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Abstract—In the paper we revisit some known remarkable
formulas and their idempotent versions highlighting the role of
functional spaces. More precisely, we focus on the space where
the analogue of the Fourier transform takes place, the Legendre
transform in R,,;, and the concave conjugate transform in
Rmax, then we give the analogues of some classical theorems.

I. INTRODUCTION

The Legendre transform takes a privilegiate role in the
optimization theory. It transforms a function into a function
of different variable, using maximization as the transfor-
mation procedure. This transform is closely related to the
idempotent analogues of the Fourier transform, (see [8], [7]
and reference therein). In the paper we revisit some known
formulas, and we are going to write idempotent versions of
some remarkable formulas related to the Fourier transform.
We highlight the difference between the Fourier transform in
Rin and the Fourier transform in R;,,x, which are closely
related to the Legendre transform and the concave conjugate
transform, respectively. Thought the analogues of the Fourier
transform can be developed in a more general space [8],
in ths paper we focus on the spaces of concave upper
semicontinuos functions Conc(RN ,Rimax) and to the spaces
of convex lower semicontinuos functions Conv(RN y Rinin)-
The different role of the space leads to give a different
definition of Fourier transform in R,;, and R, .x, and to
give relevance to the sign highlighting the analogues with
the Legendre transform R;, and the concave conjugate
transform in R ..

If f:RY — RU{—o0,+co} the Legendre transform is
defined as

fr(€) = sup {x§ — f(2)},

z€RN

and the concave conjugate of f

fx(p) = inf [py — f(y)].

yeRN

It is well known that Legendre transform of the Legendre
transform of a function f is the largest lower semi-continuous
convex function such that (f*)* < f, and the concave

of known theorems, and we open the discussion to general-
ization and related research problems. The functions we are
discussing take their values in an idempotent semiring.
We briefly recall the definition of idempotent semiring.
Generally a set S endowed by two algebric operations @
(addition) and ® (multiplication) is a semiring if

« the addition @ and the multiplication ® are associative,

o the addition & is commutative,

« the multiplication © is distributive with respect to the

addition .
o Exists the unity 1, that is an element belonging to S
such that
r@l=10z=z,, VrxesS
o Exists 0 € S such that
r®0=00x=2, Vrel.

A semiring S is an idempotent semiring if

r®r=z, Vxels.

As special case, here will consider the semiring R, =
R U {+o0} with the operations

@ := min, ® =+

where

0=+40c0, 1=0.

In Ry, the idempotent analogues of integration on RV is
defined by the formula

53]

o(x)dz = inf o(x),

RN z€RN

1(¢) =

for any function € B (RN , Runin ), that is the set of functions
defined in RY lower bounded in R.

We will also consider the semiring Ryax = RU{—00} with
the operations

biconjugate of f is the smallest upper semi-continuous ® := max, O =+
concave function such that (f,), > f. Here we revise some

basic facts on Fourier transform, the analogues in the context where

of idempotent analysis, and we give some semplified proof 0=—-00, 1=0.
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Here B(R™,R,.x) is the set of functions which are bounded
in Rp,ax, that is the set of functions defined in RY upper
bounded in R.

The idempotent analogue of integration on R” is defined
by the formula

57
¢(x)dx = sup ¢(x),

RN zERN

1(¢) =

for any function € B(R™, Ry ).
In both cases the invariance of the integral with respect to
translation holds true

& ®
¢z +t)de = | o(y)dy.
RN RN

The Fourier transform of a function ¢ € L*(RY), is given
by

Fo(ér, .. én) =
d(xy,. .., xN)ef%i(“Eﬁ'”LzN{N)da:l c..dry
RN
or, shortly,
Fo€) = | la)e > <da,
]RN

and the inverse transform of F (if v = F¢ € L'(RY)) is

Fe) = | le)emde.

Notice that

Fo(=€) = Fo(8),

stating a duality between the Fourier transform and its
inverse. Moreover the inversion formula states

(FH710() = o(=9).

In the paper we mainly deal with idempotent aspects of
the well known formula on the Fourier transform of the
convolution product.

More precisely if

f = fl * f27
is the convolution product in L!(RY) of f; and fo, then
Ffrx f2) = F(f1)F(f2).

For basic notions and relationships in idempotent analysis
see [3], [4], [5], [6], [8], [7], [9], and reference therein. For
the results and detailed analysis on convex functions we refer
to [1], [2]

II. THE CONVOLUTION PRODUCT

To illustrate the remarkable analogues between classical
analysis, let us recall the idempotent analogue of the property
that the Fourier transform of the convolution product of two
functions is the product of their transforms.

Theorem 1. Let 1 and ¢ € B(RY ,Ry,) [or 3 and
¢ € B(RYN Rpax)] be given. We denote by ¢ @1 the
convolution product, and by f the Fourier transform of f.
Then

(6@ )] () = d(&) ® D(©).

The definition of convolution product and of Fourier trans-
form are different in R,,;,, and R, These definitions and
the proof of Theorem 1 will be given in the next subsections.

A. The formula in Ry,
Definition 1. The Fourier transform of a function ¢ €
B(RY R, ) is defined as

sup [z — ¢(x)].

z€RN

P(&) =
Observe that
®
sup (€0~ o(a)] =~ [ €20 o(a)da,
zeRN RN

In the semiring Ry, = R U {+o0} the definition of the
convolution product between two real valued functions ¢ and
¥ € B(RYN,Ry,i,) is given by the formula

@
09w = [ 6@ © vy —a)da

and the idempotent integral, by definition, is given by

®
[ ola) oty 2= inf [o(a) + vly — o).
RN z€R

To prove the Theorem 1 we first show the following
Lemma 1.

sup [£(y — 2) — oy — 2)]] = B(E)

yERN

Proof of the Lemma 1
The proof is a direct consequence of the invariance of the
idempotent measure. Indeed

sup [£(y —z) —¥(y —z)]] =

yeRN

— inf [~¢(y—2)+¢(y—2)]] =

yeRN

= — inf [=&t+¢(1)]] =

teRN

— sup [¢ — ¥(1)] = D).

teRN

Proof of the Theorem 1 related to R,;,. To show the
property we compute

[(¢®9)]-
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By the definition, this is equal to

sup [¢y — [(0 @ ¥)(v)]]

yER

Recalling the definition of (¢ ® v) this is equal to
— inf _
sup [&y — inf [é(z) + ¢y - 2)]]

yeRN

Changing the sup to the inf, this is equal to the

sup [Ey + SUI?V [ —¢(x) — Yy — ‘73)“ =

yeRN zeR

sup sup [éy — ¢(z) — ¥(y — )]

yeRN zeRN

Changing the sup respect to y to the sup with respect to x
this is equal to

sup sup [€x — ¢(x) +&(y —x) —P(y —x)] =
z€RN yeRN
sup [z — ¢(x) + sup [{(y — z) — d(y — 2)]]
zERN yERN
Applying the Lemma 1 we have
= sup (2 — §(a) + $(6)] =
() © (&),
Then . R R
[(0 ® )] (€) = $(6) © $(£).

This ends the proof of the first part of the theorem.

We are going to establish the formula in Ry,x. As we will
see we change the definition of the Fourier transform in Ry«
with respect to R,,i,. Also we repeat the proof, since we need
to use the operations defined in Ry, ax.

B. The formula in Ry, ax

In literature (see for example the reference [7]) the Fourier
transform is given by the tranform

@
36 = | & o o(@)dr = sup [o(a) + &a]

zERN

Here we slightly change the definition of the Fourier trans-
form.

Definition 2. The Fourier transform of a function ¢ €
B(RY | Ryay) is defined as

6(6) = inf [¢w — ()],

that is the concave conjugate tranform of the function ¢.

Notice that
/ o(2) © (—€x)do

Proof of the Theorem 1 related to R,,,. .

inf [£x—

zERN

In the semiring Ry,.x = RU {—o00} we recall the definition
of the convolution product between two real valued functions
¢ and 1) on the additive group R”, by the formula

t/i ¢(z) © Yy — z)dx

By the definition of idempotent integral

(p@Y)(y

(&)
d(x) © Y(y — x)dx = sup [p(z) +Y(y — z)].

RN z€RN

We compute using our definition

[(6® )] ()

which is equal to

Jinf ey~ [(0@v))]] =
inf [¢y+ inf [—o(2) —v(y—2)]] =

yERN ZERN
Jnf inf [6y - ¢(e) — ¥y —2)] =
ot inf[60 = o) + €y — o) —vly —2)] =
nf (€2 — p(z) + Jnf [y —z) — Y(y — 2)]]
= inf [ — 6(2) +0(6)] = 5(€) © D (©).

This ends the second part of the proof, and the proof of
the theorem is complete.

I1I. FENCHEL DUALITY THEOREM, PARSEVAL EQUALITY
IN Rynin AND THE INVERSION FORMULA

Let us recall the Fenchel’s duality theorem. Given f,
g : RN — R with f convex and g concave. Then, under
regularity assumptions, we have

min (f(x) — g(a)) = max (g.(x) — £*(@))

with

f(p) = max[pr — f(z)]

z€RN

9+(p) = min [pz — g(x)].

We sketch briefly here the main idea of the proof of the
Fenchel’s duality theorem. By assumption the function f —g
is convex and lower semicontinuous in R, Then

(f() = g())"(0) = — inf (f(z) = g(x) =
— min (f(z) - g(x))-

On the other hand
(f(-) = g(-))*(0) = sup [z-0— (f(z)—g(z))] =

T€RN

Sp [(zp— f(z)) — (zp—g(x))] VpeRN.
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For any p € R¥ it follows

min (£(z) — g(e)) = inf_[(op — 9(w)) — (2 f(2))]

zeRN
Then

min (f(z) — g(x)) > g.(p) — f*(p) Vp RN,

zeRN

Since g, — f* is concave and upper semicontinuous it has at
least a maximum point p*. The achievement of the equality
in last formula is the main point of the proof.

For the complete proof we refer to [2] pag. 228. The Fenchel
duality theorem, also kwown as the min-max theorem, gives
a certificate of optimality in the following sense: if we wish
to minimize f(x)—g(x) and z* is a possible minimizer then
it is enough to find a vector p* such that

(f(2) —g(z")) = (g.(p*) = [*(0"))-

The vector p* (dual optimal solution) is the certificate of z*.

Setting
h(z) = —g(z) VzeRY,
then
h*(=p) = —g«(p).
Indeed
9+(p) = min [pz — g(x)] = min [pz + h(z)] =
— max[—pz — h(z)] = — max ((~p)z - h(z)) =
—h*(=p).

Then, substituting
min (f(z) +h(z)) = - Jnin (h*(=p) + f*(p))-

The last equality is also known as Fenchel duality theorem
(see [1]). We refer to [2], Corollary 2.2.6, Theorems 2.2.5
and 2.2.7 for a more general result.

Then using Legendre inverse formula

min (f*(z) + h(z)) = ~ min (f(p) + 1*(-p)),

that we call Parseval relation in R,,;, since can be written
out

< frlh>=— < fIR*((—)) >,

and we can prove that

Theorem 2. Let f,h € CY(RY), real valued and convex
functions. Then the Parseval relation in Ry, is equivalent
to the inversion formula for the Legendre (Fourier) formula
in Rmin-

Proof of the Theorem 2. If we assume inversion formula
for the Legendre (Fourier) formula in R,;,, then by Fenchel’s
duality formula

min (f(z) — g(x)) = max (g.(z) — f*(2)),

z€RN zERN

and the result follows setting, as before, —g = h and f*
instead of f. Let us prove the inversion formula by the
Parseval relation in R,,;,. We wish to show

(f)r=r
We fix 1
h@) = 5ol - at,

with £ € R™ and € > 0 fixed.
To fill the formula we compute

h*(p) = Sup [pr — h(zx)] =

1
h*(p) = sup [pr — =€*|z|* + x€]
TeRN 2

= sup [e(p+€) — gleaf’] =

z€RN
1
?\P‘Ffﬁ-
Substituting in
inf * h — — inf h* —
Jnf (@) + @) = = inf (f(p) + 1" (=p)),

inf (f*(z)+ %e2|m\2 —zf) =

z€RN

—inf (f(0) + 516~ o).

peERN

Passing to the sup

sup (—f*(m) — %62‘(E|2 +m§) =
TeRN
. 11 N
Jnf () + 55l %) =

. 1 2
Jnf (FE+ey) +31)

And

sup (— H(x) — %GQMQ + xg) =

zERN

inf (76 + ) + 5luP)

yERN

To show the existence of the limit as as ¢ — 0T, we firstly
observe that the infimum of f(£+ey)+ £|y|? is a minimum.
Moreover the minimum point 7 satisfies the conditions

e(Df)(E+€y) +7 =0,

which implies in a neighbourhood of ¢

7(&, ) = O(e), locally
then 1
lim inf (f(§+6y)+§|y|2) = f(§)-

e—0t yeRN

Next we observe that by setting in the right hand side of
Parseval relation f* instead of f we get
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inf (f*(p) + ’y*(*p)) = sup ( — () (z) - ’Y(x))

peERN 2ERN

for any v € C*(RY), real valued and convex. Here we take

1 2
y(z) = @\l‘—ﬂ )

with the same £ and e of the function h selected before. With
an easy computation we get

1
v (=p) = 5€°Ipl” — p§,
Then, applying the last result

1
li ek -2 2 _
€1%1+ lseulzj)v( f*(x) 7€ || +x§) =

lim inf ((F)(€ +ey) + glol?) =

e—0+ yeRN
= (/)"(6)
and the result
f=U
follows by the equality of the two limits.

IV. INVERSE FORMULA IN R,;,,x FOR THE CONJUGATE
TRANSFORM

In Rp,.x given two concave, upper semicontinuous func-
tions h and g, not identically equal to —oo, the Fenchel
duality formula reads

max (g(x) + h(x)) = - max (he(p) + g2 (—D)).

and the Parseval formulas become

<hlg>=—<hi|g(=()) >,
and

<helg>=— < (h)x|gul) >
Notice that

(ha)u(€) = inf (26— hi(z)) =

z€RN

By the definition of h, we have that this equal to

I, (€ = inf, (ow = h(0)) =

Changing the inf to the sup
= sup (z(=€) — sup (h(y) —zy))) =

rERN z€RN
— sup (2(=¢) — sup (- (=h(y)) +y(-x)))) =
z€RN yERN
— sup (a(=€) — (~h)*(~a))) =
reRN
= sup (&(—=) = (=h)*(~x))) = h(&).
z€ERN
Hence
(h*)* = h,

since we apply the the inverse Legendre formula to the
convex function —h.

The inverse formula for the conjugate transform of concave
functions plays the same role as the Legendre transform
for convex functions. The analogue of Theorem 2 in R, .x
maybe proved by the same tools used in Ry;;,.

V. CONCLUSION AND FUTURE WORK DIRECTION

We discussed the role of functional spaces where the
analogue will take place, highlighting the difference between
Rax and R,,;0, based on the definition of Fourier transform
used in the computation. In literature of idempotent analysis
the definition of Fourier transform of function ¢ is given by

®
36) = [ 60 oa)ds = sup [6o -+ 6(o)
RN zERN
Despite the difference of a sign, the transform does not enjoy
the peculiar aspects of the Legendre transform or of the
concave conjugate. This suggests a further analysis on the
spaces where the correspondence take places.

The Legendre transform, as well-known, has the property
to change any function for which the transform makes sense
in a convex function, as the sup of affine functions. This
remark leads us to define the Fourier transform in R, as

R ®
36 = = [ (~e0)© dla)da = inf fe— o(a).

As well known qAS(f ) in Ry, has the property to transform a
function (for which the transform makes sense) in a concave
function, as the inf of affine functions.

In R,,;, the idempotent Fourier transform is defined as the
Legendre transform

@
66 =~ [ (~€0) 0 d(a)ds = sup [€x — o(a)
RN Tz€RN
These remarks suggest us to study other analogues in R,
and R,,,x, to confirm the appropriate role of the definitions
of the Fourier transform in R, and R;,.
In an equivalent way we may define the Fourier transform
in Ryin, and Ry, as

D
(&) = - / (—£x) © ¢(x)d,

N

with a different meaning of the integrals.

Remark Provided ¢ and v are real valued convex and
enough regular functions, in Ry,;, the analogue of the result
of Theorem 1 gives us the formula

@ +4"1(€) = inf [6(z) + (¢ — )] =
inf [6(a) +v(n)].

Similar arguments apply to R;,.x. See [1] for references to
these formulas.
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A. Future work direction.

1. Fourier transform properties and its analogues in func-
tional analysis, and Legendre transform and its analogues
in harmonic analysis. Analysis of the properties of the two
transfoms, some of them could be easier to compare while
others requires a detailed study. We wish to point out that
this note could open a discussion about this topic.

2. Study of the spaces. Looking at the role of Parseval
equality in linear analysis, we may consider the extension
of the Fourier transform to the dual of the space S(RY)
(Schwartz spaces). Let 7 € S’(RY) represented by

6 € SMRY) =< T,¢p>cC,
then the Fourier transform of 7 is defined by
<T|¢)=<Tlp> VoeSRY).

The research line is to find suitable classes of enough regular
convex or concave functions corresponding, from the point of
view of idempotent analysis, to S(R™). A subsequent point
is the construction of fundamental solution of linear partial
differential operator (PDO) with constant coefficients. To this
regard, the interest is also jointed to the fact that some PDO

non linear in the classical theory could have a linear analogue
in idempotent analysis.
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