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High-order Zames-Falb multiplier analysis using linear matrix
inequalities

Matthew C. Turner and Jorge Sofrony

Abstract— This paper proposes an algorithm for stability
analysis of systems containing slope-restricted nonlinearities
using high-order Zames-Falb multipliers. The main innovation
in this paper is the use of a new congruence transformation
which enables multipliers of twice the order of the linear part
of the system to be used in a linear-matrix-inequality (LMI)
framework for stability analysis. Although the use of such
high-order multipliers increases computational requirements,
various numerical examples show that the resulting stability
bounds are sometimes less conservative than using other similar
approaches.

I. INTRODUCTION

Many control problems can be interpreted as guaranteeing
the stability, in some appropriate sense, of the system in
Figure 1, where P(s) is a finite dimensional linear time
invariant (FDLTI) system. Depending on the information
available about the nonlinear operator ¢(.) : Loe +— Lo,
various results can be applied to ascertain the stability of
the closed-loop. When ¢(.) is static and sector bounded, the
Circle or Popov Criteria are popular choices for analysis.
When ¢(.) is static and slope-restricted a wider variety of
techniques may be used for stability analysis; a selection of
these may be found in [25], [9], [6], [21], [18], [16], [8].

Of all of these results, it appears that the most general and
powerful is still that proposed by Zames and Falb [25] in the
late 1960s. Indeed, it was recently proved [2] that various
other stability results for slope-restricted nonlinearities can
be interpreted in the framework of [25]. Zames and Falb
characterised a class of multipliers, Mz, such that every
multiplier M (s) € Mz preserved positivity of the inner
product (M, ¢) > 0. They further proved that, the stability of
Figure 1 could be affirmed if, in the causal case, the transfer
function M (s)P(s) was passive (see [8]). Despite the appeal
of Zames-Falb’s multiplier approach, its use is not common-
place in either industry or academia.

The main problem with the results of [25] is that the
search for an appropriate multiplier M(s) € Myp is,
in general, not trivial and may be viewed as an infinite-
dimensional optimisation problem. Although developments
in IQC analysis [7], [15], [1] and extensions to the multi-
variable case [19], [11], [12] have seen interest in Zames-
Falb multipliers rekindled, none of these references addresses
the search over Zames-Falb (or Zames-Falb-like) multipli-
ers explicitly, although a useful “brute-force” approach is
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Fig. 1. System under consideration

available in [15]. In a number of recent papers [23], [5],
[4], the search for Zames-Falb multipliers has begun to be
addressed and several papers have advocated the use of
LMI-based methods in this search. In [23] an LMI-based
method which searched over causal, plant-order Zames-Falb
multipliers was introduced, and developed further in [22],
[4], [3]. Examples given in these papers indicate how the
proposed LMI-based searches were relatively efficient and
in some cases able to return tight results.

Unfortunately, the restriction of the Zames-Falb multi-
pliers to be of plant order may lead to results which are
potentially conservative, meaning that the LMI-based results
of [23], [22], [4], [3] may fail to establish stability in cases
where stability actually holds. It is possible to construct
examples where one may extend the search space to higher
order multipliers in order to obtain less conservative results,
but it then becomes more difficult to automate this search.
The purpose of this paper is to show how the restriction of the
search to plant-order Zames-Falb multipliers can be removed
and how a high-order Zames-Falb stability analysis can be
conducted using LMI’s and a line search in a similar way to
that proposed in [23], [22], [4], [3]. The novelty in this paper
is a new congruence transformation, which can be viewed
as an extended form of that proposed in [20], and which
is used to cast the Zames-Falb multiplier stability analysis
problem in the aforementioned form. This allows one to
search efficiently for an appropriate Zames-Falb multiplier
which has twice the order of the plant. It will be shown later
that the increase in multiplier order allows less conservative
results to be obtained.

The paper is structured as follows. The next section
reviews some basics of the IQC approach ([16]) to Zames-
Falb stability analysis which was developed in earlier work
[23]. Following this, the structure of the high-order Zames-
Falb multiplier is introduced and sufficient conditions for
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is then shown how a Popov multiplier may be added to the
high-order Zames-Falb multiplier in order to improve the
results further. Numerical results then show the reduction
in conservatism that is possible with high-order Zames-Falb
multipliers and conclusions follow.

Notation. Notation is standard throughout. The £5 norm
V0o llz()]2dt
where ||z| denotes a vector’s Euclidean norm. The space
of functions with finite £o norm is denoted Lo and the
extended space Lo.. Similarly, the £; norm of a function
§(t) is defined [|6]|y == [, [|6(¢)||dt and the space where
this norm is finite is denoted £;. With some abuse of notation
we say that a transfer function H(s) € £y if the impulse
response of its time-domain linear operator, h(t), is in L.
The space of real rational transfer function matrices, bounded
on the imaginary axis is denoted by RL..; the subspace
which is analytically continuous in the right half complex
plane is denoted RH .. The order (or MacMillan degree) of
a transfer function matrix M (s) is denoted ord[M (s)]. An
operator H is described as bounded if | H (u)|| < ~||ul|| for
all w € Lo, and some v > 0. A function ¢(.) : R — R is
said to have a slope restriction ! [0, o] if

¢(z) — oY)

r—=y
We use the shorthand notation ¢ € 9]0, a] to indicate that a
function has this property. Similarly, a function ¢(.) is said
to have a sector bound [0, 3] if

0<¢(z)r < Br® VxR, [>0

If this property holds, we write ¢ € Sector|0, 3]. If ¢(0) = 0
the slope restriction implies sector-boundedness with o = 3
(see [17], [22]) but the converse is not true.

of a function z(t) is defined as |[z||2 :=

0<

<a Ve,zyeR, a>0

II. IQC ANALYSIS WITH ZAMES-FALB MULTIPLIERS

Consider again Figure 1 in which P(s) is the FDLTI part
of the system with state-space realisation

ro-[415] o

where 4, € R"»*", B, € Rw»*! C, € R, D, €
R. In this paper we assume that ¢(.) : R — R is a static
nonlinearity satisfying the following assumption.
Assumption 1: ¢(.) : R — R satisfies the following
properties:
i) It is bounded, odd and ¢(0) =0
i) It has slope restriction d¢ € [0, o]
A ¢(.) satisfying these properties is said to belong to A5
Without loss of generality, the lower gradient of the slope
is assumed to be zero; if this is not the case, loop-shifting
can be used to pose an equivalent problem where the “loop-
shifted” nonlinearity, ¢, is such that d¢ € [0,a]. If ¢(.) €
Ng?, it satisfies the IQC ([15], [16], [7]) defined by
o0 ~f - * Af .
INE I
!By this, we mean that the sub-differential of ¢(x) belongs to the interval
[0,a] for all z € R

where 4(jw) and §(jw) are the Fourier Transforms of w(t)
and y(t) respectively, and II(jw) is given by

o 0 aM*(jw)
MU= am(o) —are(iw) = M) |
The transfer function M (s) is the so-called “Zames-Falb
multiplier” ([25]); this class of multipliers is defined below.

Definition 1: A transfer function M(s) := Hy — H(s) €

RLs is said to belong to the set Myzp if Hy > 0 and
H(s) € L is such that | H(s)||1 < Hp.
When M(s) € Mzp, the IQC (2)-(3) captures the largest
class of “multipliers” for ¢(.) € N¥. For the more general
case when ¢(.) is vector valued, the reader is referred to
[7], [13], but for our work M (s) € Mz will be sufficient.
The basic stability result (stated in an IQC context) for the
system in Figure 1 can therefore be stated by re-writing the
results in [16], [7] as the following theorem.

Theorem 1: Consider Figure 1 where P(s) € RH~ and
¢ € N§ satisfies the IQC defined by (2) and (3) where
M(s) € Mzp. Assume that the closed loop system is well-
posed. Then the system is asymptotically stable if

{ P(}'w) ]*H(jw) [ P(}“) ] <0 VweR (4

Thus stability of the system essentially reduces to finding
suitable Hy > 0 and H(s) € £y such that inequality (4)
holds.

Remark 1: In general, this result is quite difficult to apply
because it requires one to determine M (s) of a very general
structure: the order can be arbitrarily high and M(s) can
be non-causal. In [15], [7], [14] the approach advocated has
been to fix a structure of M(s) € Myzp and then to check
inequality (4); no real guidance on how to choose M(s)
was given and [7] essentially proposes the use of simple
ad hoc structures of M(s) followed by stability checks;
although useful for some systems, this approach is rather
unsatisfactory in general. In [23], [22], it was shown how,
by restricting M (s) to be causal and of order equal to that of
P(s), it was possible to choose M (s) more systematically
using LMIs and a line search; [4] then extended this search
to anti-causal multipliers. ]

III. HIGH-ORDER ZAMES-FALB MULTIPLIER ANALYSIS

The aim of this section is to provide a tractable way of
determining whether the system in Figure 1 is stable when
# € N but instead of restricting the order of the multiplier
to be ord[M (s)] = n, (as in [23], [3]) the order is allowed
to be such that ord[M(s)] = 2n,,.

A. Preliminary results

The preliminary results required are summarised below.

Lemma 1 ([20]): Consider a transfer function H(s) ~
(A, Bu,Ch,Dy) € RHoo. Then || H||; < & if there exists
a positive definite matrix Y and scalars ¢ > 0 and A > 0
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S114p+A,P11—aC),(Bu1+Buz2) +An1 —Anz’ A,N—aC,Buz'—Anz’

S11Bp+aC),(I-Du)'+Cu1’'—Cuz’

* AL P11+P114,—a(Ba1+Bu2)Cp—C) (Ba1+Bhuz2)'] A,N—aC,Buz2'+An2’ Plpr"_O_(CI/) (I-Du)'+(Bu1+Bmuz)

11 4p+A,S11
* *
* *

[ —Ani — A’ +A(P11 — S11 — N)
*

*
*
*
such that the following matrix inequalities hold:
ALY +YA Y YB

* —ul
AY 0 Chy
x (E-wI Dy | =0  ©
* * &

The following result from [23] is an application of the
KYP Lemma which allows the frequency domain IQC in
Theorem 1 to be interpreted as a matrix inequality.

Proposition 1 ([23]): The system depicted in Figure 1 is
globally asymptotically stable if there exists a real symmetric
matrix P = P’ and a transfer function

where ||H (s)||1 < 1, such that the following matrix inequal-
ity is satisfied.

A/IP+PAI PBI+C} <0
* 7D]7D/I

where the matrices Ay, By, Cy, Dy are given by
A, 0 B,

%J “BnaC, Ap | Bu(I-aD,) W

! | aC,—DraC, Cu | (I-Du)(I—aDy) |

B. Main result

®)

Proposition 1 states that the system in Figure 1 is stable
if there exists a transfer function H (s) with state-space re-
alisation (7) such that ||H(s)||; < 1 and such that inequality
(8) is satisfied. In previous papers it has been assumed that
ord[M(s)] = ord[H(s)] = n,. This allowed the use of an
adapted version of Scherer’s change of variables ([20]) to
transform the inequality (8) into LMI form. In this paper, the
goal is to transform Proposition 1 into a more tractable form
but under the assumption that ord[M(s)] = ord[H(s)] =
2n,,, which requires a change of variables somewhat different
to that proposed in [20]. Without loss of generality, the
following state-space realisation of H(s) is assumed:

B

A 0
[%‘gi] = 0 Apo | Buo )
me Cu1 Cuz | Du

Anz + An2’ NB, + Ba2X + Cu2’
* (I -Du)X — X'(I — Dn)'
<0 (13)
0 _ Bm
Apz + A, + AN Buz | <0 (14)
* —u
0 Cu1’
AN 0 Cu
-y Du | VY (15)
* 1
where AHl,AHQ S Rnpxnp’ BHl,BHQ S RnPX1,

Cr1,Cre € R and Dy € R. Using this, the matrices
A, Br,Cr and Dy become:

A, 0 0

AI = aBchp AH1 0 (10)

L QBHQCP 0 AH2

[ B, C/(I—aD,) '
B[ = BHl (I — OéDp) C} = C}-Il

| Bu2(I —aD,) Clys

(1D

D[ = (I — DH)(I — aDp) (12)

Stability will then be ensured providing inequality (8) holds
and providing that ||H|[; < 1. The following is the main
result of the paper.

Proposition 2: Assume P(s) € RHo, and that ¢(.) €
N, S Then the system in Figure 1 is globally asymptotically
stable if there exist positive definite matrices Si1,P11
and N, positive scalars A, g and Dy, and unstructured
matrices Axgi1, Bai1, Cai, Ax2, Ba2 and Cyo such that
inequalities (13), (14) and (15) [top of page] hold, where
X:=1-aD,.

Remark 2: For fixed o > 0 and A > 0 the conditions
(13)-(15) form a system of linear matrix inequalities. Thus
for a given slope restriction, the search for M (s) of twice the
order of the nominal plant can be solved as an LMI-problem
plus a line search over A. ]

Proof of Proposition 2: The proof of Proposition 2
requires the translation of inequality (8) and the £, constraint
on H(s) in Proposition 1, into the matrix inequalities (13),
(14) and (15). There are three distinct parts to the proof
which broadly parallel the proof in [23]. Due to space
constraints, much of the detail is left to the reader.

Part 1: Main inequality. Consider inequality (8) where the
state-space matrices (A, By, Cy, Dy) are given in equations
(10)-(12). Because ord[H(s)] = 2n,, it follows that the
nonsingular matrix P € R3%*37_ Under the additional
assumption that P > 0, let P and Q) := P~! be partitioned
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into n, X n, sub-matrices:

Qi1 Q2 Qs Py P2 Pi3 I 00
Qs Q22 Q23 Py, Py Py |=|0 1 0
Q13 Qi3 Qs3 P{; Py; Ps3 0 0 (Il

where, Pi2, P13, Q12 and (13 are full rank matrices. It is
assumed, without loss of generality that P33 := P[4 NP3,
where N > 0, and also (possibly with some loss of
generality) that Po3 = 0. Thus, introducing the matrices

Qu I 0 1 0 0
I, := s 0 0 IIy:= | P11 P2 Pi3
5 0 1 Pi3; 0 P

17)
it follows that IT) P = II,. Thus, applying, the congruence
transformation

diag(ITy, I) (18)

to inequality (8) and carrying out algebra similar to [23],
yields the matrix inequality (13), where the following matrix
variables have been defined:

Am = Pi2AmQ1,811 (19)
Bui1 = Pi2Bm (20)
Cmx = CmQ1,S11 (21)
Ape = —P13AH2Q’13511 (22)
Baz = Pi3Bye (23)
Chz = CuoP3'N (24)

Dyu Dy (25)

and S1; := Q" and N := N~'. In the above derivation it
is useful to note, using the identity (16), that
Qi3 = —Q11 P3Py’
Apz = Pz AP N1

(26)
27)

Part 2: The £; conditions. From Lemma 1, a sufficient
condition for ||[H|[; < 1 is for there to exist a positive
definite matrix Y € R?"» %27 and scalars A > 0, > 0
such that matrix inequalities (5)-(6) are satisfied with £ = 1.
Similar to [23], the objective is to convert inequalities (5)-(6)
to inequalities (14)-(15) but using the multiplier (9) and the
higher-order P-matrix given in equation (16). Choosing

Y:|:P22 0

0 Py (28)

inequality (5) becomes

Ay PogtPas A1+ Pas 0 Py Brry
* Ao Ps3+Psg Ao+ APss P33 Bpo| <0
* * —

:| c RQTLP X2n,p

(29)
Applying the congruence transformation
diag(Q1' Qi2, (NPi3)~ ', 1)

to the above inequality leads, after some algebra, to inequal-
ity (14). In the derivation, equation (26) has been used along
with the equality below which follows from the identity (16).

Pi5Qy =1 — P11Q11 — P{3Q'4

The second L; inequality is derived in a similar way to the
first: in inequality (6), Y is given the structure (28) and then
the congruence transformation below is applied:

diag(ng, (NP13)71, I, I)

After some algebra, inequality (15) follows.

Part 3: Positive Definiteness of P. In Part 1 of the proof
it was assumed that P > 0 and indeed this was necessary
for the subsequent development of the results. Here, we show
that satisfaction of the LMI’s guarantees that this is the case.
Note that P > 0 is equivalent to 1T} PII; = TI,II; > 0,
which can be written as

Qu I 0
1,11, = I P11 Pi3 >0 30)
0 P{3y P{3NPi;
By congruence, this is equivalent to
Qu I 0
I Py I | >0 (€29
0 I N
By the Schur Complement this is equivalent to
Qu I
I Py -N >0 (32)
=4 P11 —Sqi1 — N >0 (33)
which is implied by inequality (15). [

C. Multiplier reconstruction

The high-order multiplier may be reconstructed in a
similar way to that proposed in [3]. Note that the state-
space matrices of the multiplier are recovered from the LMI
variables through the equations

A1 0| |Pi2 O[|Am1 O 195811 0
0 Apz| |0 Pu3l| 0 Amps|| 0 PR'N?

(34)
Bui| (P2 0 |[|Bm
i e | )
Q}5S 0
[Ch1 Cuz| = [Cm1 C’Hz][ 120 H PN (36)
which imply
Ag1 0] P2 0" Apr 0][Q12S811 0 !
0 AHQ B 0 P13 0 AHZ 0 P1_31N_1
(37
Bgi| _ |Pi2 0 B (38)
Bra| | 0 Pi3 B2

, -1
[Cr1 Ch2) = [Cu1 Chz] {leosll Pﬁlgf1] (39)

The above expressions imply that the matrices P2 and
Py3 must be found in order for the multiplier M (s) to
be reconstructed. While it is guaranteed that P, and Pi3
exist, their computation can be avoided, in a similar way to
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S114p+A,P11—aC),(Bu1+Buz2) +An1 —Anz’ A,N—aC,Buz'—Anz’

S11Bp+aC),(I-Du)'+Cu1’'—Cuz’

* AL P11+P114,—a(Ba1+Bu2)Cp—C) (Ba1+Bhuz2)'] A,N—aC,Buz2'+An2’ Plpr"_O_(CI/) (I-Du)'+(Bu1+Bmuz)

11 4p+A,S11
* *
* *

that proposed in [3], by considering a different set of co-
ordinates. Thus, observe that the identity (16) implies:

QuP11 + QP+ Q13P13 =0 (40)
Q11 P12+ Q2P =0 (41)

Choosing, Pys = I, and noting that N = —S1;Q 3P}, we
have, from the above,

P3P, =P13 —S11 — N (42)
Thus, applying the similarity transformation
[P 0 )7

T= { 07 point (43)

to the multiplier realisation equations (37)-(39), it follows
that an alternative state-space realisation of the multiplier is
given by

+ [Agr 0] [~(P11-S1:-N)"' 0] [Am 0
A= k| [ a

T 0 Aps| 0 N7 | 0 Auz
(44)
B— B;Hl _[~(P11-S1:1-N)! 0] |Bm
B Byl — 0 N-!| |Bus
45)
Cu=[Cm1 Cus]=[Cu1 Cua (46)

Hence the multiplier is given by M(s) = H(s) — 1 with
H(s) ~ (Ay, By, Cp,Dn) 47
IV. ADDING A POPOV MULTIPLIER

It was noted earlier in the paper that, when ¢(0) = 0, any
slope-restricted nonlinearity is also sector bounded, viz:

¢ € N2 = ¢ € Sector|0, o]

In this case it is possible to augment the Zames-Falb
multiplier with a Popov multiplier in order to reduce the
conservatism of the results [22], [24] further. Although it has
recently been proved [2] that stability analysis using Popov
multipliers is equivalent to stability analysis using a special
case of Zames-Falb multipliers, it appears there is still some
numerical advantage by conducting a stability analysis where
each of the multipliers appears distinctly. Thus, with a Popov
multiplier, the IQC satisfied by ¢(.) becomes that given in
equation (3) but with TI(jw) given by [10], [22]:

o 0 (vat+njwtaM (jw))*
MU = asmjurta (o)) —20-M* (ju)—M (jw)

veRy, neR, M(s)e Mgzp (48)

Anz + An2’ NB, + Ba2X + Cu2’
* (I -Du)X — X'(I — Dn)'
0 0 0 (al+ 7714;,)6’;’7
* 0 0 (avl+nA,)C,
+1 5 4 0 JT <0 @)
*x * x nCpBytnB,C,

This leads to the following result.

Proposition 3: Assume P(s) € RHo and that ¢(.) €
N, Then the system in Figure 1 is globally asymptotically
stable if there exist positive definite matrices S11,P11 and
N, positive scalars A, u, v, Dy, unstructured matrices Apyq,
Bui, Cyi1, A2, Bae and Cyo, and an indefinite scalar
7, such that inequalities (14) and (15) from Prop. 2 hold and
in addition inequality (49) also holds [top of page].

Proof: Omitted, but follows by combining the results of
[22] with those in Section III. 0™

V. EXAMPLES

This section compares the new high-order multiplier re-
sults derived here with previous results: namely a Lyapunov-
based approach given [18], (which have recently been shown
to be equivalent to a class of Zames-Falb multiplier - see
[2]); previous plant-order causal multipliers, both with and
without Popov extensions ([23], [22]); and recent plant-
order anti-causal results, [4]. These criteria are amongst the
best available in the literature for computing Zames-Falb
multipliers so comparisons made are against the state-of-the-
art. The plants used for the comparison are listed in Table
I: the examples are identical to those used in [24] (see also
[23], [3], [4]), but they have all been used elsewhere in the
literature [23], [21], [18], [3], [5].

Example | P(s) Source
27 —

! Pi(s) = — 598000 (91

2 Ps(s) = —Pi(s) , [18]

3 Ps(s) = — 175255765770 151 (23]

4 Py(s) = —P3(s) , [23]

5 P5(s) = — ar500083 T10s2 500021579 | L0

6 Ps(s) = —Ps(s) [23]

TABLE 1

TABLE OF TRANSFER FUNCTIONS P(s)

Table II shows a comparison of the maximum sector/slope
sizes obtained using the results of [18], [23], [22] and [4].
Also shown is the linear upper bound which is computed
from the gain margin of the system (called the Nyquist value
in [4]) which gives an idea of the potential conservatism of
the methods. The highest value of o for which stability is
guaranteed is highlighted in the table. Observe that, while the
approaches of [18] and [4] produce the least conservative
estimates of stability in some cases, the new high-order
Zames-Falb multiplier approach appears quite competitive
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Method Example

1 2 3 4 5 6
Park [18] 4.5866 | 1.0891 | 0.7883 0.7083 0.0018335 | 0.0018325
Zames-Falb (causal plant order) [23] 2.4283 | 1.0891 | 0.7061 0.8526 0.0018112 | 0.0009505
Zames-Falb (causal plant order) + Popov [24] 3.5072 1.0891 | 0.7791 1.0864 0.0033046 0.0031513
Zames-Falb (anti-causal plant order) [4] 4.5866 | 1.0745 | 0.9846 0.6135 0.00095 0.00182
Zames-Falb (anti-causal plant order) + Popov [4] | 4.5866 | 1.0745 1.4513 0.7222 0.00319 0.00333
Zames-Falb (causal, twice plant order) Prop.2 2.6142 | 1.0891 | 1.4593 | 0.99814 | 0.0017765 | 0.0021600
Zames-Falb (causal, twice order) + Popov Prop.3 | 3.7803 | 1.0891 | 1.5222 1.1934 0.0034141 0.0021600
Linear upper bound 4.5866 | 1.0891 o0 3.5000 o0 1.7142

TABLE II

MAXIMUM SLOPE SIZES, &, FOR WHICH STABILITY IS GUARANTEED

in many cases, especially when combined with the Popov
multiplier.

Remark 3: A simple way to obtain a high order multiplier
is to introduce uncontrollable/unobservable modes into P(s)
and use existing analysis results ([23], [4]). Assuming that
the order of the minimal realisation of P(s) is n,, the intro-
duction of n,./, uncontrollable/unobservable modes would
lead to a multiplier of order ord[M(s)] = 1y + Myc/0. Al-
though the integer n,,, is arbitrary, the dynamics associated
with these additional modes influences the analysis, and the
arising results may be better or worse than the standard
ord[M (s)] = n, case. The appealing feature about Proposi-
tion 3 is it is completely systematic. Some numerical experi-
ments carried out with assigning uncontrollable/unobservable
modes to P(s) led to unpredictable results. O

VI. CONCLUSION

This paper has proposed two algorithms for stability
analysis using high-order Zames-Falb multipliers. The basic
approach is similar to existing LMI-based methods but the
derivation of the main propositions which form the basis of
the algorithms is different and requires the use of a new
congruence transformation. A selection of examples from
the literature have illustrated the potential of the results. An
obvious future step would be to allow the use of non-causal
multipliers which comprise an n,’th order causal part and
an n,’th order anti-causal part.
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