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A backstepping boundary observer for a class of linear first-order hyperbolic
systems

Florent Di Meglio, Miroslav Krstic, Rafael Vazquez

Abstract— We investigate the boundary observer design prob-
lem for a class of linear first-order hyperbolic systems on a finite
space domain with spatially varying parameters. The system
features one negative transport speed and an arbitrary fixed
number 7 of positive transport speeds. Using a backstepping
approach, the distributed states are estimated from a single
boundary measurement, as illustrated in presented numerical
simulations.

1. INTRODUCTION

First-order linear hyperbolic systems are predominant in
modelling of open channel flow [5], heat exchangers [17] or
multiphase flow [14]. The coupling between states having
opposite transport speed can make the zero equilibrium
unstable, leading to undesirable behavior. The models can
be used to design control laws with a view to improving
the efficiency of water management systems [1] or processes
such as oil recovery [9] or oil well drilling [13]. An important
restriction to the control design lies in the absence, for
the large majority of these industrial systems, of distributed
measurements.

Stabilizing systems of first-order hyperbolic Partial Dif-
ferential Equations (PDEs) on a finite space domain using
boundary sensors only is a difficult task, since the instability
often arises from in-domain terms that need to be cancelled.
In many contributions [3], [5], [10], [12], controllers are
sought under the form of static output feedback laws, i.e.,
the control law is a linear function of the measured outputs
at the boundary, with carefully selected gains. These designs
often lead to a set of sufficient conditions for stability, both
on the in-domain coupling coefficients and the feedback
gains, as in [1]. A similar result is derived for a first-
order hyperbolic PDE system coupled with a linear system
of Ordinary Differential Equations (ODE) at the boundary
in [4].

Another approach consists in deriving full-state feedback
laws, as is done in [16], [9] using the backstepping approach.
Their main advantage is to stabilize the equilibrium in more
general cases, i.e. with little more than boundedness and
smoothness conditions on the coefficients. In this paper, we
consider systems featuring an arbitrary fixed number n of
states with strictly positive transport speeds (i.e. travelling
left to right) and one state with a negative transport speed
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(i.e. travelling right to left), controlled at the right bound-
ary and measured at the left boundary. In [8], a full-state
feedback law has been designed to exponentially stabilize
the zero equilibrium of this class of systems. However, to
be implementable, the controller requires the knowledge of
the distributed states of the systems, which are usually not
available. Thus, we propose in this paper an observer scheme
to estimate the distributed states from a single boundary
measurement.

Our approach is as follows. We construct an observer
that is of Luenberger-type inside the domain (i.e. a copy
of the system plus output error tracking terms), but has
output injection terms at the left boundary. Using the back-
stepping approach, we stabilize the zero equilibrium of the
estimation error dynamics. We design an invertible Volterra
integral transformation that maps these to a target system
with desirable stability properties. The transformation kernels
are shown to satisfy a set of linear first-order hyperbolic
PDEs on a triangular domain, of the same form as the
one satisfied by the controller transformation kernels derived
in [8]. Numerical simulations highlight the merits of the
design, as well as the issues related to using output injection
terms at the boundary.

The paper is organized as follows. In Section II we detail
the system equations and formulate the estimation problem.
In III we design the observer gains using the backstepping
method. In Section IV we illustrate our approach with
numerical simulations. Conclusions and open questions are
presented in Section V.

II. PROBLEM DESCRIPTION

We consider the following set of linear PDEs on the spatial
domain x € [0, 1]

ui(t, Xx) + /li(x)u;(t, X) = Z a'i,.,-(x)uj(t, x) + w;(x)v(t, x), (1)
=1

vi(t, x) = p(X)vi(t, x) = Zn: 0,(xu’ 2)
=1
along with the following boundary conditions
(1, 0) = giv(1,0), 3)
v, 1) = Zn:p aul(t, 1) + U, 4)
=1
v(t,0) = )j’(l)~ (%)

where the u/, i = 1,....,n and v are the distributed states,
U(?) is the control input and y(#) the measured output. The
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transport velocities are assumed to satisfy the following
inequalities

Vxel[0,1] —pux)<0<Ai(x)<---<A,(x) (6)

which indicates that the i states evolve left to right, whereas
the v state evolves right to left. Inequalities (6) guarantee
the hyperbolicity of System (1)—(5) and the well-posedness
of the mixed initial-boundary value problem (see, e.g., [11]).
This setup is schematically depicted on Figure 1.
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Fig. 1. Schematic view of the (n + 1)—state hyperbolic system. The space

dependence of the coupling coefficients has been omitted for the sake of
clarity.

Remark 1: In [8], the boundary stabilization problem is
investigated for (1)—(3) but with a different condition at the
right boundary, of the form v(z, 1) = U(¢). This is equivalent
to Equation (4) in the case where the w1, 1), j=1,.,n
are measured, which is not the case here. Thus, the right
boundary condition considered here is slightly more general
than the one in [8]. More importantly, it is more realistic as,
if the system is derived from a nonlinear model, the boundary
conditions are much likelier to be of the form (4) than the
simpler form v(z, 1) = U(?).

We consider the following observer, for i = 1,...,n

0,11;(t, x) + A;(x)0,i1;(t, x) = Z O'i,j(x)ﬁj(t, x) + wji(x)¥(t, x)

J=1

= pi(x) [v(z,0) = ¥(z,0)] (7

0, 9(t, x) — u(x)0, (¢, x) = Z 0;(x)itj(t, x)

=1
= Pn1(X) [v(£,0) = 9(1,0)]  (8)

along with the following boundary conditions

Bi(1,0) = gv(1,0), ¥, 1) = > pdlt, )+ U@ (9)
=1

where the gains p;(-), i = 1,...,n+1 are yet to be determined.
In (9), one should notice the output injection term at the left
boundary. As is illustrated in Section IV, these have indesir-
able properties as potential noise affecting the measurements

is not filtered by the observer. However, we could not design
an observer without output injection at the left boundary. In
the next section, we design the observer gains by mapping
the error dynamics to an exponentially stable system using
a Volterra transformation of the second kind.

III. BACKSTEPPING DESIGN

A. Target system

The observer error equations read

i1, x) + (01, x) = Z o (O (1, x) + wi(X)¥(t, x)
j=1

) (10)
Ui, x) — p(x)V(2, x) = Z 0;(X)it;(t, X) + pry1(0)¥(2, 0)

=1

' (11)

with boundary conditions

i'(1,0) = 0, )=y el 1) (12)
J=1

To stabilize the zero equilibrium of the error dynamics, we
try to map (10)—(12) to the following target system

Fi(t, x) + LRF (L, x) = Z o (01, x)
j=1

> fo 8,06 T (1,)dE, (14)
j=1

13)

Bi(t, ) = p(0B(t, 1) = ) 0,081, %)

J=1

+)) fo by, OF (1, Od¢ (16)
=1

5)

with boundary conditions

&(,0) = 0, ph= ) piale ) (17)
j=1

where the g; ;(-), h;(-) are functions to be determined on the

triangular domain

T={(x&eR | 0<é<x<1}. (18)

The stability properties of this system, which is schemati-
cally depicted on Figure 2, are stated in the following lemma
Lemma 3.1: Under the following assumptions

Vi,j=1,.on A,ueCY((0,1LRY), i 6 € L2(0,1])
ab,Bo € L2(0,11),  gijshi € LY(T)

the equilibrium (&',...@,8)" = (0,..0,0)" of sys-
tem (14),(16) with boundary conditions (17) and initial
conditions (e, ...af},B0)" is exponentially stable in the £
sense.
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Fig. 2. Schematic representation of the observer error target system.

Proof:  Stability can be shown using the following
Lyapunov functional

1 no o~ 2 1
B éx a;(t, x) f 1+ x- 2
V() = fo pe § e dx + e B(t, x)%dx (19)

i=1

with carefully selected design parameters p > 0 and § > 0,
similarly to the Proof of Lemma 1 in [8]. A more intuitive
approach consists in recognizing that, in (14)—-(17), the
(@1, ..., @,) sub-system (which is exponentially stable since it
consists of homo-directional states only') drives the 8 sub-
system, itself exponentially stable for @; = ... = @, = 0.
Thus, the cascade system is exponentially stable. [ ]

B. Backstepping transformation

To map System (10)—(12) to (14)-(17), we consider a
backstepping transformation of the form

Vi=1,..n @(t,x)=a,x)+ f Xmi(x,f),é(t,f)df, (20)
0

5t ) = e, + fo (e, £, E)dE (21)

where the kernels m/(:), i = 1,...,n + 1 are defined on the
triangular domain 7. We now look for sufficient conditions
on the kernels. Differentiating (20) with respect to time and
space, using (14)—(17) and plugging the result in (10) yields,
after some computation, for each i =1,...,n

0 = [Cm!(x, x) + L(x)m' (x, x) = wi (0] B)
— [y x, 0) + pit)| B0y + > fo [g:(x.8)
j=1
+0,(E)m' (x, &) + L m' (x, $)h;(s, f)dS] o (§)dé
+ fo [, (5, &) — p(EmLx, ) — W € (x,€)

—wi(om"™ ! (x,€) = 3 o j(om! (x, &) | Bé)dé

=1

(22)

i.e., states evolving in the same direction.

Similarly, differentiating (21) with respect to time and space,
using (14)—(17) and plugging the result in (11) yields

0= =[O0+ prar0]BO)+ Y [ e
i=1

+0Em™ (x, &) + f ' n(x, )hj(s, &)ds | & (€)dé
I3

- fo |Com* (x, &) + p@m (x,8) + i @™ (x, €)

+ Z 0,(x)m’ (x,€) | (&)dé

=

(23)

Finally, taking x = 1 in (21) and plugging in (12),(17) yields

1 n
0=f0 [m"”(l,f)—zpjmj(l,é)
j=1

Thus, a sufficient condition for the transformation (20),(21)
to map the original system to the target system is that the
kernels m' satisfy the following system of hyperbolic PDEs
on the triangular domain 7~

B&d¢é  (24)

L (om} = p(@mp = 7/ Em' + ) o1 m + wi (om™!
j=1

A, = pEml = 7 ©m' + )" o (m + w(om™!
s (25)

A, (oM = p(@ml = "+ o (m + w,(m"™!
j=1

pEM + @t =~ @m = ) 6 om
i=1

with boundary conditions

)= 20
D= T
mi(x x) = wj—(x)
' Ai(x) + p(x)
(26)
m'(x, x) = TGN
T () + p(x)
m (1,6 = ) pmI(1,6)
=1
Besides, the observer gains are given by
Vi=1,..,n+1 pix)= —,Ll(O)mi(x, 0). @7

The existence, uniqueness and smoothness of solutions
to (25),(26) directly follows from the corresponding result
in the control design case detailed in [8]. More precisely,
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considering Theorem 5.3 in [8], the following Corollary
holds
Corollary 3.2: Under the following assumptions

Vi,j=1,..n Au€C'([0,1LR}), 01 w;,6; € L2([0,1])
u’,v e £7([0,1])

System (25) with boundary conditions (26) admits a unique

continuous solution (ml(-) m””(~)) on 7.

Proof: The result is directly obtained by performing
the following variable change

~

E=1-nx, X=1-¢ (28)
and applying Theorem 5.3 in [8] to the resulting system of
hyperbolic PDEs on 7. [ |

C. Inverse transformation

Transformation (21) is a scalar Volterra integral equation
of the second type. Since m"*! is continuous by Corol-
lary 3.2, there exists a unique continuous inverse kernel
() (see, e.g., [15])such that

B(t, x) = (1, x) + f ) P (x, )9, E)dé (29)
0

implicitely defined on 7~ by

P (x, &) = m (x, &) + f m"(x, s)r't (s, &)ds.  (30)
3

Besides, plugging (29) into (20) yields, for each i = 1,...,n

& (1, x) =i’ (t, x) — f ) m' (x, £)(t, £)dé
0

- f ' f' m'(x, )" NE, s)(t, s)dsdé
0 0

ﬁ%w—ﬁmﬁﬂmﬁﬁ
- f ' w(t, &) f ' m'(x, $)r'"t 1 (s, £)dsdé
0 é

&, x) =i'(t, x) + f ) ri(x, &)t £)dé
0

where we denote, fori=1,....,n

fma=—wma—fﬁmmm“maw
&

D. Main result

The main result regarding the observer design is summa-
rized in the following theorem.

Theorem 3.3: Consider system (10),(11) with boundary
conditions (12) and the gains p;(:), i = 1,...,n defined
by (27). Then, under the following assumptions

Vi,j=1,..n A,u€C([0,1,RY), o, w6 € L2([0,1])
u’ W0 e £2([0,1])

the equilibrium &' = --- = @ = 8 = 0 is exponentially stable

in the £2 sense.

Proof: By Lemma 3.1, there exists C,¢ > 0 such that

@' @), B, )

L2([0,1])
< C|(@©. . .50, )

—ot
e
L2([0,1])

By Corollary 3.2 and the definition of the inverse transfor-
mation kernels, the m' and #', i = 1,...,n + 1 are continuous,
thus bounded on the compact set 7. Thus, denoting

bl = max e8|, e = [r'x. &)

(T ,i=1,...,

max
(x,6€)eT ,i=1,...n

we have, from both the direct and inverse transforma-
tions (20),(21) and (29),(30) the following inequality

”(ﬁl (), ..., (2, ')) L£2([0,1])

< C 1+ mll)(1 + il |

e—ét
L2([0,17)

which concludes the proof. [ ]

(@0, ). ...%0,))

IV. NUMERICAL SIMULATION

Several industrial processes are modeled by first-order
hyperbolic system of the form studied here, such as irrigation
channels [3], oil and gas wells [7]. Applying our control
design to such processes is the subject of future research
requiring a complete physical treatment that is far beyond
the space available in this paper. Rather, to illustrate our
result, we implement the observer along with the controller
designed in [8]. The convergence of the full observer-
controller scheme can straightforwardly be proved using a
Lyapunov approach very similar to the proof of Theorem 3.3.
Further, we implement the resulting output feedback control
law on a particularly challenging toy problem corresponding
to n = 2: we design a system such that the zero equilibrium
cannot be exponentially stabilized by a static output feedback
law. Indeed, we choose the in-domain coupling coefficients

as follows
o 1,1 o 12 w1 0 2 4
021 022 W= 0 0 2
0, 6 0 02 0
the boundary coefficients as follows

q =1, q =1.2, p1 =0, pr =—-0.8

and the transport speeds as
/ll = /12 = /J = 1

This system is a cascade of the (u?,v)-system into the u!
system. As proved by [2, Theorem 1], the (12, v)-system
cannot be stabilized by a static output feedback control law,
because the solution n to the following Cauchy problem
on [0, 1]

wy 6

AL U

’

; n(0) =0, (3D
given by

n(x) = tan(2x)
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Fig. 3. Maximal solution of the Cauchy problem (31). The solution ceases
to exist after x = 7.

goes to infinity as x approches § as depicted on Figure 3.

Equations (1)—(4) are discretized in space and time using an
implicit characteristic scheme [6]. The time step is Az = 0.01
and the spatial domain [0, 1] is divided in 40 intervals of
equal length. Figures 4-6(a) picture the simulation results.

Both the £2 norms of the observer error and plant state,
plotted on Figure 4, asymptotically tend to zero as time goes
to infinity after an initial overshoot.

V. CONCLUSION AND PERSPECTIVES

The presented observer can be considered dual of the
controller derived in [8], in the sense that the designs lead
to the same kernel equations, up to a variable change.
Unfortunately, in a lot of applications, the design of a
collocated observer is of greater interest, e.g. in the case of
multiphase flow control in oil production systems [9]. Such
an observer is more difficult to derive using the backstepping
method, even when considering measurements of the n states
“exiting” at the controlled boundary. The reason for this is
the impossibility to add lower triangular integral coupling
terms in the target system (as in Equations (14),(16)) when
the sensor is located at x = 1, because the backstepping
transformation is usually upper triangular in that case. For
the same reason, the generalization of the observer and
controller designs to systems with n positive and m negative
transport speeds remains an open problem for m > 2.
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