 32)

By introducing T; > 0, i € {P, M}, as positive bounds, the
time-varying terms on the right-hand side of the equation
(29) and (30), respectively, are also bounded by a positive
value

193l T; < Fy, i € {P,M}. (33)

The switching control action ;,¢ € {P, M}, can be chosen
as

i = kngn(Si)v (S {Pa M}a (34)
where k; = n; + F; denote time-varying but positive gains
and sgn(s;) represent the sign-functions according to

1 s; >0
sgn(si) =¢ 0 s,=0, ie{P,M}. (35)
-1 s; <0

By using (34) instead of 4, in the equations (29) and (30), a

convergence towards the sliding surfaces s; = 0 is achieved

in finite time
1d ,

S8 < —mgsgn(si)si = —nilsi|, i€ {P,M},

with constant scalar values n;, i € {P, M}

IV. NONLINEAR REDUCED-ORDER DISTURBANCE
OBSERVER

Disturbance behaviour and tracking accuracy in view
of model uncertainties can be significantly improved by
introducing a compensating control action provided by a
nonlinear reduced-order disturbance observer as described
in [15]. The observer design is based on the state equations.
The key idea for the observer design is to extend the state
equations with an integrator as disturbance model

ym:f(yTanSaTI\/[) aj-S:O ) 37

where y,, = [Ap,was]T denotes the measurable difference
pressure and motor angular velocity, Ta; = [ap,ap]T is
the vector of the normalised actuator outputs and 7g =
[qu, Tv]T represents the vector of system disturbances. The
estimated leakage volume flow ¢;; and disturbance torque 7¢;
follow from

TS = H- Ym + 2, (38)

where H represents the observer gain matrix. The vector of
state equations for z is given by

Z:(I)(ym,f'g,T]w). (39)

The observer gain H = diag(hy,hs) and the vector &
are chosen such that the steady-state observer error 7g =
Ts — Tg converges to zero. Thus, ® can be determined by
considering a vanishing steady-state estimation error

Ts=0=75—H -ym —P(ym 7s —0,7n). (40)
In view of 75 = 0, equation (40) yields
Q(ym, s —0,7m) =—H -y,
29p _ 29m _ qu
CHu Cu Cn
—_H.
—dvwp 4 IM T
Ty Ty Ty
41)
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The linearised error dynamics 75 must be asymptotically
stable. All eigenvalues of the Jacobian are, hence, placed in
the left complex half-plane according to

oy (ymaTS7T]W) _ _CI:; 0 1 |:_SBI 0 :|

Otg 0 "}—5 | 0 —5B2
(42)
with sp; > 0 and sy > 0. This directly leads to the
observer gains hy = sp;Cy and he = —spoJy. As

depicted in block diagram Fig. 4, disturbance compensa-
tion is achieved by substituting the leakage volume flow
and the disturbance torque in the sliding-mode control by
their estimated values, i.e., quy = qu and 7y = 7y. The
asymptotic stability of the closed-loop control system has
been investigated thoroughly by simulations.

V. SIMULATION RESULTS

Taking into account both the measurement noise of the
pressure sensors and the quantization effects in the encoder,
the tracking performance as well as the steady-state accuracy
w.r.t. the motor angular velocity and the difference pressure
shall be investigated by simulation. Therefore, the desired
trajectories of the pressure difference and motor angular
velocity are shown in Fig. 5 as well as their first and second
time derivatives.

«~  x10 ~
=, [\ ‘ ~5 200
Z 4 I\ g
H 2 / <100 |
Ao 5 10 15 2 % 5 10 15 20
w 5 tin s tin s
v, x10
% 4 —— ~ 100 SN
= ) N [—Ap in N/(m?s)] % [—onain rad/s7)
= / S 50
i AR
A / 3 o
~ 72 \Vj g
=
J 0 5 1o 5 20 o 5 10 15 20
—~ 3 tin s fin s
o x 10 R
o2 N T 50
SR =
= \/\/ 3
= \ / < 0
< - /
'Sy [—Aj in N/(m*sY) 5 -50 [—Gara in rad/s"].
<0 5 10 15 20 0 5 0 14 o
tin s tin s
Fig. 5. Desired trajectories for the pressure difference and motor angular

velocity.

The desired angular velocity wpsq is formulated by a
Tth order polynomial, and the desired trajectory of Ap, is
calculated with a desired value for the normalized motor
input uprqg = 0.8, which can be adapted to the given drive
situation. This leads to the following relationships for Apy
and the first two time derivatives

Jvwnpa + dywnrg + Tu

Apy = v , 4

Dd 0877 (43)

Apy = Jvionrag + deMd + ?U’ (44)
0.8V

Ay = JvWnrg + dY@Md +Tu ' 45)
0.8V

Note that Apy depends on both wj;q and estimated dis-
turbance 7. The disturbance torque that is employed in
the simulation consists of two terms: 1) a static nonlinear
friction model and 2) a vehicle mass increased by 10%.“In
the implementation, the time derivatives of 7y, 7y and Ty,
are neglected in the equations (44) and (45). The estimation
results concerning the disturbance torque shown in Fig. 6
(upper part) are quite good and, hence, used for a disturbance
compensation. The same holds for the estimated leakage
volume flow (proportional to difference pressure), which is
shown in Fig. 6 (lower part).

0 = 0.1Jywprg + Ttanh(£X44)

0.01

0 5 10 15 20

215

m\»

£ 10

E 5 Em o

S -

—simulated
s : ---estimated
0 15 20

tin s

Fig. 6. Estimation of the considered disturbance torque (upper part) and
leakage volume flow (lower part).

Fig. 7 depicts the tracking performance regarding the
difference pressure and the motor angular velocity as well
as the tracking errors with only imperfectly known time
constants (—50 % deviation from their nominal values) in
the actuator dynamics. It indicates that the sliding-mode
controller with the disturbance observer works quite well
in the case of uncertainty in the actuator dynamics: the
motor angular velocity is tracked with an error bounded
by 0.5 rad/s, whereas the error of the difference pressure
is bounded by 0.03 bar. Fig. 8 shows the corresponding
normalized tilt angles of the hydraulic pump and motor &,
ie{P,M}

The estimated leakage volume flow and tracking errors
depicted in Fig. 9 emphasise that the combination of the
sliding-mode controller and the observer-based disturbance
compensation guarantees an outstanding tracking perfor-
mance despite an unexpected additional leakage. This addi-
tional leakage oil flow could be caused by a pressure relief
valve that is not perfectly closed.

VI. CONCLUSIONS

In this paper, a sliding-mode trajectory tracking control in
combination with a disturbance observer is presented for a
hydrostatic transmission with uncertainties. The modelling of
this mechatronic system leads to a system of four nonlinear
differential equations. Two sources of model uncertainty are
considered in the paper: 1) unknown time constants in the
actuator dynamics and 2) unknown disturbances in form
of a leakage volume flow and a disturbance torque acting
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Fig. 7. Tracking performance using sliding-mode control for the hydrostatic
drive train with only imperfectly known time constants in the actuator
dynamics.

Fig. 8.
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Normalised tilt angles of both the hydraulic pump and the motor.

on the hydraulic motor. Reasonable assumptions on the
boundedness of the time constants in the actuator dynamics
enables to select proper gains for the sliding-mode control.
The control approach guarantees the robust stability of the
closed-loop system. The simulation results show that the
proposed control leads to a high tracking performance even
in the case of imperfect knowledge of the actuator dynamics.
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