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Abstract— This paper deals with the output-tracking control
problem for a class of non minimum phase nonlinear systems.
In order to provide the desired output tracking features while,
at the same time, stabilizing the internal dynamics in finite time,
a novel cascade-like control structure is devised, which mixes
together first and second order sliding mode methodologies.
The scheme provides asymptotic convergence, under full state
feedback, bringing the main benefit, as compared with previous
literature, that the sliding mode dynamics of the output tracking
error variable is of lower dimension, which simplifies the tuning
of the scheme and gives rise to improved transient features of

the error variables. Theoretical analysis and simulation results
support the effectiveness of the proposed solution.

I. INTRODUCTION

Nonminimum phase output tracking is a challenging and

nontrivial control problem which handles a class of dy-

namical systems, where the internal or zero-dynamics are

unstable, making traditional and powerful control methods

such as feedback linearization [11] and sliding mode control

[?, 19] difficult to apply. Originally introduced as a purely

theoretical problem, it has found itself applicable to many

real-life applications including DC/DC power converters [21]

and aircraft control [13, 17].

Many efforts have been applied to address many of the is-

sues mentioned above. Several control techniques have been

proposed for the noncausal case where the tracking reference

profile is assumed to be known beforehand. An approximate

solution for a special class of systems and trajectories is

proposed in [10]. Exact tracking of a known trajectory given

by a noncausal system is achieved via a stable nonlinear

inverse in [8]. In [16] the authors address the problem of

asymptotic output tracking for a class of nonlinear uncertain

systems, where the output reference profiles are defined

by an unknown linear exosystem with known characteristic

polynomial. The proposed method improves the causality

with respect to the existing state of art, but the assumption

that the characteristic polynomial of the exogenous system

is known makes its impact of mainly theoretical nature. An

extension to the result of [16] has been proposed in [2],
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where the exogenous system, responsible for generating the

output reference profile, is assumed to be unknown, but of

given order, and its characteristic polynomial is identified

on-line via a higher-order sliding mode (HOSM) parameter

observer [1, 12] and it is used for generating the reference

profile for the internal state. A restriction of the method

proposed in [2] is the assumption of internal state availability,

that was later overcome in [4] by designing a suitable

observer. In [3], internal state observation was tackled by

including the presence of unknown inputs.

In the present paper a novel “two-loop” cascade-like

control scheme is devised, which mixes together first and

second order SMC methodologies. The method of Extended

Stable System Center (ESSC) [2, 4] is used to compute

the bounded solution of the unstable internal dynamics.

The proposed solution retains the main convergence and

robustness properties of the existing approaches [2, 4] while

additionally providing the finite time convergence of the

states of the internal dynamics. This leads to the main

improvement that the sliding mode dynamics of the output

tracking error variable is of lower dimension as compared to

the previously available results [2–4], which simplifies the

tuning of the scheme and gives rise to improved transient

features of the output tracking error variables. Additionally,

an uncertain high frequency control matrix is taken into

account in the present work whereas it was always assumed

to be perfectly known in the previous related literature.

The paper is structured as follows. Section II formulates

the problem under investigation, and Section III recalls the

ESSC method for the computation of a bounded admissible

solution of the unstable zero dynamics. Section IV outlines

the suggested cascade-like control scheme, by providing

constructive proof of stability throughout. Section V presents

some simulation results and Section VI draws some conclu-

sive remarks and perspectives for next researches.

II. PROBLEM FORMULATION

Consider a nonlinear MIMO system expressed in normal

form and comprising a nonlinear input-output dynamics and

a linear internal dynamics:








y
(r1)
1
...

y
(rm)
m









= φ(ξ ,η , t)+Bu, (1)

η̇ = Qη +G1 ξ1 +G2 ξ2 (2)

where u = {u1,u2, . . . ,um} ∈ R
m is the control vector, y =

{y1,y2, . . . ,ym} ∈ R
m is the output vector and η ∈ R

n−r is
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the state vector of the internal dynamics, ri (i = 1,2, ...,m)

denotes the relative degree of yi with respect to ui, r = r1 +
r2+ · · ·+rm is the total relative degree and n is the total order

of the system. ξ ∈ R
r is a state vector defined as follows

ξ = [ξ T
1 ξ T

2 ], ξ1 ∈R
r−m

, ξ2 ∈ R
m (3)

ξ1 =
[

ξ T
11, ξ T

12 . . . ,ξ T
1m

]T
(4)

ξ1i =
[

yi, . . . ,y
(r1−2)
i

]T

, i = 1,2, ...,m (5)

ξ2 =
[

y
(r1−1)
1 , . . . ,y

(rm−1)
m

]T

(6)

B ∈ R
m×m is a constant uncertain control high frequency

gain (HFG) matrix, Q ∈ R
(n−r)×(n−r) is the known non-

Hurwitz internal dynamics gain matrix, G1 ∈ R
(n−r)×(r−m)

and G2 ∈ R
(n−r)×m are known matrices, and φ(ξ ,η , t) =

{φ1(·),φ2(·), . . . ,φm(·)}T ∈ R
m is an uncertain smooth and

bounded vector field. The two state components ξ1 and ξ2

forming the overall state ξ according to (3) are related to ξ
by the next expressions

ξ1 = C1 ξ , C1 = [Ir−m 0r−m,m]
ξ2 = C2 ξ , C2 = [0m,r−m Im]

(7)

where Ia stands for the identity matrix of order a and 0b,c

stands for the b× c matrix of zero elements.

The uncertain system (1)-(2) is nonminimum-phase since

by construction the matrix Q has at least one eigenvalue with

positive real part and the internal dynamics (2) is, therefore,

unstable. The problem is to design a vector control law u(t)
providing the causal state tracking of a state reference profile

ξ d(t) given in real-time in the face of the disturbances and

uncertainties affecting the system. More precisely by causal

tracking we mean that at the time instant t = τ the reference

ξ d(t) is only known for t ∈ [0,τ], while the future time

evolution of ξ d(t) is not a-priori available. Define the state

tracking error vector

eξ = ξ d − ξ (8)

and let

ξ d
1 = C1 ξ d , ξ d

2 = C2 ξ d,

eξ1
= C1eξ = ξ d

1 − ξ1, eξ2
= C2eξ = ξ d

2 − ξ2.
(9)

By considering (1) and (4)-(7) it can be easily found

constant matrices E, E1, E2 (containing 0 or 1 entries) such

that ξ̇1 = Eξ = E1ξ1 +E2ξ2, with E1 ∈ R
(r−m)×(r−m), E2 ∈

R
(r−m)×m, and by virtue of which one has that ξ̇ d

1 = Eξ d .

Thus, the next relation holds:

ėξ1
= ξ̇ d

1 − ξ̇1 = Eeξ = E1eξ1
+E2eξ2

(10)

The state vector ξ and the state variable η of the internal

dynamics variables are supposed to be fully measurable, and

the control task is to provide the tracking of the desired

state reference profile while, at the same time, stabilizing

the unstable internal dynamics.

III. A MIXED FIRST/SECOND ORDER SLIDING MODE

CONTROLLER

The availability of the full state vector (ξ ,η) including the

state of the internal dynamics is assumed. The structure of

the suggested “two-loop” cascade-like controller is depicted

in the Figure 1.

A. Computation of a bounded admissible zero dynamics

solution

The bounded reference profiles ηc for the internal states

η should satisfy eq. (2) with ξ1 = ξ d
1 and ξ2 = ξ d

2 . It comes

out the following differential equation

η̇c = Qηc +θ
θ = G1ξ d

1 +G2ξ d
2

(11)

The problem of computing in real time a bounded signal ηc

fulfilling the above differential equation. is accomplished via

using the method of the “Extended Stable System Center”

(ESSC) [4]) which numerically solves the unstable differen-

tial equation (11) without explicit integration, by providing

a bounded estimate η̂c which is generated online and which

asymptotically converges to a true bounded solution ηc of

(11) as time increases, with a prescribed convergence rate.

Two alternative implementations of the ESSC method are

described in [1] and [4]

B. Inner loop design

The design of the inner loop assumes that an outer loop,

yet to be specified, makes available in real time a smooth

vector signal v(t) ∈ R
(n−r) whose time derivative has a

known state- and time dependent upper bound according to

the next Assumption.

Assumption 1: There is an a-priori known scalar function

VM(ξ , t) such that

‖v̇‖2 ≤VM(ξ , t) (12)

Introduce the next sliding variable depending on v(t):

σ = eξ2
+Deξ1

+Hv (13)

where H ∈ R
m×(n−r) and D ∈ R

m×(r−m) are design matrices

to be defined later. By (1) and (6), the dynamics of ξ2 can

be written as follows:

ξ̇2 = φ(ξ ,η , t)+Bu (14)

The sliding variable dynamics then takes the form

σ̇ = ξ̇ d
2 −φ(ξ ,η , t)−Bu+Hv̇+Dėξ1

= ψ(ξ ,η , t)−Bu (15)

with the drift vector field ψ(ξ ,η , t) rewritten as follows on

the basis of (10)

ψ(ξ ,η , t) = ξ̇ d
2 −φ(ξ ,η , t)+Hv̇+DEeξ (16)

Note that the uncertain time derivative of signal v(t),
which fulfills the Assumption 1, enters the above relation.

The next assumptions are cast regarding the additional terms

in (16).
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Fig. 1. Proposed cascade-like control structure

Assumption 2: The reference profile is such that there is

an a-priori known scalar function ΞM(t) such that

‖ξ̇ d
2 ‖2 ≤ ΞM(t) (17)

Assumption 3: There is an a-priori known scalar function

ΦM(ξ ,η , t) such that

‖φ(ξ ,η , t)‖2 ≤ ΦM(ξ ,η , t) (18)

Then, by considering (16) along with the given Assump-

tions 1-3, and noticing that eξ is available for measurement,

it can be found a nonnegative scalar function ΨM(ξ ,η , t)
such that

‖ψ(ξ ,η , t)‖2 ≤ ΨM(ξ ,η , t) (19)

Function ΨM(ξ ,η , t) takes the form

ΨM(ξ ,η , t) = ΞM(t)+ΦM(ξ ,η , t)+ ‖H‖VM(ξ , t)

+‖DE‖‖eξ‖ (20)

Assumption 4: A positive lower bound Λm to the eigenval-

ues of the uncertain symmetric matrix Bs =
B+BT

2
is known

a priori such that

0 < Λm ≤ min
i

λ i
Bs
, i = 1,2, ...,m, (21)

where λ i
Bs

denotes the i-th eigenvalue of the symmetric

matrix Bs.

The unit-vector control algorithm [5] is applied for design-

ing a control vector u providing for the finite time attainment

of the sliding motion along the time varying manifold σ = 0.

The next Theorem establishes the associated result

Theorem 1 Consider the sliding variable dynamics (15)-

(16), fulfilling (19)-(20) and the Assumptions 1-4. Then the

control signal

u =
ΨM(ξ ,η , t)+ρ

Λm

σ

‖σ‖2

, ρ > 0 (22)

guarantees the existence of a finite transient time T1 < ∞
such that σ(t) = 0 ∀t ≥ T1

Proof of Theorem 1 Consider the Lyapunov function

V =
1

2
σT σ =

1

2
‖σ‖2

2 (23)

whose time derivative along the solutions of (15), (22) is

V̇ = σT

[

ψ(ξ ,η , t)− ΨM(ξ ,η , t)+ρ

Λm

B
σ

‖σ‖2

]

(24)

Rewrite (24) as

V̇ = −ΨM(·)+ρ

Λm

1

‖σ‖2

σT Bσ +σT ψ(·) (25)

By exploiting the next trivial chain of relations

σT Bσ = σT

(

B+BT

2

)

σ +σT

(

B−BT

2

)

σ

= σT Bsσ ≥ min
i

λ i
Bs
‖σ‖2

2 ≥ Λm‖σ‖2
2 (26)

that follow from trivial properties of quadratic forms and

skew-symmetric matrices, one can manipulate (25) as

V̇ = −ΨM(·)+ρ

Λm

1

‖σ‖2

σT Bsσ +σT ψ(·)

≤ −[ΨM(·)+ρ ]‖σ‖2+σT ψ(·) (27)

By applying the Cauchy-Schwartz inequality to the last

term in (27), and taking into account (19), it yields

|σT ψ(·)| ≤ ‖σ‖2‖ψ(·)‖2 ≤ ΨM(·)‖σ‖2 (28)

By combining (27) and (28) it yields that V̇ ≤−ρ‖σ‖2 =
−ρ

√
2V which guarantees the finite time convergence to zero

of V (t). Theorem 1 is proven. �

The finite time vanishing of the sliding variable implies

that the following equality holds starting from a certain finite

moment T1:

ξ2 = ξ d
2 +Hv+Deξ1

, t ≥ T1 (29)

Substitution of (29) into (2) yields the expression for the

unstable internal dynamics restricted to the manifold σ = 0:

η̇ = Qη +G1ξ1 +G2

(

ξ d
2 +Hv+Deξ1

)

(30)

The auxiliary control signal v(t) delivered by the previ-

ously mentioned “outer loop” will be designed to give the

dynamics (30) desirable stability features.

C. Outer loop design

Consider the internal dynamics (30) restricted to the

manifold σ = 0. Notice that the matrices H and D are yet

to be designed. The criterion for designing v(t) is that of

guaranteeing the finite time convergence of η to the bounded

solution estimate η̂c of the unstable internal dynamics. The

design of v(t) has also to fulfill the Assumption 1.
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Construct the error vector

eη = η̂c −η (31)

and notice that it can be rewritten as

eη = ηc −η + eηc (32)

where eηc = η̂c − ηc is an asymptotically vanishing term.

Considering (30) and (11), the dynamics of the error vector

eη starting from the moment T1 such that σ(t) = 0 ∀t ≥ T1

is

ėη = η̇c − η̇ + ėηc

= Qeη +(G1 −G2D)eξ1
−G2Hv+ ėηc −Qeηc

(33)

It is worth to remark that the last two terms in the right

hand side of (33) are uncertain. Collect them in a unique

entry, i.e.

εc = ėηc −Qeηc (34)

It can be concluded on the basis of the convergence

features of the ESSC method that signal εc is asymptotically

vanishing along with its derivative. Therefore, it can be found

two positive constants α0 and α1 such that the norm of εc

and that of its time derivative are uniformly bounded starting

from a finite instant, according to

‖εc‖ ≤ α0 ‖ε̇c‖ ≤ α1, t ≥ T̄ (35)

Let us select matrix H in such a way that matrix G2H is

nonsingular. Then, vector v is constructed as follows

v = (G2H)−1
[

Qeη +(G1 −G2D)eξ1
+w

]

(36)

which gives rise to the perturbed closed loop dynamics

ėη = w+ εc (37)

It is worth to point out that the closed loop dynamics (37)

is formed by (n− r) decoupled subsystems. Denote as eη, j,

w j and εc j the respective j-th entry of vectors eη , w and εc

( j = 1,2, ...,n− r). By differentiating (37) and considering

the separate dynamics of each error variables it yields the

scalar uncertain dynamics

ëη, j = ẇ j + ε̇c j, j = 1,2, . . . ,n− r (38)

In order to provide for the finite time convergence to

zero of the pair (eη, j , ėη, j), the time derivative ẇ j of the

j-th control component is set according to the Sub-Optimal

second order sliding mode algorithm [6], i.e.

ẇ j(t) =−WMsign

(

eη, j(t)−
1

2
eη, j(t

j
Mi)

)

, w j(t
j
M0) = 0

t
j
Mi ≤ t < t

j
M,i+1, j = 1,2, . . . ,n− r (39)

where t
j
M0 = 0 is the initial time instant , t

j
Mi (i = 1,2, . . .) is

the sequence of time instants at which ėη, j

(

t
j
Mi

)

= 0, and

WM is a control gain satisfying the inequality

WM > 2α1 (40)

As demonstrated in [6], controller (39)-(40) guarantees the

finite time convergence to zero of eη and ėη governed by

the dynamics (38) subject to (35). More precisely, under the

considered feedback there is T2 ≥ T1 such that

eη(t) = ėη (t) = 0, ∀t ≥ T2 (41)

Let us now derive a state dependent (and measurable

in real-time) upperbound VM(ξ , t) to the norm of the time

derivative of v(t) as specified in the Assumption 1. By

differentiating (36) we get

v̇ = (G2H)−1
[

Qėη +(G1 −G2D)ėξ1
+ ẇ

]

(42)

By substituting (37) and (10) into (42) one gets

v̇ = (G2H)−1
[

Q(w+ εc)+ (G1 −G2D)Eeξ + ẇ
]

(43)

Note that all entries of ẇ have constant magnitude WM, in

accordance with (39), hence the norm of ẇ can be a-priori

bounded as

‖ẇ‖ ≤ (n− r)WM (44)

Considering (35) and (44), and noticing that signals w and

eξ are available for measurement, function VM(ξ , t) can be

expressed as

VM(ξ , t) = ‖(G2H)−1Q‖(‖w‖+α0)

+‖(G2H)−1(G1 −G2D)E‖‖eξ ‖
+‖(G2H)−1‖(n− r)WM (45)

D. Stability of sliding mode dynamics

We are now in position to analyze the stability features

of the system trajectories restricted to the manifold σ = 0

and under the additional condition (41), thereby providing

suitable criteria for choosing the design matrix D.

By exploiting (41), relation (33) turns into

(G1 −G2D)eξ1
+ εc = G2Hv (46)

which allows us to derive the associated equivalent control

v = veq = (G2H)−1
[

(G1 −G2D)eξ1
+ εc

]

(47)

where signal εc is asymptotically vanishing. Relation (47)

can be substituted in the sliding mode equation σ = 0,

yielding, after simple manipulations

eξ2
=−

(

D+H(G2H)−1(G1 −G2D)
)

eξ1
−H(G2H)−1εc (48)

Finally, taking into account (10) and (48) one obtains the

equivalent dynamics

ėξ1
= E1eξ1

+E2eξ2

=
(

E1 −E2

(

D+H(G2H)−1(G1 −G2D)
))

eξ1

− E2H(G2H)−1εc = Meξ1
−E2H(G2H)−1εc (49)

which describes the motion of the system when the sliding

mode conditions σ = 0 and eη = ėη = 0 are simultaneously

in force. The last term is a uniformly bounded and asymp-

totically vanishing input that does not affect the asymptotic
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stability of (49), which only depends upon the fact that ma-

trices D and H should be selected to make the characteristic

matrix

M = E1 −E2

(

D+H(G2H)−1(G1 −G2D)
)

(50)

of (49) an Hurwitz one. Rewrite (50) as

M = E1 −E2H(G2H)−1G1 +E2

(

H(G2H)−1G2 − I
)

D

(51)

and let us make the next assumption

Assumption 5: It can be found matrix H such that the

matrices E1 −E2H(G2H)−1G1 and E2

(

H(G2H)−1G2 − I
)

form a controllable pair.

Under the above assumption, it is immediate to conclude

that one can select the design matrix D to arbitrarily locate

the eigenvalue of matrix M in (51). It is worth noting that the

Assumption 5 is sufficient, but not necessary, and a suitable

pair (D,H) making matrix M an Hurwitz one can be found

also without needing the Assumption 5 to be in force. In this

case, however, one cannot arbitrarily assign the spectrum of

M anymore.

E. The overall scheme

Let us summarize the implementation steps of the overall

scheme outlined so far and represented in block form in the

Figure 1.

1. An arbitrary state vector reference profile ξ d is selected

at the beginning, from which ξ d
1 and ξ d

2 are extracted in

accordance with (9).

2. The asymptotically converging estimate η̂c of the

bounded internal dynamics solution is computed via the

ESSC method outlined in [4].

3. Select matrix H in such a way that matrix G2H is non-

singular and the marix pair mentioned in the Assumption 5 is

controllable. Then, select matrix D to make the characteristic

matrix M=E1−E2

(

D+H(G2H)−1(G1 −G2D)
)

of (49) an

Hurwitz one.

4. Construct the outer loop output vector v according to

(36), (39)-(40).

5. Construct the plant input u according to (22),(13),(20),

(45).

IV. SIMULATION RESULTS

The efficacy of the proposed algorithm is illustrated by

means of numerical simulation. A 5th order MIMO non-

minimum phase system is considered. It is excited by two

harmonic signals. The system is modeled based on the

following differential equations:











ÿ1 = 3 ẏ1 + 4y1 − 5y2 +η − sin(3 t)+ u1 − u2

ẏ2 =−y1 + 3y2 − 2η + cos(2 t)+ 3u1 − 2u2

η̇ = 3η + 2 ẏ1 − 3y1 + 4y2

0 5 10 15 20 25 30 35
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1

Fig. 2. The 1st output vector ξ1 (full scale)
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Time, sec

 

 

ξ
1

d ξ
1

Fig. 3. The 1st output vector ξ1 (zoomed)

The two output vectors are composed as ξ1 = [y1] and

ξ2 = [ẏ1,y2]
T . Output reference profiles are defined as

ξ d
1 = [yd

1 ] = 5+ 2 sin(1.5 t)− 8step(15)

ξ d
2 =

[

ẏd
1

yd
2

]

=

[

3 cos(1.5 t)
−1.5+ cos((4.5− 3step(15))t)

]

Note that both output profiles feature a discontinuity at

t = 15, intentionally introduced to test the robustness of the

method. Reference profile ηc for the internal dynamics η
is calculated online based on the properties of ξ d

1 and ξ d
2 .

The ESSC filter is of the 5th order since it must handle two

harmonic signals and a constant bias.

Design matrices H and D in (24) are chosen to be

H =

[

1

−0.25

]

, D =

[

−3

−0.2

]

Value of the former affects gain matrix G2 H = [1] while

the latter affects stability of the outer loop, i.e. sets M =
−2. Inner loop control (22) is implemented, for the sake of

simplicity, with a constant magnitude 2000, while the gain

WM of the outer loop control (39) is set to WM = 1000.

Simulations are made by means of the VisSimT M software

using Euler integration method with fixed simulation step

size of 10−6 sec. The corresponding plots are shown in

the Figures 2–7. Figures 2-4 illustrate the output tracking

performance of the controller, showing its correct functioning

and good accuracy. The discontinuity of the output profile

affects both tracking performance of the internal dynamics,

and performance of the ESSC filter since its parameters

are calculated with respect to properties of output reference

profiles (see Figure 5). Finally, Figures 6-7 show the

boundary layer evolution of the outer loop sliding variable σ
(whose size depends on the chosen simulation step size) and
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Fig. 4. The 2nd output vector ξ2 (zoomed)
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Fig. 5. The internal dynamics η and SSC filter performance, i.e. input θ
and output η̂c (shown as ηc).

the time evolution of the inner control v which is designed

to be continuous with discontinuous bounded derivative.

V. CONCLUSIONS

The output-tracking control problem for a class of non

minimum phase nonlinear systems is tackled via a combined

first/second order sliding mode approach that stabilizes the

internal dynamics in finite time which gives rise to im-

proved transient features of the error variables. Besides the

utilization of an observer to dispense with the availability for

measurements of the internal state, it is a problem currently

under investigation the development of a solution approach

not needing the perfect knowledge of the internal dynamics

characteristic matrix Q, an important but challenging task

which demand a complete rethinking of the ESSC method-

ology.
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