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Abstract— A non-parametric approach for distinguishing
between individuals by means of recorded eye movements is
suggested. The method is based on the principles of stochastic
anomaly detection and relies on measured data for probability
distribution estimation and evaluation. For visual stimuli that
excite the essential nonlinear dynamics of the human oculo-
motor system, mean gaze trajectories and characterizations
of their uncertainty are approximated per individual using
eye-tracking data. With this information, eye-tracking profiles
are established, against which independently acquired data
sets are statistically tested to evaluate the probability that
they belong to said profiles. Both Gaussian function fitting
and kernel density estimation (KDE) techniques are used for
distribution estimation and novel means for testing observations
against general distributions are suggested. It is shown that the
presented method yields promising results in terms of individual
classification based on eye movements. Further, using the KDE
method for trajectory distribution estimation provides better
selectivity compared to normal distribution fitting.

I. INTRODUCTION

Studies of human eye movements have been greatly
simplified by the introduction of modern video-based eye-
tracking techniques. It has indeed been the topic of numerous
recent studies and several attempts have been made to use
eye-tracking data to quantify the functionality of the human
oculomotor system.

There are different types of eye movement (the two most
commonly mentioned being saccades and smooth pursuit)
[2], all of which are governed by complex neuromuscular
systems. Research has shown that various medical condi-
tions impair the oculomotor system to different degrees. For
example, Huntington’s Chorea [1], Schizophrenia [10] and
Parkinson’s Disease [3] compromise the smooth pursuit sys-
tem (SPS), motivating the search for accurate quantification
methods, which could then be used as diagnosing or even
staging tools.

If measures can be found that effectively distinguish
between healthy individuals using eye movements, they are
also likely to detect the alternations in the oculomotor system
resulting from a clinical condition.

An attempt at such a measure, mentioned in previous
research [6], [7], is the smooth pursuit gain (SPG). The SPG
is defined by the ratio of the angular velocity of the eye to
that of a moving target during smooth pursuit and has been
claimed to vary between individuals of different age. It is
also said to be lower in subjects with Parkinson’s Disease
[6]. Although this is a promising result, the SPG is not an
exhaustive measure of the oculomotor system’s function as
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it is descriptive of only one point in the SPS frequency
characteristics. In [8], it was suggested to model the SPS
as a dynamical system and use eye-tracking data to identify
its unknown parameters, thus introducing the dynamic SPG
(DSPG) measure.

DSPG yields full dynamic models per individual, but may
be unreliable if the chosen model structure is indescriptive
of the underlying system. Problems may also arise when
the studied data set contains saccades or other types of eye
movement not governed by the smooth pursuit mechanism
and hence not properly described by the selected model. It
is therefore of interest to find a non-parametric approach
to use as a supplement to the model-based methods. Non-
parametric methods rely entirely on data and no modeling
assumptions about the studied system are made.

In this paper, such a model-free approach for distinguish-
ing between healthy individuals using recorded eye move-
ments is derived. It is based on the principles of anomaly
detection and uses statistical methods to find deviating data
sets. A visual stimulus consisting of a white circle moving
along a specially designed trajectory on a black background
on a computer monitor is presented to a test subject multiple
times. The gathered eye-tracking data are then used to
obtain approximate statistical properties of the resulting gaze
trajectories in the form of a mean trajectory and distribution
estimates at each time instant. The mean trajectory and the
distribution estimates give an individual eye-tracking profile
against which an independently acquired data set can be
statistically tested in order to evaluate the probability of the
latter to belong to the profile. In order to carry out such tests
for arbitrarily distributed data, a way of efficiently testing
observations against general distributions is proposed.

The paper is composed as follows: In Sec. II an overview
of the method of generating eye-tracking profiles from data
is presented. Sec. III describes how normal and KDE dis-
tributions can be approximated from data. The definition
of the outlier region and means to find it for normal and
general distributions is given in Sec. IV. The experimental
setup and conducted experiments are described in Sec. V
and the corresponding results are given in Sec. VI. Finally,
conclusions are stated and the methods and results are
discussed in Sec. VII.



II. METHOD
A. Visual stimulus

The visual stimuli used herein were generated using the
method in [9]. The stimulus generation method presented
therein gives input sequences with the rich spectral and am-
plitude excitation needed to accurately identify the nonlinear
Wiener-type models used to portray the SPS. The stimuli
presented to the test subject are smooth random movements
of a white circle in a 25 cm x 25 black background window
on a computer monitor.

B. Method overview

Assume that N, data sets of eye movements are recorded
from a test subject tracking the same trajectory of the visual
stimulus multiple times on different occasions. Due to the
complex nature of the oculomotor system, the response to a
visual stimulus will not be the same for repeated exposures.
Hence, the N, data sets will not be equal. For each of the
N, time instances at which the gaze direction is sampled,
there will be N, data points, one from each set of recorded
eye movements. Since horizontal and vertical gaze direction
coordinates are logged separately, the data points will have
two components.

The data points at time instance k£ will be seemingly
random with some expected value, and can thus be seen
as [N, observations of a two-dimensional stochastic variable,
X (k). Note that there will be one stochastic variable per
time instance. If the stochastic variables X (k) are assumed
to be independent, the distribution of X (k) for each k
can be estimated from data. The assumption that X (k) are
independent is restrictive, but is shown to produce sufficient
results for the purposes of this study. The distribution of
X (k) will depend on the trajectory of the visual stimulus, but
also on the individual tracking it. If the probability density
function (PDF) of X (k) for k = 1,2,..., Ny is known for an
individual, it is possible to determine whether a given data
set is likely to come from the same individual or not. For
each of the IV, time instances, a hypothesis test with the null
hypothesis that the data are indeed observations of X (k), can
be carried out. If the number of time instances, in which the
deviation of the data from the considered distribution is high,
the data set is deemed to be the gaze trajectory of a different
individual. The approach generalizes in a straightforward
manner to the case of a group of test subjects sharing a
property, such as e.g. healthy persons or persons of a certain
age.

In practice, the distributions of X (k), k = 1,2,..., Ny,
are not known, but can be estimated from data. The simplest
way is to use a histogram. However, since the data are two-
dimensional, a large number of data points is needed to
achieve sufficiently small bin widths for reliable statistical
testing. To acquire a large number of data points, a test
subject would have to track the same visual stimulus a
large number of times, which would be time-consuming
and tedious. Therefore, a way of acquiring smooth two-
dimensional PDF estimates from relatively small sample data
sets must be found.
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III. DISTRIBUTION ESTIMATION

The normal distribution (Gaussian distribution) is com-
monly used to approximate the statistical properties of the
underlying stochastic variable of a given data set. However,
normal distribution fitting may not always give satisfactory
results, depending on the studied quantity.

Testing for normality can be done in different ways. A
histogram of the data can be inspected to resemble a normal
distribution PDF. A Q-Q plot may also indicate that the data
is not normally distributed [13]. Here, the Q-Q plot and the
Lilliefors test are used. The Lilliefors test is an adaptation
of the Kolmogorov-Smirnov test for normality [5].

Should the data appear to not be normally distributed, an
alternative method to distribution estimation is kernel density
estimation (KDE). In KDE nothing is presumed about the
underlying distribution to be estimated. It is thus a non-
parametric way of estimating an unknown PDF, in contrast
to the parametric method of normal distribution fitting.

The details of the two approaches for PDF estimation are
given below.

A. Normal distribution estimation

Assume that the sample (21, @2, ..., zn.), 7; € R? is
drawn from some distribution. Normal distribution fitting is
a parametric way of estimating the unknown PDF.

The general expression for a two-dimensional normal
distribution function is

1
where 1 € R? is the mean and ¥ € R?*? is the covariance
matrix of the distribution. The matrix determinant is denoted
| -]. Fitting (1) to the data is a matter of finding estimates of
v and Y. The distribution mean, u, can be estimated by the
sample mean
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Once /i and 3 are computed, they can be inserted into (1)
to give the resulting PDF estimate.

B. Kernel density estimation

KDE is a non-parametric method used to obtain a smooth
estimate of the PDF of an unknown distribution. Assume
that the observations (1, =2, ..., zn.), ¥; € R? are drawn
from some unknown distribution with probability density f :
R? — R. The kernel density estimator of f is given by
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where K is the chosen kernel function and A is a user
parameter called the bandwidth. Here, the kernel was chosen
to be the two-dimensional standard normal density function
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Using this kernel, the kernel density estimator can be rewrit-
ten as
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where 1(z) is a two-dimensional normal density function
with standard deviation h» and mean 0. The estimate of the
probability density f is thus the mean of N two-dimensional
Gaussian functions with standard deviations h (note that the
kernel is circular) and means given by the observations z;.

The choice of the bandwidth h has great impact on the
resulting kernel estimator. In the one-dimensional case, if
the underlying distribution being estimated is Gaussian, an
optimal choice of h can be derived [11]. This is not possible
in the general case, and an appropriate value must be found
experimentally.

(6)

IV. EVALUATING THE OUTLIER REGION

Assume that an observation, € R2, is made and that it
must be determined whether it is likely to be an observation
of a given random variable X, or not. A hypothesis test with
the null hypothesis:

e Hy: x is an observation of X

must be carried out. One way to do this is to define an
outlier region, S, of the random variable, being the set of
all possible observations deemed unlikely to come from the
considered distribution, i.e all = for which Hj is rejected.
The probability that an observation of X lies in .S should be
low. Define « such that

P(XebS) = /Sf(x)dwza.

Consequently, « is the probability with which an observation
of the considered random variable is deemed (incorrectly)
to be from some other distribution. The choice of a will
influence the size of the outlier region S. Evaluation of
the outlier region is performed depending on the considered
distribution. Methods for testing observations against normal
distributions are well-known and widely used.

(7

A. Normal distribution

For the case when the two-dimensional random variable
X has a normal distribution with mean g and covariance
3., the outlier region can be derived as follows: Let Y =
-2 (X — p), so that Y € N(0,I), where I is the identity
matrix. Form the variable

Z=X-p)'S' (X -p)=Y"Y=Y?+Y,
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where Y; denotes the i:th component of Y. Z is the square
of the Mahalanobis distance between X and p and is a sum
of the squares of two standard normal random variables and
will therefore have a x3 distribution [4]. The outlier region
of X can thus be defined as

Si={z:(@-—p)'T e -—p)>x31-a)}

where x3(p) is the quantile function for probability p of the
x% distribution. Eq. (9) shows that the outlier region, Sy,
is the exterior of an ellipse centered around the distribution
mean. Thus, for a given observation x, Hj is rejected if
x € S1, which is easily established by inserting = into (9).

B. General distribution

The kernel density estimates of the PDF are not Gaussian
functions and the outlier region must be derived differently
than in the normal distribution case. The PDF may have
several peaks and consequently the Mahalanobis distance
from the distribution mean is no longer a plausible test
quantity. The outlier region may be non-convex or even
disjoint.

The outlier region of a random variable X with probability
density f is given by

ng{x:/s fdxzoz,f(x)Sf(xc),VmCES‘Q:}, (10)

where S5 is the complement set of So. If f is positive and
continuous, Sz will be uniquely defined by (10). This can be
realized by considering the integral

J/Qf(x)d:z:

Q=Az:f(z) <},
and -y is some positive constant. If f is positive and continu-
ous, increasing 7y in (12) will continuously increase the value
of J in (11). For some value of ~, denoted by vp, J will
be equal to v and thus ) will be equal to Ss. Since there is
only one value of v which yields J = «, S5 is unique.

Determining whether a given observation z is part of S
is not straightforward from (10). Finding Sy analytically is
in general not possible. The following method is suggested
for numerically calculating the outlier region:

Evaluate f for the finite set of uniformly spaced grid
points {z;}M, to obtain {f;},.

Let {f(;) 12, be {f;}, sorted in ascending order.
Find K such that Zfil foy <5< Zf:gl f(s)» Where
A is the area of a grid element.

An approximation, Sy, of Sy is then given by

Sy = {a;: f(z;) < fiky =1}

In simpler terms: Keep summing the smallest elements
of {f;}}, while the sum does not exceed 4. Denote the
largest term in the sum by 7. Let S2 be the set of all z;
corresponding to the summed f;. For a given observation ,

Hy is rejected if « € Sy, which is easily checked by inserting
z into (13).

(1)

where

(12)

(13)



Fig. 1.

Screen shot from the eye-tracking software.

V. EXPERIMENT

Gaze direction data of test subjects attempting to track the
moving circle on a computer monitor were recorded using a
video-based eye tracker from Smart Eye AB, Sweden. The
eye tracker output is the distance in centimeters (horizontal
and vertical components separately) between the monitor
center and the point where the gaze direction line intersects
the monitor. Eye-tracking data were sampled at a sampling
frequency of f; = 60 Hz. Fig. 1 shows a screen shot from
the eye-tracking software, illustrating how the eye tracker
evaluates the gaze direction.

The conducted experiment involved four test subjects:

o P1: Man, 26 years old
o P2: Man, 27 years old
o P3: Man, 54 years old
o P4: Man, 54 years old

P1 was first asked to track the T 26 s long visual
stimulus 25 times spread over a one week period to avoid
memorization of the stimulus trajectory. This generated 25
data sets, each with Ny = T'fs = 26 - 60 = 1560 time
samples. In the same manner, 25 data sets were gathered
from P3. Further, P2 and P4 were asked to track the same
stimulus 5 times each. A total of 60 data sets were acquired.

VI. RESULTS

Distributions at each time instance were estimated from
the 20 first data sets of both P1 and P3. The rest of the
recorded data sets were used to compare with the estimated
distributions, i.e to test whether they are observations from
the distributions in question or not. The 20 first data sets
of P1 and P3 will be referred to as the estimation sets. The
remaining 5 sets of P1 and P3, and the 5 data sets from P2
and P4, will be referred to as the festing sets. The goal is to
investigate the ability of the presented method to determine
whether the testing sets come from P1, P3 or neither.
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A. Testing for normality

The distribution of the data varies between different time
instances and a test for normality must be done in each
instance. For illustrative purposes, the estimation sets of P1
were examined at time instance 1200. The data at several
other time instances had similar characteristics. Fig. 2 shows
a Q-Q plot and a histogram of the horizontal data (x-
coordinate) for time instance 1200. Judging from these two
plots, the data may not be normally distributed. Carrying out
a Lilliefors test indeed showed that the data were not from
a normal distribution at the 95% significance level.

Performing the Lilliefors test for all of the 1560 time
instances in the estimations sets of P1 and P3 showed that
the data were not likely to be normally distributed in 39.7%
of the cases for P1 and 44.2% for P3.

B. Distribution estimation

Using the estimation sets of P1, two-dimensional PDFs
for each of the 1560 time instances were estimated using the
two methods presented in Sec. III: Normal distribution fitting
and kernel density estimation. The PDF in each time step
was thus estimated from 20 observations of the underlying
stochastic variable. The same was done for the estimation
sets of P3.

For the KDE method, five different choices of the band-
width h were used. The five choices of the bandwidth were
h =4{0.16, 0.256, 0.56, &, 26}, where ¢ is either the sam-
ple standard deviation of the horizontal data or the vertical
data, depending on which of the two is larger. The bandwidth
thus varies between the time instances. As an example, the
estimated normal distribution and the corresponding KDE
with h = 0.55, for P1 in time instance 1200 are shown in
Fig. 3.

C. Outlier detection

The testing sets were compared to the distributions esti-
mated in Sec. VI-B. The number of outliers in each testing
set was computed by inserting the observation at every time
instance into the expressions for the outlier regions S; and
So, with significance level o = 0.01. For every distribution
estimate, the mean number of outliers in each data set was
calculated. The mean number of outliers in the testing sets
pertaining to test subject Pk is denoted by mpyg.

Fig. 4 shows a heat map of the estimated KDE distribution
for P1 at time instance 1200 along with the outlier region
and an observation from a testing set of P2 lying outside the
region.

The results of comparison of the data sets to the distribu-
tion of P1 are presented in Tab. I. The results of comparison
of the data sets to the distribution of P3 are presented in
Tab. II. The numbers are given in percent of the total number
of time steps. The entries in Tab. I and Tab. II thus give
the amount of time during which the gaze direction of the
test subjects deviated significantly from the mean trajectory
of the estimation sets from P1 and P3 respectively.

It is evident from Tab. I that the values of the number of
outliers in the testing sets of P1 are significantly lower than
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Dist. h mpi mpo mp3 mpq Dist. h mpi mpo mp3 mpq
type @ | @ | @ | @ type @ | @ | @ | @
0.16 36 46 55 66 0.16 54 48 27 65
0.256 | 4.9 21 32 48 0.256 | 30 15 44 51
KDE 0.56 0.6 15 27 37 KDE 0.56 15 10 1.1 35
G 0.1 0.9 5.6 15 G 2.7 1.4 0.9 74
26 0 0.5 0.7 1.8 26 04 0.4 0 2.5
Normal - 0.5 0.6 5.1 11 Normal - 8.0 5.1 2.1 15
TABLE I TABLE 11

The means, mp1, mpsa, mps, mpy, of the number of outliers in the The means, mp1, mpsa, mp3, mpy, of the number of outliers in the

testing sets when comparing to the distribution estimates of P1. The testing sets when comparing to the distribution estimates of P3. The

means are given as percent of the total number of time steps. means are given as percent of the total number of time steps.

VII. CONCLUSIONS AND DISCUSSION

This paper is aimed at providing tools for distinguishing
between individuals on the basis of their recorded eye move-
ments. The suggested method relies on anomaly detection

in the other test subjects. In Tab. II, the same can be said
about the number of outliers in the testing sets of P3.
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region is the exterior of the dashed line. The circle shows the gaze direction
of P2 at this time instance.

and is non-parametric. The results of Sec. VI highlight
several properties of the method.

Tab. I shows that P2, P3 and P4 are best distinguished
from P1 when using the KDE method with h = 0.55. For
this choice of the bandwidth h, there is a most significant
difference between the number of outliers in the testing sets
of P1 compared to the sets of the other three test subjects.
The number of outliers in the testing sets of P1 is expected
to be low since the comparing distributions were estimated
from the gaze direction data of this test subject. In Tab. II,
it can be seen that the same holds true for the testing sets of
P3 in comparison to the other examined individuals.

Tab. I shows that, for h = 0.56, P3 and P4 differ more
from P1, in terms of number of outliers, than P2 does.
Furthermore, the results in Tab. II indicate that P2 and P1
differ less from P3 than P4 does. These two results suggest
that the eye-tracking profiles of P1 and P2 are similar, but
that the profiles of P3 and P4 differ from P1 and P2 and
from each other. A possible explanation for this is the age
of the test subjects. P1 and P2 are close in age and young
relative to P3 and P4. The function of the oculomotor system
impairs with age and may do so to different degrees.

Judging from Fig. 2 and the Lilliefors test, the data are
not always well-modeled by a normal distribution. Hence,
using Gaussian functions to approximate the PDFs at each
time instance should impair the performance of the suggested
method. By studying Tab. I and Tab. II it is apparent that this
is indeed the case. The number of outliers in the testing sets
does not vary significantly between individuals when normal
distribution fitting is used. If the testing sets of P1 are deemed
to come from P1, so should the testing sets of P2.

Tab. I and Tab. II also show that the choice of bandwidth
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for the kernel function in the KDE method has a significant
effect on the results. When the bandwidth is low, the differ-
ence in the number of outliers between different test subjects
is not large, making it difficult to distinguish between them.
A low bandwidth in the kernel function will result in a PDF
estimate with several narrow spikes, each centered at an
observation. A high bandwidth will increase the smoothing
and the estimated PDF will appear almost Gaussian.

The effect of the visual stimulus on the results of the
presented method is not examined in this paper. The visual
stimulus used was chosen because it had proven to give good
results in parameter estimation of nonlinear dynamic models
of the SPS [9]. There may exist visual stimuli more suitable
for non-parametric anomaly detection.

In conclusion, with the method presented in this paper,
individuals were successfully distinguished from each other
on the basis of their recorded eye movements. The results of
this work are promising, but since the number of participating
test subjects was small, the results are only indicative of the
potential of the presented method.
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