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Rigid Body Motion Tracking Without Linear and Angular Velocity
Feedback Using Dual Quaternions*

Nuno Filipe! and Panagiotis Tsiotras?

Abstract— This paper takes advantage of a new, recently
proposed representation of the combined translational and ro-
tational dynamic equations of motion of a rigid body in terms of
dual quaternions. We show that combined position and attitude
tracking controllers based on dual quaternions can be developed
with relatively low effort from existing attitude-only tracking
controllers based on quaternions. We show this by developing
an almost globally asymptotically stable nonlinear controller
capable of simultaneously following time-varying position and
attitude profiles without linear and angular velocity feedback
based on an existing attitude-only tracking controller without
angular velocity feedback.

I. INTRODUCTION

Dual quaternions provide a compact way to represent not
only the attitude but also the position of a rigid body. A
list of successful applications of dual quaternions is given
in [1]. They have been argued to be the most compact
and efficient way to express the translation and rotation of
robotic kinematic chains [2]. Moreover, combined position
and attitude control laws based on dual quaternions auto-
matically take into account the natural coupling between the
rotational and translational motion [3], [4]. In addition, dual
quaternions make it possible to write a single control law for
both position and attitude. However, the most useful property
of dual quaternions is the that the combined translational
and rotational kinematic and dynamic equations of motion
written in terms of dual quaternions have the same for as the
rotational-only kinematic and dynamic equations of motion
written in terms of quaternions [1]. In this paper, we take
advantage of this property to extend an existing attitude-only
tracking controller without angular velocity feedback [5] into
a combined attitude and position tracking controller without
linear and angular velocity feedback. This paper also extends
the combined attitude and position setpoint controller without
linear and angular velocity feedback presented in [1] to the
tracking case.

Compared with techniques based on the Special Euclidean
group SE(3) [6], [7], [8], where rotations are represented
directly by rotation matrices, our technique does not require
the definition of two separate error functions for position
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and attitude. Instead, we use a single error function, the
error dual quaternion (defined by analogy to the classical
rotation error quaternion) to represent both errors. Moreover,
we prove the almost asymptotical stability of our combined
position and attitude controller in one step by using a
Lyapunov function with the same form as the Lyapunov
function used to prove the almost asymptotical stability of
the attitude-only controller. Hence, we do not need to divide
the position and attitude control problem in two separate
subproblems, as in [6]. Furthermore, whereas controllers
based on quaternions produce two closed-loop equilibrium
points [9] (both representing the identity rotation matrix),
controllers based on rotation matrices produce a minimum
of four closed-loop equilibrium points [7], [6], only one of
which is the identity rotation matrix.

II. MATHEMATICAL PRELIMINARIES
A. Quaternions

A quaternion can be represented as an ordered pair ¢ =
(q,q4), where G = [q1 g2 q3]" € R? is the vector part of the
quaternion and ¢4 € R is the scalar part. Henceforth, quater-
nions with zero scalar part and with zero vector part will
be referred to as vector quaternions and scalar quaternions,
respectively. The set of quaternions, vector quaternions, and
scalar quaternions will be denoted by H = {¢q : ¢ =
(q_vq‘l)a TS Rgv q4 G_R}’ H” = {q € H: qq = O}’ and
H* = {q € H: ¢ = 0}, respectively. The basic quaternion
operations are given below:

Addition: a+ b= (a+ b,as + by),

Multiplication by a scalar: Aa = (A\a, Aay),

Multiplication: ab=(a4b + bs@ + @ x b, asby — a - b),
Conjugation: a* = (—a, a4),

Dot product: a - b = (0, asbs +a- b),

Cross product: a x b = (bsa + asb +a x b,0),

Norm: ||a||* = aa* =a*a =a-a = (0,a] +a-a),

Scalar part: sc(a) = (0,a4) € H°,

Vector part: vec(a) = (a@,0) € H,

where a,b € H, A € R, and 0 = [0 0 0]". Under the natural
isomorphism between H® and R, we will often identify, with
a slight abuse of notation, (0, g4) with g4. The multiplication

of a 4-by-4 matrix with a quaternion will be defined as M *
q = (M11q + Mi2qs, M21q + Ma2qs) € H, where

M Mu} € R4,

M =
{le Mao



q € H, My, € RSXS, My € RSXl, My € R1><3’ and
Mo € R. It can also be easily shown that the following
properties follow from the previous definitions: a - (bc) = b-
(ac*) = c-(b"a), [[ab|| = [|al|[|b], and (Ma)-b = a-(MT+b),
where a,b,c € H and M € R**%,

The relative orientation between the body frame and the
inertial frame can be represented by the umit quaternion
gn € H* = {q € H: ¢q-q = 1}. Then, the body
coordinates of a vector, ¥®, can be calculated from its inertial
coordinates, ?', and vice-versa, through v® = ¢} v'gs, and
v = ggv°ql,, where v® = (2°,0) and v' = (7',0). The
rotational kinematic equations of the body frame and a
desired frame, both represented with respect to the inertial
frame by the unit quaternions g, and ¢y, respectively, take
the form: gy, =13 qow?, =3 wh,qon and Gon=1%Gonw,=3Wh,Gons
where w}, = (@},,0), and @}, is the angular velocity of
the Y-frame with respect to the Z-frame expressed in the X-
frame. The error quaternion between ¢z, and gy, is the unit
quaternion that describes the orientation of the body frame
relative to the desired frame and is given by ¢sp = ¢5,Gsi. By
differentiating ¢y, the error quaternion kinematic equation
turns out to be

Qo = %QB/D(“-}S/D = %WE/DQBlba (1
where wl}:/D = w:/l - wgll (and wlrS)lD = wBD/I - o‘}[r))/l)'
B. Dual Quaternions
A dual quaternion is defined as § = ¢, + eqq, where

Gr,qq € H are the real and dual part of the dual quaternion,
respectively, and ¢ is the dual unit defined as €2 = 0 and
€ # 0. Hereafter, dual quaternions with ¢,., ¢ € H" and with
qr, qq € H?® will be referred to as dual vector quaternions and
dual scalar quaternions, respectively. The set of dual quater-
nions, dual scalar quaternions, and dual vector quaternions
will be denoted by Hy = {§: § = ¢- + €qa, qr,qa € H},
H;={4: ¢=q¢r +€qa, ¢r,qa €EH*}, and Hy = {g: ¢ =
qr + €44, qr,qq € H"}, respectively. Moreover, we will also
denote the set of dual scalar quaternions with zero dual part
as H, = {G: ¢ =q, +¢€(0,0), ¢ € H*}. The elementary
operations on dual quaternions are given by [4], [10]:

Addition: @ + b = (a, + b.) + €(aq + ba),

Multiplication by a scalar: Aa = (Aa,) + €(Aag),
Multiplication: ab = (arby) + €(arbg + agb,),
Conjugation: a* = a; + eay,

Swap: @° = aq + €a,,

Dot product: @ - b=a, b, + e(ag - by + a, - by) € H,
Cross product: axb = a, xb, + €(agxb, + a,.xby) € Hy,
Dual norm: [|d||3 = (a, - a,) + €(2a, - aq) € H,

Scalar part: sc(a) = sc(a,) + esc(aq) € HY,

Vector part: vec(a) = vec(a,) + evec(aq) € HY,

where d,E € Hy and A € R. Note that Gb #* bé, in general.

Hereafter, we will use the following dual quaternion norm
[10]: ||a||* = aoa, where o is defined as the dual quaternion

circle product, given by Gob = a,-b.+ag- by, for &,l; € Hy.
Under the natural isomorphism between I, and R, we will
often identify, with a slight abuse of notation, (0, ¢4)+¢(0,0)
with g4. The multiplication of a 8-by-8 matrix with a dual
quaternion will be defined as M x § = (My1 * ¢ + M2 *
qd) + €(May * g + Mag x qq), where

My Mo
My Moo

The next properties follow from the above definitions:
ao(be) = bo(a%e*) = &o(b*a®) € R, a,b,¢ € Hy, (2)
a,b,e € HYy, (3)

M= { } . My, Myg, My, Moy € R4,

do(bxe)=b%(éxa%)=eo(a*xb),
axa=0, aecH), )
axb=—bxa, abeH), (5)
aob*=aob, a,beHy, (6)
@]l = llall, a € Ha, (7)
la*[| = llall, a € Ha, ()

(M*a)ob=ao (M b), a,beHy, M cR¥>® (9)
jaob| < [lafllbll, b€ H. (10)

Lemma 1. For any &,E € Hy, the following inequality holds:
labll < v/3/21ja[1bll (1

Proof. By definition, |[ab|2 = |(arby) + e(arbg +

ade)HQ = ||arbr||2 + [larba + adeHQ < Harbr||2 +
(larball + llaad-1)* = llarb > + ||arball* + llaab.|I* +
2llarballllaabrl| = llar 1611+ llarl?([ball® +laall [6-]* +

2]z | [ballllaallllor]l = llar]®([1br 12+ 16all*)+llaall * 112+
: 1 2

2la, balllas] b Using larlagl <~ Jlar|* +
Il\aql\ ) = zllall® and [o-[[[[ball < 5(/[bx]] +1||bd|| ) =
3lI0lI*, we have that [|ay[|[[ballllaallllbrl| < Flal®[b]]>.
Ilt Afoélkos2 that ||db|\22 < HagHQHb\z\Q +1||c}d!2ub!2 +
slall*foll = (larl® + llaall®)6l* + 2 llall*{ol

lal2lbll? + LalPlbl? < 2llaf2b]2. The result follows
immediately by taking the square root of both sides of the
last inequality. O

A compact way to represent the relationship between the
body frame and the inertial frame when they are related by
a rotation quaternion ¢, and a translation vector 7, is to
use the dual quaternion [11] Gy = gn + e%r,‘sﬂqm = @p1 +
€3qur?,, where 1%, = (7%,,0) and 7}, is the translation
vector from the origin of the Z-frame to the origin of the
Y-frame expressed in the X-frame. Note that ¢y, is a unit
dual quaternion [1], i.e., it belongs to the set HY = {§ €
Ha: ¢-¢=4¢3"=q"¢=|ldlla =1}.

Assume that the desired orientation and position of the
body with respect to the inertial frame are given by the
unit dual quaternion Gox = Gon + €375,Gon = Gon + €57
Then, by direct analogy to the quaternion case, the dual
error quaternion [10], [3] is defined as Qe = G5, Gsn =
Qe + e%qB,DrBB,D. Note that gy is also a unit dual quaternion
[1]. Hence, the dual error quaternion §s, represents the
rotation (gsp) and the translation (r};) necessary to align
the desired and the body frames.



The combined translational and rotational kinematic equa-
tions of the body and desired frames expressed in terms
of dual quatermons are [11] Gg= QWB/Ian—QQanBH and
‘JD/I WpyGon= 2qD,IwD,I, where @}, is the dual velocity of the
Yframe with respect to the Z- frame expressed in the X-
frame so that W, = wY/LJ’_e(UY/L_'_wY/L X Tx/v) vy, = (@i(fu O)?

vy, 1s the linear velocity of the Y-frame with respect to the
Z-frame expressed in the X-frame.

By differentiating Gy, the dual error quaternion kinematic
equations become [10]
14

~B
2 B/DwB/D -

1~

qAB/D = 2w][3)/DqAB/D7 (12)
where Wy = Wy, — @y, is the dual relative velocity between
the body frame and the desired frame expressed in the body
frame. Note that W}, = ¢i @, Gep and Wy, = Gepy,dn,,- Note

also that (12) has the same form as (1).

ITIT. RIGID BODY RELATIVE DYNAMICS IN
TERMS OF DUAL QUATERNIONS

We will use the following proposition in the derivation of
the rigid body relative dynamic equations. A proof based on
infinitesimal displacements is given in [12]. Here, we give
an alternative proof based on dual quaternion algebra.

Proposition 1. Given a dual vector quaternion expressed
in the desired frame, 0°, and the dual error quaternion {yp
describing the relationship between the desired frame and the
body frame, such that 0° = §¢;,,0°qsp, then the time derivative
of ©® can be written as 0° = {5, (0° + @2 X 0°)Gap-

Proof. Calculate the time of o P = O‘llt((jmﬁ Gsp) =

Gp®on + Qop®Gan + qB/Dv G- Replacmg G by (12)
yrelds 0° = QqB/D( B/D) 0P qB/D + Gp 0o + o 1wBIDqB/D =

(3 (@h,)* 0P + 00+ o° 2@ )Gsn- Finally, and since 9” is

a dual vector quatermon we have that (9°)* = —¢°, and
we can write 0° = g, (0° + FO°WR, — (W) (0°)* ) Go =
QB/D(U +0° ow/D)qB/D = qg/r)(v +wD/BX@ ) Qam- O

Note that Proposition 1 is the dual quaternion counterpart
to the classical transport theorem.

The following proposition gives the rigid body relative
dynamic equations between the body frame and the desired
frame in terms of dual quaternions. Equivalent equations
have been used in [10].

Proposition 2. The rigid body relative dynamic equations in
terms of dual quaternions are given by

(Ghn) =(M")"

—M"% (qA:/Dé}g/I qAB/D)

B
B/D

~ B
wD/I

)
(13)

e @) x (M (@l )+

MR (@ x5, )°),
where fB = f® 4 e7® is the total external dual force applied
to the body about its center of mass expressed in the body
frame, f* = (f®,0), f® is the total external force vector
applied to the body, ™ = (7%,0), and T° is the total external
moment vector applied to the body about its center of mass.
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Finally, M® € R®*8 is the dual inertia matrix defined as

mlz  Osx1 Osxs  Osxr B

O1x3 1 O1xz3 O " 03x1
M= E 1= ,

O3x3  0O3x1  I"  O3x1 [01x3 1

O1x3 0 O1x3 1

IP € R3*3 is the mass moment of inertia of the body about
its center of mass written in the body frame, and m is the
mass of the body.

Proof. Differentiating the dual relative velocity and noting
that the swap of the addition is equal to the addition of the

swaps yields (@E,D)S = (cbs,[)s - (w,),,)s It has been shown

n [1] that ( B/I) = ( B)il (fB — Wy, X (MB ( Wy s))
Moreover using Proposition 1, we can write (a;g,l) =
(qB/D(d)D/I + wD/B X wD/’[)qB/D (qB/Dw éIqB/D) + (wD/I X UJ ) :

Finally, subtracting (®,) from (&F,) yields (13). O

IV. POSITION AND ATTITUDE TRACKING WITH
DUAL RELATIVE VELOCITY FEEDBACK

In [3], a position and attitude tracking law is suggested
based on the feedback of the dual relative velocity and the
logarithm of the dual error quaternion. One drawback of this
control law is that it is not written in terms of the dual force
( fB), but in terms of a dual quaternion defined component-
wise in terms of its real and dual parts as a function of f
and 7. This is solved in [10], where an adaptive Terminal
Sliding Mode (TSM) tracking law for the relative position
and attitude of a leader-follower spacecraft formation is
written in terms of the dual force. The tracking law in [10]
is based on the special operator d— Below, we propose
an alternative tracking law in terms of the dual force that
does not involve the special operator i and can be readily
extended to a tracking law that does not need dual relative
velocity feedback, thus extending the results of [5] and [1]
for the case of combined position and attitude tracking.

First, we define the £..-norm of a function 4 : [0, 00) —
Hy as ||@t]|cc = sup;sq [|@(¢)||. The dual quaternion @ € L,
if and only if [|i]le < o0.

Theorem 1. Consider the rigid body relative kinematic and
dynamic equations (12) and (13). Let the input dual force be
defined by the feedback control law

fB: - kpvec(é;/b(qslb - )) kd( B/D) +MB*(qA;D(j'}I]§/IqAB/D)
+ @py X (M * (&5,)°),  Kp, ka >0, (14)
and assume that & wm, b€ Loo. Then, Ggy, — £1 (i.e., gop —

+1 and r}, — 0) and &}, — 0 (i.e., w}, — 0 and vy, — 0)
as t — +oo for all initial conditions.

S

B/D

Proof. First, note that ¢, = =1 and @w;,, = 0 are, in fact, the
equilibrium conditions for the closed-loop system formed by
(13), (12), and (14). Consider now the following candidate
Lyapunov function for the equilibrium point ¢y, = +1 and
@B = 0 (equivalently, (&F,)° = 0): V(qB,D, Wpp) = kp(Gan —
1)0(Gon—1)+ 3 (@8,) 0 (MP*(&%,)°). Note that V is a valid
candidate Lyapunov function since V (gpp = 1,05, =0) =0
and V(gep, 0pyp) > 0 for all (e, @p,) € HY x HY\{1,0}.



The time derlvatlve 0f V is equal to V =2k »(Gen—1) Och,DJr
(@8y)° o (M® % (@5,)). Then, by plugging in (13) and (12),
and using (3), it follows that V=(% )° o o (kpap(Gon — €) +
a ~ ~ ~ I ~ S

FP = (@np ) X (MPx () +(05,))° = M5 (@i dom) —
MB% (wm x@? )®). Introducing the feedback control law (14),
we get V ( BfD) ( kd( ?/D) 2—’_ (d)gi[))s (kp(j;;/n(qg/n -
6) R k’psVGC (AqB/D(qB/D 6))) + (W]F;/D) ( (wB/D + wD/I) (MB

((@hp)°+(Wpy))7) = MP % (@, X Wy )* +0h, X (MPx (@5,)°))-
Note that the second term is zero because it is the circle
product of a dual vector quaternion with a dual scalar quater-
nion. Moreover, the third term can be shown to be equal to
5 )S (_(‘Dg/D + wgll) X (MB * ((a}g/[))s +

zero as follows: (w
(@5))") = M+(a

B/D

wD/I X wB/D) +wD/I><<MB (Ag/l)s>) = ((d)];/l)s_
(a)g/[)s)o( B/[ (M *( B/I)) M® (wD/] X( B/I_a)g/[))s_F
L (MB (Ag/l)s)) = (('Dg/l)s ( B/I (MB (AS/I)S) -
MB ((JJD/I X wB/I) +a}l§/l X (MB ( ]E;/I)S)) - ((:‘\)D/I)S ( WB/I X
(MPx (@p,)°) — M * (@5, x @f,)° + W X (M? x (& o))
_(‘D;/I) (wB/IX<MB ( ;/I)S))_( B/I) (MB (wD/I XwB/I)S)
(@pn) 0 (@hy X (MPx(wp,)°)) + (@py)” 0 (W, x (M® *( o))+
(@ha)” 0 (M x (@, x @hy)°) — (@py)” 0 (wpy X (M % (&5,)°))-
Note that the first and last terms are zero due to (3) and
(4). Moreover, using (9) and (6), we can rewrite the second
and fifth terms as _(MB (A:/I)S) (WD/I X wB/I) + (d}BBII)S ©
(@hy X (M® * (@5,)°)) + (@h,)° o (@hy x (MPx(5,)%)) +
(M® % (@5,)7))" o (@h, x @h,). Finally, applying (3) and (5)
to the first and last terms of the previous expression yields
E/l)s 0 (WX (MPx(py)*))H(hy )70 (@hy X (MPx(wp,)*)) +
(@he)® 0 (hy X (MPx(p,))) = (W5)® 0 (Why X (M k(e 3,1)5)) =
0. Therefore, V is equal to V = —kg(@F,)% o (OF,)° <
0, for all (Gep,ws,) € HY x HY\{1,0}. Hence, §sp and
Wy, are uniformly bounded, i.e., Qop,Wpy € Loo. Since
V>0and V <0, lim¢eo V(t) exists and is finite. By
integrating both sides of V = —kg(@F,)° o (@8,)° < 0,
one obtains lim;_, o fo (1) d7 = limy_00 V(t) — V(0) <
—limy 0 fo kd B/D(T))S 0 (@S/D(T))SdT or

_(w

t

kd( B/D( ))SO(

0

lim
t—o00

5)

Since Gyp, W, € Loo and @2, &8 € Lo by assumption,
from (14) it follows that f* € Lo as well. From (13) then
it also follows that &y € L. Along with (15), this yields
Wk (t) — 0 as t — .

We will now also prove that é;g,D — 0 as t — oo
First, note that lim;_, fo Bo(T)dT = limy oo @8, (2) —
Wpp(0) = —@y,(0) exits and is finite. Furthermore, since
a;gmd;gﬂ € Lo and Gyp € Lo, it follows that &}, wm €
Lo as well and since wp, = wp, + wp, it also fol-
lows that @y, € L. Now note that OB € Lo since
wD/I’wD/I’wB/D’wB/p’wB/UwB/HQB/D)qB/D € L. Hence, by Bar-
balat’s lemma, @y, — 0 as ¢ — oo.

Finally, calculating the limit as ¢ — oo of both sides of
equation (13) yields vec(gy,(G5, —€)) — 0 as t — oo,

which, as shown in [1], is equivalent to ¢zp — £1. O

332

V. POSITION AND ATTITUDE TRACKING
WITHOUT DUAL RELATIVE VELOCITY
FEEDBACK

The feedback law given in Section IV for relative position
and attitude tracking assumes that the dual error quaternion
(gsp) and the dual relative velocity (wy,,) are known. Theo-
rem 2 below shows that relative position and attitude tracking
can also be performed without relative linear and angular
velocity measurements.

Theorem 2. Consider the rigid body relative kinematic and
dynamic equations (12) and (13). Let the input dual force be
defined by the feedback control law

fe ) —2vec (5 2%) + M x(Gnon)
G X (M % ky > 0, (16)

S

- kiﬂ vec (é:/o (qu/D —€
(@p0)°);
where Z is the output of the following LTI system: Ji“p =
A* Ty, + B * Gy and z2 = (CA) * Ty, + (CB) * Ggp, where
(A, B,C) is a minimal realization of a strictly positive real
transfer matrix Cs,(s) with B a full rank matrix, and assume
that Gy, wp, € Loo. Then, Gy — £1, Wy, — 0, and g, =
Zp — 0 as t — +oo for any initial condition.

Proof. First, rewrite the LTI system as follows:

bop = Axdp+ BxGu, 2=Cxig. (17

Note that Gy, = £1, &y = 0, and &, = 0 is the equilibrium
condition for the closed-loop system formed by (13), (12),
(17), and (16). Consider the candidate Lyapunov function
V (o Whs Zsp) = k(G — 1) 0 (Gom — 1) + 5 (@)% (M® %
(A 5)°) +22sp 0 (Pxdgp), for the equilibrium point Gy, = 1,
wp, =0, and &g, = 0, where P > 0 satisfies AP + PA =
—Q, PB = C7, and @ > 0. By the Kalman-Yakubovich-
Popov conditions [13], there always exist matrices PP and @
satisfying these conditions. Note that V' is a valid candidate
Lyapunov function since V(Ggp = 1,08, = 0,35, =0) =0
and V (Gom, Wy, Tsp) > 0 for all (Gom, Wy, Tsp) € H X
Hy x Hq\{1,0,0}. The time derivative of V is equal to V =
2k (QB/D 1)OqB/D+( B/D) (MB ( EID) )+4xsp (P*xsp)-
By plugging in (12) and (13) into the previous equation and
applying (2) and the KYP conditions, it follows that V=
((':)B/D)S (kquB/D(qAB/D 6) + -};‘B (wB/D +wD/I) (MB *(((Z}]I;/D)S Jr
(wn/[)) ) —M"x (qB/D D/qu/[)) —M*x (wl’)/l X wB/D) )+4(A*‘%SP+
B*qB,D) (P*Zsp). Introducing the feedback control law (16),
we get V ( B/D) ( 2vec ((i:n) AS)) + (wgn))s (kqul;k/D(qAS/D
6) kpvec(qB/D(qB/'D E))) + (U:\)g/D)s ( ((;JB/D + wD/I) (MB
((QS/D)S—F((‘DE/I)) ) MPx (wD/I X wBID) +wD/IX(M *( D/I) ))+
4(A* &sp + B * Gup) o (P * Zsp). Again, note that the second
term is zero because it is the circle product of a dual vector
quaternion with a dual scalar quaternion. Moreover, the third
term has been shown to be equal to zero in the proof of
Theorem 1. As for the fourth term, it can be simplified
as follows: V. = (&%) o (—2vec((j§,DA ))+HA(A * &) ©
(P ) +A(B ) © (P )= )0 (— 2vec (45 2%)) +
2((ATP + PA) % dgp) © &ep + 4Gen 0 (BTP) x &gp) =
Oy, )S o (—2V€C ((j;klnés))_2‘%sp ° (Q*isp)+2(foDd)§/D) o (C*

()" o (=2vecGon °(Qx@sp)t A
xsp>:(w§/0) © (2(1;13'2S - 2vec(q§mzs)) - stp © (Q *xsp) =



2y 0 (@ * dup) < 0, for all (Gon, Oy dp) € Hf x
HY x Hg\{1,0,0}. Hence, Gyp, @}y, and &g, are umformly
bounded i.e., Gom, Wpp, Tsp € Loo

We will now prove that JESP — 0 as t — oo. Since
V >0and V < 0, lims_ o V(t) exists and is finite. By
integrating both sides of VvV = —2&sp 0 (Q * Egp) < 0,
one obtains lim;_, o fo (7)dr = limy_,o, V(t) — V(0) <
—lim;_, o0 fo 2845(T) 0 (Q * Zp(7))dT OF

t

2&p(T) 0
0

Jim (Qxin(r)dr <V(0).  (18)
Since Zgp, (jB,D € L, it follows that fsp € L. Along with
(18), this yields £5, — 0 as ¢ — oo. This, in turn, implies
that Z — 0 as ¢ — oo from (17).

We will now also prove that Zg, — 0 as t — oo.
First, note that lim;_, oo fot Top(T) AT = limy o0 ep(t) —
Zgp(0) = —i4(0) exits and is finite. Note that Tep =
A*xbp + B * Gy, from which it follows that Zs, € L since
Gy Wos 2, Qo> Wy, Wy Wny € Loo. Hence, by Barbalat’s
lemma, fsp — 0 as t — oo.

Thus, calculating the limit as ¢ — oo of both sides of
equation (17) yields (fB,D — 0 as t — oo, since B is assumed
to be full rank. Given that (12) can be rewritten as w?
2qB/DqB/D, this also implies that @y, — 0 as t — oo.

Similarly to Theorem 1, we can prove that wB/D
0 as ¢t — oo. First, note that lim;_, fo B () dr
limy 00 5. (8) — @B (0) = —&f (0) exits and is finite.
Also note that( B = (M)~ lx(— k:pvec(qB,D(qB,D €)) —

k vec (QB/D(qB/D)) 2VeC (qB/D 28 .) 2VeC (qB/D( )s) +wD/l X (MB

B/D

—

(G8)E by (M+() )Gt (V< ()%l (M
( B/I) )—M?®x (wD/I X wB/D) M Pk (Wpy X wB/D) ) an, hence,
wg/n € Lo since wB/D’wB/D’wB/I @ons Qoms Gomy 2,2 € Lo

Hence, by Barbalat’s lemma, @} — 0 as ¢t — oo.

Finally, calculating the limit as ¢ — oo of both sides of
equation (13) yields vec(gy,(G5, —€)) — 0 as t — oo,
which, as shown in [1], is equivalent to ¢zp — £1. ]

Remark 1. According to the proofs of Theorems 1 and
2, Gsp converges to either +1 or —1. In fact, all solutions
converge to gy, = +1 except for the solution starting at
Gsp = —1, in which case the system remains in gg, = —1.
Note, however, that Gy, = +1 and §op = —1 represent
the same physical relative position and attitude between
frames, so either equilibrium is acceptable. This creates
the annoyance however that for initial conditions close to
Gsp = —1, a large rotation (larger than 180 degrees) will be
performed, despite the fact that a shorter rotation (less than
180 degrees) to the equilibrium exists. This is a well-known
issue of quaternions and can be easily solved by switching
the gains in (14) and (16) in order to follow the shortest path.
For details, see [4], [14].

Remark 2. If &p 0, the model-dependent tracking
controllers (14) and (16) simplify into the model-independent
setpoint controllers given in [1].
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VI. SIMULATION RESULTS

To compare the performance of control laws (14) and
(16) (with and without dual relative velocity feedback, re-
spectively), a simple example is considered here.

A rigid body with mass moment of inertia

) 1 0 0
=10 063 0 | Kgm?
0 0 085

and mass m = 1 kg is assumed. The center of mass of
the rigid body is positioned relatively to the origin of the
desired frame at 7, = [z}, yb, 20,]"=[20, 20, 10]

Moreover, the initial error quaternion and relative linear and
angular velocities of the body frame with respect to the

desired frame are set to ¢gp = [qB,Dl Gsma Qo3 Gopa)’ =
[0.4618, 0.1917, 0.7999, 0.3320]", @2, = [u®, vE, w® ] =
[017 0'27 03] m'/s’ and wB/D [pg/D qg/D T}?/D]T =

[-0.1, 0.2, —0.3]" rad/s, respectively.
The linear and angular velocity of the desired frame
with respect to the inertial frame, expressed in the

desired frame, are defined as oh, [ud, Vb, wm} =

[01 0.2, 0.3]"cos(2n[107%, 1071, 107" +
180 [30, 60, 90]") m/s and a)l[))/I = [pga Gou o] =
03, 02, 03] cos2afl0, 107N, 1074 ¢

180 [0, 45, 90]") rad/s, respectively. They are illustrated
in Figure 1. The control gains are set to k, = 0.2 (both
in (14) and (16)) and k; = 0.4 (in (14)). To simplify the
calculations, A and B are chosen as —kylg and kjflg,
respectively. By defining Q@ = —kq(B7A + A'B™) as
in [15], the KYP conditions yield P = k4B and C' = k4ls.

0.2 0.1
Z 0.1 @ 005
2 g
- =
801 ‘ T 005
0.2 0.1
-2 50 100 01 g 50 100
Time (s) Time (s)
0.2 0.2
% 0.1 g 0.1
£ 0 < 0
3 Qs
23.0.1 01
. — With &%, feedback
-0.2 0 50 B/D 100
Time (s) - - - Without ;L'g/[, feedback and —A = B = 1[y
0.5 Without &5, feedback and —A = B = 10Is [ |
E] g
E 0 = 0
2 B
[aQ Q,:*
05 0.5
>0 50 100 >0 50 100
Time (s) Time (s)

Fig. 1. Desired linear and angular velocity expressed in the desired frame.

The relative position and attitude of the body frame with
respect to the desired frame with controller (14) (with dual
relative velocity feedback) and with controller (16) (without
dual relative velocity feedback) with ky = 1 and k¢ = 10
are compared in Figure 2. In all three cases, gz, — 1 and
7op — 0 as t — oo, as expected. Figure 3 shows the relative
linear and angular velocity of the body frame with respect to
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Fig. 2. Relative attitude and position.

the desired frame for the same three cases studied in Figure
2. As expected, @, — 0 and v, — 0 as ¢t — oo. For

B/D B/D
2 10
G z 5
kS WA _ g
E el LN i A
a O Q O
a® -1 LI [
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Fig. 3. Relative linear and angular velocity expressed in the body frame.

completeness, Figure 4 shows the control force and torque
applied to the body for the same three cases.

VII. CONCLUSION

A velocity-free tracking controller for the relative position
and attitude of a rigid body with respect to some desired
frame is presented in this paper. It can be used when no rela-
tive linear and angular velocity information is available. Also,
and more importantly, this paper, together with [1], shows
how it can be relatively straightforward to extend attitude
controllers based on quaternions into combined position and
attitude controllers based on dual quaternions. Future work
includes redesigning the proposed controllers such that no
model information (e.g., inertia, mass) is required.
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