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Passivity of Plane Poiseuille Flow

Shi Zhao and Stephen Duncan

Abstract—This paper considers the passivity of plane
Poiseuille flow, which is the incompressible flow observed
between two parallel plates that are assumed to be of infinite
extent. A model in which the flow is considered as the feedback
connection between a linear time-invariant system and a static,
memoryless nonlinear system is used. It is well known that
the nonlinearity of plane Poiseuille flow is not only passive but
lossless, which means that it does not generate or consume
energy and the only effect of the nonlinearity is to move
energy from one flow mode to another. However, little has been
addressed about the passivity of the entire flow system. The
primary aim of this paper is to find a subcritical Reynolds
number below which the linearized flow is always strictly
passive, which means that the origin of the full nonlinear
system is globally asymptotically stable when the Reynolds
number does not exceed the subcritical number. Our results
show that the subcritical Reynolds number obtained by the
passivity approach is equal to the energy Reynolds number,
which is derived by the classical energy approach. This result
indicates that the passivity approach is closely related to the
energy approach and is a valuable tool to study the stability of
fluid flows.

I. INTRODUCTION

Plane Poiseuille flow is the incompressible flow with a
parabolic velocity profile between two parallel, stationary
and infinite plates. Despite the efforts of numerous physicists
and applied mathematicians for over a century, the mecha-
nisms of instability of the flow are still not fully understood
[1].

Usually the starting point of studying the stability of
the viscous channel flow is linear stability analysis, which
consists of three steps: (i) The Navier-Stokes equations
describing the evolution of the flow are linearized around
the steady state; (ii) The resulting Orr-Sommerfeld equation
is discretized by replacing all the partial differential operators
with appropriate matrices; (iii) The stability is determined by
examining the eigenvalues of the discretized Orr-Sommerfeld
operator. The flow is linearly stable if all the eigenvalues lie
in the open left half of complex plane. Orszag found plane
Poiseuille flow is linearly stable when the Reynolds number
is less than Rey = 5772.22 [2]. However, experiments show
that the Reynolds number at which the transition to turbulent
flow occurs is as low as Re =~ 1000 [3], [4].

The invalidity of the linearized model has long been
believed to be one of the reasons for the discrepancy be-
tween the theoretical prediction and experimental results [1].
Indeed, if the linearization fails to approximate the Navier-
Stokes equations accurately, it is unlikely that the method
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can provide a satisfactory result. When the disturbance grows
and is no longer of infinitesimal magnitude, the nonlinearity
of the flow plays a more important role and its effects
can not be ignored [5]. It was also suggested that transient
energy growth which arises from the nonnormality of the
Orr-Sommerfeld operator is a possible explanation for the
failure of eigenvalue analysis [1], [6].

Another standard tool of analyzing the stability of the flow
is the energy approach [7], which is based on variational
calculus and aims to find the Reynolds number below which
there is no energy growth for perturbations of arbitrary
magnitudes. It has been shown that the energy Reynolds
number for plane Poiseuille flow is Rey = 49.6 [8], [5]. It
is not surprising that the result is quite conservative when
compared to Re ~ 1000 given that the monotonic decay
requirement is likely to be unnecessarily restrictive.

A concept closely related to stability and energy of a
system is passivity. It is well known that the nonlinearity
of the flow is lossless in the sense that the nonlinearity
does not create or consume energy and is responsible for
the interaction between different modes [5]. Although it is
pointed out in [9], [10] that introducing feedback control to
remove the nonnormality and make the linear part passive
can stabilize the flow, little attention has been paid to the
passivity of the uncontrolled flow.

This paper employs a model that regards plane Poiseuille
flow as the interconnection of a linear time-invariant dynam-
ical system and a memoryless lossless nonlinear system. The
linear part of the flow is converted into a finite number of
decoupled systems which are continuous in the wall-normal
direction, by first applying Fourier transformations in the
streamwise and spanwise directions, and then truncating the
systems at sufficiently high wavenumber pairs. A Chebyshev
spectral discretization method is then used in the wall-normal
direction. This leads to a set of subsystems and the passivity
of each is examined. According to the passivity theorem [11],
the feedback connection of two passive systems is passive,
and if the dynamical linear part is strictly passive and the
memoryless nonlinear part is passive, then the origin of the
closed-loop system is asymptotically stable. In addition, the
origin is globally asymptotically stable if the storage function
of the dynamical linear system is radially unbounded. If we
can find the Reynolds number below which all the decoupled
linear systems are always strictly passive, we will obtain a
lower bound on the Reynolds number below which the flow
is always stable.

Our results show that the linearized plane Poiseuille flow
is always strictly passive when the Reynolds number is
below Re =49.6, which is the same as the energy Reynolds
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number. It is to be expected that these two methods yield
the same result even though the techniques employed to
derive the results are completely different, since physically
both approaches try to find a Reynolds number below which
the perturbation energy of the flow does not increase with
time. Essentially, the passivity approach uses the disturbance
energy as the Lyapunov function of the system. Compared
to the energy approach, the advantage of the passivity ap-
proach is the derivation is relatively simple and the passivity
approach can be considered as an alternative tool to study the
stability of flow systems like the energy approach, although
it will inevitably be conservative.

The paper is organized as follows. Section II starts from
the Navier-Stokes equations and develops the model of
incompressible viscous plane Poiseuille flow. In section
III, the linear part of the infinite-dimensional flow system
described by PDEs is discretized and truncated, resulting in
a number of decoupled linear time-invariant systems. The
passivity of both nonlinear and linear components of the
flow system is studied in section IV. In addition, definition
of passive systems and passivity theorems are extended
from Euclidean spaces to finite-dimensional Hilbert spaces.
Section V concludes the paper.

II. MODEL OF THE SYSTEM

In 3-dimensional Cartesian coordinates (x,y,z), the flow of
an isothermal, incompressible viscous fluid is described by
the Navier-Stokes equations

dii di  _di dii ap 1 ~
125 452 i Py vavf )

o T R T ey T, T T ax T Re
ov  _dv _dv _Jdv ap+LV2\7+fy )
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and the continuity equation

dii n av n ow

ox dy dz
where ii(x,y,z,t), ¥(x,y,z,¢) and w(x,y,z,t) are the compo-
nents of the velocity of the fluid in the x, y and z directions,
respectively, fi(x,y,z,1), fy(x,¥,z,t) and f;(x,y,z,¢) are the
components of the normalised external force in each of these
directions, p(x,y,z) is the pressure, and

2 2 2

Vz = i i + i

oxz  dyr 072

Re is the Reynolds number, which for channel flow can be
defined as

0 “4)

&)

UcLh
" (6)
with Ucy, being the velocity of the steady-state flow at the
centre line, A is the half width of the channel and Vv is the
kinematic viscosity.

Express the total flow as a deviation from a steady-state
flow, (U,V,W),

(#@,v,w) = (U +u,V+v,W+w) 7

Re =

the components of the force as the deviation from constant
forces

(Fo for o) = (Fe+ fo. By + [y Fo+ f2) (8)

and the total pressure as a deviation from the steady-state
pressure, P,
p=P+p )

Consider flow between two parallel plates of infinite extent
that are aligned so that y is the wall normal direction and
the fluid flows in the region y € [—1,1]. We seek a steady-
state flow of the form (U,0,0), so that x is the streamwise
direction and there is no flow in the z direction and there are
no constant external forces, so that F, = F, = F;, = 0. Then
it is straightforward to obtain U(y) = 1 —y* which gives the
velocity profile in Fig. 1.
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Fig. 1. Steady state velocity profile of plane Poiseuille flow

Both the steady state and the perturbed state satisfy the
Navier-Stokes equations and continuity equation. Subtracting
the equations for the steady state and perturbed state leads
to the nonlinear disturbance equation

u du _@

o HUS U 85 == +év2u+fx (10)
%+U% +52=—g’y’+Rlev2v+Jg, (11)
%VJFU% +S3:—aa—p+Riev2 +f (12
and
‘;%g; %” —0 (13)
where U’ denotes 9 and
1= ug v g (14)
Sz—ugv—l—vg;—&-wgz (15)
S3 :ug—w +v8avyv aa—w (16)
Non-slip boundary conditions are assumed at the walls
uly = 1) =¥y = 1) =y = £1) = (5= £1) =0
a7
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Taking 2 of (10), a% of (11) and £ of (12) and using the
continuity equation (13) gives an equation for perturbation
pressure and then this resulting equation and (11) are used

to eliminate p so that
v — 9’51 (9*$)
dyox dx?

<a +Ua> V%—U”ﬂ !
I’Sy  *fe (9 N\ _ If
+ < oz ) ~oyo: 1Y

N 9%, N
dz?

Define the vorticity as

or ' dx dx Re
dydz Jydx ox?

du Jdw
dz  dx
and an expression for the evolution of the vorticity can be
obtained by taking a% of (10) and % of (12) and then
subtracting the two resulting equations to give
d /av 1 2 a(fx_Sl) a(fz_SZ)
A T F T PR
(20)
The evolution of the flow is described in terms of v and 7,
so the description of the system is completed by expressions
for u and w in terms of v and 1. From (13) and (19), it yields

19)
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Equations (18) and (20)-(22) can be combined to give
X = Ix+ Bf— BS (23)

where the dot denotes time derivative, x = (v n)T, f=
(fe £y £2)T. 8= (81 82 83)", u=(uvw)" and

—Uiv2+U”i+iv4 0
of — &1 ox gx Re 5 :
N 5 1 7v2
v dz U8x+Re
(25

2 9% 9? 92
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9z 0 “ox
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(28)

The mapping from (u v w)T to (S} S, $3)T can be viewed
as a memoryless nonlinearity of the form S = A(u). As shown
in Fig. 2, the system can be regarded as the feedback con-
nection between the linear time-invariant system (<, %, ),
and a memoryless nonlinearity A(.), with (f f, ;)T acting
as an external input to the system.

(A,B,C)

51
s= Iszl AQ)
53

Fig. 2.

u=|v

Block diagram of the system

III. SEMI-DISCRETE FORMULATION
Assume that the flow (together with the external force) is

periodic in the x and z directions, with periods L, and L,
respectively, then v(x,y,z,¢) can be expressed in the form

oo

vy = Y Y Gun(yr) el

Mm—=—ocop=—o0

(29)
where o, = zg—:” and B, = % are the streamwise and
spanwise wavenumbers. Similarly, 1(x,y,z,7), u(x,y,z,1),
w(x,y,2,1), fe(x,,2,1), fy(x,y,z,t) and f;(x,y,z,¢) can also
be written in the Fourier series form. It follows from (14)
to (16) that the nonlinearity S;(x,y,z,7), S2(x,y,z,¢) and
S3(x,y,z,¢) are also periodic in the x and z directions and
can be expressed in terms of Fourier series.

The linear system can now be reduced to a set of decou-
pled systems

imn = DyunXmn + <%mnémn (30)
Uy = (gmnimn (31)
with states Xy = (Vyn Tlmn) > inputs &y, = (é,(n],z &2 éf,f,z)T,

outputs i, = (flyn Vmn Win) ' and

2212, 0] '[ Zos O
o= |75 2 @
2212, 0] [-iew? -k, —iB.2
%""[ 0 1} [iﬁn 0 —ig, | @Y
—k2, 0 0 —i0, 2 iy
Gm=| 0 1 0 1 0 (34)
0 0 -k, -2 —iay

where k2, = o2 + B2, 2 denotes differentiation in the y
direction, and

1
Los = —i04,U(2* —k2,) +io,U" + %(92 —k2,)? (35)

, 1
Lo = —io,U + ﬁ(gz —Kk2,) (36)

These expressions are not valid when m =n = 0. In this
mode the state is defined as %o = (iipp Woo)" and the state
space model can be obtained accordingly [5].

Each of these decoupled systems varies continuously in
the x,y and z directions and as a result, has infinite dimen-
sions. A finite dimensional approximation can be obtained
by first replacing the Fourier series with finite sums by
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choosing (mn) € [-M,...,0,....M] x [-N,...,0,...,N], for
sufficiently large M and N and then using a Chebyshev
discretisation of K + 1 points in the y direction, and replacing
2 by the Chebyshev spectral differentiation matrix Dg €
RK=Dx(K=1) "on which the boundary conditions are implic-
itly imposed [12]. This gives a finite set of (2M+1)(2N+1)
decoupled state models

(37)
(38)

where X, € C2K-D &, € C3K-D i, € CCK-D are
vectors which stack the values of X,,,,€,,, and @i,,, at all the
K — 1 sample points in the y direction, A,,;;,B,,, and C,,
are discretized versions of .o7},,, B, and €, respectively

Xmn = Amnxmn + anemn

Wyn = Cmn Ximn

C2-i21 0] '[ Los 0
s I e T
B, _ [D%(—kﬁml 0]1 [—i.amDK k2,1 —ianK]
0 I il 0 —iog,I
(40)
21 0 0 ] '[—iguDx iBlI
Com=| 0 I 0 I 0 | @
0 0 —i2I —iB.Dx  —ic,l

where U € CK-Dx(K=1) ff ¢ cK-1x(K=1) and U” e
CK-1)x(K=1) are diagonal matrices formed from the values
of the steady state velocity profile and its derivatives with
respect to y, at each of the sample points,

. . 1
Los = —io, UD% — k2, 1) +ia, U” + Re (D% —k2, 1) (42)

and

. 1
Lsp = —i0,, U+ Q(Dﬁ — k2,1

IV. PASSIVITY AND STABILITY

(43)

Originating from circuit theory, passivity is a concept
closely related to energy [13]. Roughly speaking, a passive
system is a system which does not generate energy.

A. Passivity of the Nonlinearity

The nonlinear part of the plane Poiseuille flow does not
produce or consume any perturbation energy if the kinetic
energy of disturbance is defined as

1
E(t) = 5/(bﬂ+v2+w2)dg (44)
Q
where Q is the volume in which the fluid flow is evolving
[5]. With respect to this definition, the nonlinear terms of the
flow preserve energy since

/ (uS) +vS2 +wS3)dQ2 =0 45)
Q

This property can be readily proved by using integration
by parts together with the divergence free condition, the
periodic conditions and boundary conditions. This feature
of the nonlinearity is extensively used in many energy and
energy-like approaches [7], [14], [15].

Replacing all the vectors in (45) by the corresponding
Fourier series, the memoryless nonlinear system A(.) can
be said to be passive in the sense that

(5,5) = / 11 T*5dy =0 (46)

where the asterisk denotes conjugate transpose, and
fi=(...dun Voo Won---)7 (47)
§= (.S S S )T (48)

B. Passivity of Linearized Flow

Since the nonlinear system is memoryless, it is relatively
easy to study its passivity within the framework of infinite-
dimensional theory. For dynamical systems, the situation
becomes far more involved because of the requirement to
show the well-posedness of the systems [16]. For this reason,
we choose to reduce all the infinite-dimensional decoupled
linear systems (30) - (31) to finite-dimensional ones (37) -
(38) by discretization.

Given that the nonlinear part of the flow system is passive,
then using ideas from finite-dimensional systems theory, it
is natural to expect the closed-loop flow system without
external forcing is stable when the dynamical linear system
(o7 ,PB,€) is strictly passive. Furthermore, the linear system
is expected to be strictly passive if all the linearized decou-
pled systems (37) - (38) are strictly passive.

It now remains to check the passivity of these systems. The
standard definition of passive dynamical systems is given
in, for example, [11]. However, it does not apply to the
flow system under consideration because the nonlinearity is
lossless with respect to the inner product (46) rather than
the standard scalar product. Consequently, there is a need to
extend the definition.

Let 54 C C" and % C CP be two Hilbert spaces with
inner product defined as (-, ) ;. : 1 x H#{ — C and (,-) 5 :
F6 x 75 — C, respectively. We denote a (possibly nonlin-
ear) operator F from J# to 4 as F : 74 — 563.

Definition 1: For a linear operator F : JA — %, the
unique linear operator F' : % — J# satisfying

(Fx,y) 55 = (x,F'y) .. Vxe,ye it

is called the adjoint of F.

In the case that J#] = %, F is said to be a linear operator
on the Hilbert space 7 or . F is called self-adjoint if
F =F7. It is called strictly positive and denoted as F > 0 if
it is self-adjoint and

(Fx,x) 4 >0, Vxei—{0}
Since both 7 and 7% are finite-dimensional, all linear
operators are matrices. It is easy to see that positive definite
matrices are special cases of strictly positive matrices.
Consider a finite-dimensional dynamical system

= f(q,V)

u =

(49)
(50)
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where f: 4 x 56 — FA is locally Lipschitz, h: 54 X
A5 — s is continuous, f(0,0) =0 and £(0,0) =0.

Definition 2: The system (49)-(50) is called passive if
there exists a continuously differentiable positive semidef-
inite storage function V(g) such that

Re (1) 4, >V = ‘;‘q’ﬂq,vx Y (qv) € i x Ao (51)

where 9ie(.) denotes the real part. The system is called
strictly passive if

Re(u,v) o >V+0(q), V(g,v) eIl x6

where ¢(q) is a positive definite function. In the case that the
system is memoryless, the convention that V =0 is adopted.

If 5% = CP and the inner product is defined as the standard
scalar product (u,v) = ¥¥  u;v;, then a finite-dimensional
linear time-invariant system G is passive if and only if its
transfer function G(s) is positive real [17]. The test for
positive real transfer functions is given by the positive real
lemma [18]. Moreover, the system G is strictly passive if
its transfer function G(s) is strictly positive real and the
Kalman-Yakubovich-Popov (KYP) lemma gives a test of
strictly positive real transfer functions.

If 7% is not a Euclidean space, the positive real lemma
and KYP lemma can not be used directly because in 7% the
adjoint of a matrix is not its conjugate transpose.

Similarly, we are able to extend the positive real lemma
and KYP lemma to general finite-dimensional Hilbert spaces.

(52)

Proposition 1: Consider the finite-dimensional linear
time-invariant system
g = Agq+Bv (53)
u = Cgq (54)

where g € A vu € 564, A: 4 — 4, B: 75 — 7 and
C: A4 — 76. It is passive in the sense of Definition 2 if
there exists a strictly positive P : 54 — 57 such that
PA+(PA)Y < 0
PB = ('

(55)
(56)
The system is strictly passive in the sense of Definition 2

if there exist a strictly positive P : 54 — ] and a positive
constant € such that

PA+(PA)" < —eP (57)
PB = (' (58)
Proof: Use V(q) = % (q,Pq) o as the storage function,
Re (v,u) 5 — v
1d(q.Pq)
=Re(Ca)oy —5 g
1 .
=Re(1,.Cq) i — 5((4:P9) 55 + (4 Pd) )

=93 ((9.C) , — (q.PAg+B)) ;)
(

(a.(C'=PB)V) . — (4,PAq) ;)

In the case of € =0, the system is passive, but when € > 0,
the system is strictly passive. [ ]

The extended passivity theorem (Theorem 6.4 in [11]) can
be proved in a similar manner.

Vi +. .~ €; G u,
1
u; G Z V2
2
- +
Fig. 3. Feedback connection

Proposition 2: Consider the feedback connection of Fig.
3. Gy is a linear time-invariant system described by

41 = Aqi+Be (59)
uy = qu (60)

and G; is a memoryless system represented by
up ZGQ(ez) (61)

where q| € JA, ey,ex,uy,uy € 56, A I — 4, B: 5 —
A and C: 74 — 5.
Suppose that the memoryless system is passive, that is

Re <62,M2>% >0 (62)

then the origin of the closed-looped system (when v = 0)
is globally uniformly asymptotically stable if the dynamical
system satisfies the conditions (57) to (58).

Proof: Choose V = Vi(q1) = %(ql,PqQ%i as the
Lyapunov function candidate. e; = —up and e; = u; since
vi =, =0, then as shown previously,

. . 1
vV = V1§%€<€1,M1>%*55<%P6]>;ﬁ

1
= —Re(uz,e2) 5 — € (4, Pq)

1
< —5&4:Pa)

Thus it is evident that V is positive definite and V is
negative definite. Moreover, V is radially unbounded. Then
the conclusion follows. [ ]
Applying this result to Definition 2, the system described
by (37) - (38) is said to be strictly passive if there exists a
positive semidefinite storage function V(X,) such that

NRe <ﬁmnaémn> > v + (Z)(imn) (63)
V' Ry €pun) € C2E=1) 5 C3K=1) where ¢ (%,,,) is a positive
definite function and
1
<ﬁmn7émn> = / . ﬁ;;mémndy
In accordance with Proposition 1, system (37) - (38) is
strictly passive if there exist a P,,, = P}, > 0 such that

PmnAmn + (PmnAmn )T
Pmann

(64)

< 0
Chun

(65)
(66)
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With respect to the inner product (y,&) = f_ll Y €dy, it can
be proved that [19] 27 = —2 when the boundary condition

Yoy==+1)=E(=+1)=0 (67)
is assumed, thus the adjoint of %, given in (34) is
1 [io,2 k2, iB.2
T - m mn n
%mn - kr2nn |: iﬁn 0 i(Xm:| (68)

It follows that D}, = —D and naturally C},,, can be obtained
by discretizing %, in the y direction

i _ 1 oDk kI iB.Dk 69)
ez | Bl 0 —ia,l
We therefore find that the only solution to (66) is
1 [K,I-D% 0

which is self-adjoint and positive definite.
Similarly, using integration by parts, it can be shown [5]

1
Lo =10,U(D? —k2y) +2i04,U' D + R—e(92 —K2,)* (71)

o 1
Lo =i0mU + o (2> —K%,) (72)

discretization in the y direction yields

L) =ia,U(D% — k2

mn

1
1) +2ia,, U'Dg + Re (D% —i2,1)?

(73)
3 . 1
L, =ia,U+ Re (D% — k2, 1) (74)
Then we have
.1 |-Los—Li iB,U
oA+ PunApn)’ = - |0 08
mn mn ( mn mn) k%nn _lﬁnU/ LSQ—'_L;Q
(75)

and when it is negative definite for all wavenumber pairs
(m,n), the linear part of the flow system is strictly passive
and moreover, the entire flow system without external forcing
is globally uniformly asymptotically stable [11].

Numerical computation shows that P,,A,, +
(PunAmn)t < 0 for all wavenumber pairs (m,n) when
the Reynolds number does not exceed Re = 49.6, which
is the same as the energy Reynolds number derived by
the classical energy approach [7]. The lowest subcritical
Reynolds number is obtained at oo =0, 8 ~ 2.05. So far the
plane Poiseuille flow has been considered is 3-dimensional.
The result for 2-dimensional flow can also be obtained
by using the same approach. Our result shows that in the
case of 2-dimensional plane Poiseuille flow, the subscritical
Reynolds number is Re = 87.7, which is equal to the energy
Reynolds number obtained by Orr [20]. In addition, the
passivity approach can be readily applied to plane Couette
flow. Our results agree with the energy Reynolds numbers
derived by energy approach for both 2-dimensional and
3-dimensional cases.

V. CONCLUDING REMARKS

In this paper, we have shown that the passivity approach
can be used to study the stability of incompressible flow
systems. The Reynolds numbers below which the plane
Poiseuille flow is guaranteed to be stable are Re = 49.6
and Re = 87.7 for 3-dimensional and 2-dimensional cases,
respectively. The equivalence of passivity approach and
energy approach for plane Poiseuille flow is largely due to
the fact that the nonlinearity does not consume or create any
perturbation energy. In the process of finding these subcrit-
ical Reynolds numbers, we have extended the definition of
passive system and KYP lemma, as well as the passivity
theorem, from finite-dimensional Euclidean spaces to finite-
dimensional Hilbert spaces. The extension to the infinite-
dimensional Hilbert spaces is significantly more complicated
and is beyond the scope of this paper.
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