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Abstract—This paper suggests a new approach for simul-
taneous recursive identification of an unknown time delay
and dynamic parameters of discrete-time delay systems. The
proposed algorithm is based on a new formulations allowing
to admit the unknown time delay in the parameter vector.
The recursive least-squares method is then used to solve the
obtained system. A simulation study is included to illustrate
the merit of our algorithm.

I. INTRODUCTION

Recursive identification of time delay systems has re-
ceived great attention in the last years since a broad class
of physical systems includes time delay phenomena in their
dynamics. Time delays arise in physical, chemical and
economic systems, as well as in the process measurement,
communication and control [20]. Neglecting its presence
may lead to a the emanation of complex behavior [23],
[16].

Several approaches have been proposed in the literature
for the identification of time delay system identification
(11, [2], [6], [4], [3], [S], [7], [8], [9], (101, [11], [12],
[13], [14], [15], [18], [19], [22], [27], [26], [25]. These
approaches can be classified into two classes of models:
continuous time models and discrete-time models.

This paper addressed the problem of simultaneous re-
cursive identification of discrete-time systems. Indeed, this
approach consist in constructing a new generalized regres-
sion vector which defined the time delay and the rational
dynamic parameters in the same vector and in using the
recursive least squares algorithm to solve the obtained
system. This paper is organized as follows. Section 2
presents the model and its assumptions. In Section 3,
we propose the new algorithm for simultaneous recursive
identification of an unknown time delay and parameters
of discrete-time delay systems. Moreover, we develop the
statistics properties of the estimates in order to show that
the obtained estimates are unbiased. Simulation results are
presented in Section 4.

II. PROBLEM STATEMENT

In the following, we address the problem of estimating
the time delay and the parameters of the following system:

Alg " )y(k) =g "OB(g"ulk) +v(k) (1
where u(k) and y(k) are the system input and output,
respectively, v(k) is a white noise, d(k) is the time delay,
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A(g™") and B(q~") are two polynomials in the unit back-
ward shift operator g~!, [i.e. ¢~ 'y(k) = y(k— 1)], defined
by:

Alg Y =14a(k)g "+ ...+ an,(k)g "™

B(g ") =bi(k)g "+ ...+ by (K)g ™

The following assumptions are made:

Al. The polynomials A(¢g~!) and B(¢~!) are coprime.

A2. The orders n, and n; of the model are known.

A3. The input sequence {u(k)} is a stationary ergodic
process, independent of v(k) and is persistently
exciting.

A4. The disturbance v(k) is a sequence of indepen-
dent, identically distributed random variable with
zero mean and finite variance 62.

AS5. The input, the output and the noise are causal, i.e.

u(k) =0, y(k) =0 and v(k) =0 for k <0.
Problem statement: The goal is to develop a recursive
algorithm to estimate, simultaneously, the time delay d(k)
and the parameters {a;(k),b;(k)} using the input/output
measurement data {u(k),y(k)}.

In the following, we present two necessary definitions:

Definition 1. Operator round(d) is defined by:

int(d)+1 if d—int(d) > 0.5
round(@)  { "L T ATID 205
int(d) if d—int(d)<0.5
where int(d) denote the integer part of d.
Definition 2. Operator d(.) is defined by:
d(.) = round(d(.)) 3)

III. THE PROPOSED APPROACH

This paragraph proposes an alternative solution for
the purpose of simultaneous recursive identification of
an unknown time delay and parameters of discrete time
systems.

Equation (1) can be rewritten as:

y(k) = @(k,d(k))6 +v(k)

“)
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where 6 is the parameter vector and @(k,d(k)) is the
observation vector which are defined as:

@k, d(k)) = [-y(k—1),=y(k=2),...,—y(k —na),
wlk—d(k) —1), oo u(k — d(k) — )]

0 = [a1(k),az(k),...,an, (k), b1 (k), b2 (k), ..., b, (k)]

Then, the estimated output is described by the following
relation:

&)

T

(k) = p(k,d(k))6 (6)

where 6 and d represent the estimated parameter vector
and the estimated time delay.
Now, let consider the prediction error:

= (k) = 9(k) = y(k) — p(k,d(k))6 @)

This formulation does not admit the unknown time delay
in the parameter vector and consequently it is not directly
applicable to achieve our objective which is simultaneous
recursive identification of the time delay and the parameters
of time delay systems. To overcome this problem, we sug-
gest to consider the time delay in the vector of parameters
to be estimated. Indeed, the new vector, called generalized
vector of parameters, is given by:

0 = [0",d(k)]

Moreover, we propose the use of the negative gradient of
the error to obtain an appropriate observation vector which
is given by :

e(k) ¢

T

A de
k, 6 - T~ 8
¢ (k,6c) 900 (®)
Then,
¢w@>—[wwfw»—4%—T ©
y UG ) ) adA(k)
Using the approximation of Ln(g) ~ 1 —¢ ", we obtain:

}’lb - T
9(66) = [<PT(kad~(k)), =Y big " Puk—i)(1—-q7")
i=1
10)

Replacing ¢ (k,d(k)) by its expression, the generalized
vector parameters is obtained :

[ —y(k—=1) 1
; (k Na)

A q —d(k )u.(k—l) (11

g~ "Wk —np)

where Au(k) =

An estimation éG of O¢ is obtained by the minimization
of the following criterion:

1 & k—i (2
EZ/'L e(i)

i=0

J(k,8G) = (12)
where 0 < A < 1.

Then, the partial derivative of the criterion with respect
to the generalized vector parameter is:

o &4 deli S ki
A 20§t giuboen o
i=0 i=0
So,
aJ 7

where
V== %‘Z(k)f?i(k)q 0 Ak — i)
i=1
Then,
a% _Ek'le ) [9() — 07 (i, 86)66 + v

) [y(i) + v — 9" (i,66)66]

__Z/'Lkl

Canceling the partial derivative of the criterion, we obtain:

Z/'Lkl

-1

0" (i, 6c)
(15)

Z/l" ’ (i) + v
Let,

Z/'Lkl

Under the PE assumptions R(k)’1 exist ([24]), then,

é 121]{1

9" (i,66) (16)

(@) + vl

k—1
l<zakwmaama+w
i=0

+0(k, 06) [y(k) + v])

Using equation (15), we have:
T (AR(k—1)06(k— 1)+ ¢ (k, B6)
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Hence,
k
R(k) =Y A*"9(i,06)0" (i, 6c)
i=0

AR(k—1)+¢(k,06)¢" (k,0c)

Then,
b (k) = R(k) ™" (R(k)Bg(k— 1) — ¢ (k, 86)9” (k,06)06(k—1)
+0(k, 66) [y(k) + w])

So, . . A
0 (k) = O (k—1)+R(k) "' ¢ (k,B)

(=97 (k,66)06(k — 1)+ [y(k) + y])
It follows from (17) that:
0 (k) = B (k—1)+R(k) ' 9 (k,66) (y(k) -
Thus,

a7)

b (k,d(k)))

N

86(k) = 66(k— 1) + PO (k. Bg)e(k)  (18)

Where,
P(k) = [AR(k— 1) + ¢ (k,06)07 (k,66)] '

Using the matrix inversion lemma ([24]) given by:
1

(19)
Let B=AR(k—1), C= ¢(k,0c) and D = ¢(k,0¢)", then,
P(k—1)9(k,06)9" (k. 66)P(k— 1)

we have:
Plk—1)— ~ —
A + ¢T(k7 GG)P(k - 1)¢(k7 GG)
(20)

The application of the proposed algorithm is summarized
by the following step by step algorithm:

Stepl:set 6 = 6G, = [0(1 1a)>O(1,06),0] and P =
Blin,4n,+1) Where B is a scalar and I, p, 1) is
the identity matrix of size (na+nb+1) and k =0.

Step2: Increment k and construct the observation vec-
tor @(k,d(k)), the generalized observation vector
¢” (k,0c) using (4) and (10).

Step3: Computing the ¢ using (21, 22, 23):

[B+cp"] ' =B'—B 'cD"B ' [1+D"B'C]”

P(k) =+

~ A

e(k) = y(k) = ¢(k,d)6 (k— 1) @21
P(k) = l P(k— 1) _ P(k_ 1)f(kv?G)¢T(ku éG)P(kA_ 1)
(22

06(k) = 6 (k— 1)+ P(k)¢ (k, bG)e (k) (23)

Step4: Return to step 2 until k = N whereNis the number
of input/output data.
Lemma
For the estimate (15) with the assumption A4, the following
proprieties are hold:

Pl.  Og is an unbiased estimate of 6c.

P2.  The covariance matrix of Ogis given by:
E[(66—66) (06— 66)"] =
; - (24)
< Ak’¢<i,9c)¢<i,ec)T> o)
i=0
Proof

If we replace the equation (4) in (15), we have:

k

71 k
bg = [Z A*6(i,06)07 (i, e(;)] Y A5 (i,66) [v(i) + v
i=0 i=0

Then,

x -1

Y A*10(i,06)97 (i, 66)

i=0

A

0 =

k
Y A (i,66) [9(i,d)0 +v(i) + y]

i=0

0 =

k k

Y A0(i,66) [(i,d)6 + v

i=0

;

—1
AK9(i,06)97 (i 6@]

i=0
k

Y A5 9(i,66)0" (i, 66)

i=0

k

Y A0 (i, 66)v(i)

i=0

+

So,

E [ég} =06+
k

)y

i=0

k

;}Mﬂp(f, 06)v(i))
- 25)

-1
E( )Lkii(p(iv GG)(PT(iv GG)]

Since ¢ (i, 0g) (10) is independent of v(i), then:

E[0g] = 6 (26)

Which proves (P1).0J
Consider the following first order Taylor series expan-
sion around the real parameter of 6g

dJ(k,0g)  dJ(k,0) 9%J(k,6G) A
SR LAPS 0 — 0 27
89(; aeG aeé ( G G) ( )
Since MZGG) =0, it derives from (27)
G
5 R 2J(k,06)] " 9J(k,6
(86 — 86) (86— 66)" = [ o ] f;eGG)
v (28)

J(k,05)

d%J(k,65)
265

T -1T
[ } K 203 ) ]
The second partial derivative of the criterion with respect
to the generalized vector parameter is

(e(i) d%e(i) _ de(i)
0?6  96g

k

Zlkfi

i=0

az‘l(ku GG)
962

¢(ia9G))
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So, Then,

2
02 Ja/gzec Z)Lk ,( 829( i) +6(,8 )‘PT(iv GG)) <

Using the small residual algorithms, the following term x(k) = [AR(k—1)+ ¢(k, 06)07 (k, éc)] O (k—1)+

x(k) = R(k)0g (k— 1) + ¢ (k, 8 )e(k)

can be neglecting ([21]), then: o(k, éc)e(k)
Z)’k i a e( ) =0 R N A LA
) 3766 x(k) = AR(k—1)8c(k — 1) + (k. 66) 6" (k, 06) O (k — 1)+
2 (P(kv éG)e(k)
Hence, an approached of J(k’zeG) is obtained: . .
6. Adding and subtracting y:
927 (k, 8G) Z A1 (606, 8607 (,60) x(k) = AR(k—1)8G(k— 1)+ ¢ (k. 06)¢" (k. 06) O (k — 1)+
892 9(k,06)(y(k) —6@(k— 1)+ y)
. 9J(k,0c) 0J(k,66)" ~ So, A
Applying the mean value of 260 260 , we get: x(k) = Ax(k— 1)+ ¢ (k, 8) (y(k) + v)
£ | 27k 66) 97 (k, 0)"| Then,
d0g d0g N . .
x(k) = A*x +ZA '0(i.06)0()+v)  (32)
Zl" ’ (i,66)" E(e(D)e(D)") -

It follows from (31) that:

So, —1
b (k) = | A*R(0 +ZA" '9(i,60)9" (i,60)
AJ(k,06) dJ(k,06)" | & ., r o G l 7
E ) ’ _ Ao o ) ‘ 1
[ aGG aeG l;() ¢(l7 G)‘P(l? G) GL i=
Then’ we have: (A’k‘x(o) + Zl A’k71¢(i, eG)(y(l) + ll’))
i=
E[(66—66) (66— 66)" | = _1
T N
20\ & : 27\ ! b (k) = | A*R(0) + Zlk ' 0" (i,0c)
E|(=25 A 0(i,06)9(i,600) 0f | | =25
[(89é> ¥ 270(0.06)9(0.00)"0% | (552 .
(29) A*R(0 +ZA" ’ (i) + )
Finally, we obtain:
~1 . . A .
R If R(0) is small, (P(0) is large), then Og(k) is expressed
E[(66—06)(06—0c)"] = (Z Al (i 9G)<P(i,96)T> vby
i=0 —1
(30) N 2k BereT (16
Which proves P2. [J - ;A 9(i,66)9" (i, 6)
8 (34)
k i )
i .
A. The initial value choice of P (Z{A ¢ (i, 06) (v (i) + ‘I’))
i=
The covariance matrix P is given by:
X Then, to ensure the parameters convergence, we choose a
k - . . . . .
o . gain P(k) initially high (P(0) >).
P(k) = [ZA" ’¢(z,ec>¢T(z,ec>]
i=0 IV. SIMULATION RESULTS
‘ i T A Now, we present a simulation example to illustrate the
R(k) = |A"R(0 +Z)“ 9(i 6G)¢ (i, 66) performance of the proposed approach for simultaneous
= and recursive identification of the unknown time delay and
Let consider, A the parameters of time-varying delay systems.
x(k) = R(k)8g (k) (3D The simulations are performed under the following con-
Replace éG(k) by (17): ditions:
. A o The input {u(k)} is a persistent excitation signal
x(k) = R(k) {9(; (k—1)+R(k) o (k, Gg)e(k)} sequence with zero mean and unit variance.
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« The additive noise {v(k)} is a white noise sequence
with zero mean and constant variance GVZ computing
to obtain the desired Signal-to-Noise Ratio (SNR):

o2
SNR(db) = 10L0g[6—x2]

v

(35)
where o2 is the variance of the noise free output
sequence {x(k)}.

o The estimation starts with zero initial values for the
parameters and the time delay.

Consider a first-order plus time delay system given by:

Tpy(t) +y(1) = Kpu(t — (1)) (36)
.t
where 7(1) = 0.5+ |szn(%)|, K,=1and T, =2.
The evolution of the time delay is given by:

time(s) |
0 200 400 600 800 1000 1200

Fig. 1. Variation law of the time delay 7.

Since T=dT,+¢€,0< € <T,, T, is the sampling period and
d is a non-negative integer, it can be easily shown using
Zero Order Holder (ZOH) that (36) is given by:

Alg " )y(k) =g WB(g ulk—1)+v(k)  37)

where
Alg ) =1+aiqg™"

B(g ") =big ' +b(k)g*

Thus, the fractional delay € gives rise in the z-domain to
a pole at the origin and to a real negative zero. Suppose
the sampling frequency is 2Hz, we can obtain the plant
model in the discrete time domain, The system’s output is
subject to additive zero mean white noise. The Signal-to-
Noise Ratio (SNR) is equal to 15dB on system’s output.

Fig. 2— 5 show the evolution of the real and the estimated
parameters and the time delay:

25

20

1000 1500 2000

Fig. 2. The evolution of the real(—) and the estimated (- -)
parameters a(k).

1000 1500 2000

Fig. 3. The evolution
parameters b (k).

of the real(-) and the estimated (- -)

}
R |

—

1000 1500 2000

Fig. 4. The evolution
parameters b (k).

of the real(-~) and the estimated (- -)

- @
l!!!!!f

L

o

n
o==a==7

500 1000 1500 2000

Fig. 5. The evolution of the real(-) and the estimated (- -) time
delay d(k).

From Fig. 2— 5, we can remark that the proposed method
gives acceptable precision. Indeed, The estimates converge
reasonably fast to the true values.

A validation of the model is realized. Fig. 6 gives the
evolution of real output y(k) and estimated $(k).

--- (k)
y (k)

1000 1500 2000

Fig. 6. The evolution of the real(—) and the estimated (- -) outputs
signals.
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This figure shows that the estimated output $(k), which
is generated by the proposed approach, tracks fastly and
accurately the true output.

V. CONCLUSION

In this paper, we have addressed the problem of identi-
fication of discrete-time delay systems. In fact, we have
proposed a new approach for the simultaneous identifi-
cation of the unknown time delay and the parameters of
these systems based on recursive algorithm. The proposed
approach consists in constructing a linear-parameters for-
mulation that will used to estimate the time delay and
the parameters using recursive least squares algorithm.
The obtained estimates were shown to be unbiased and
an expression for their covariance matrix was given. This
efficiency of the considered algorithm is illustrated by a
simulation example of time delay varying systems.
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APPENDIX

Let consider the shift operator and the backward difference
given, respectively, by (38) and (39)

qu(k) =u(k+1)
Au(k) = u(k) —u(k—1)

(3%)
(39)

So,
Au(k) = (1—q " u(k)

We can infer the identity between the shift operator and the
backward difference ([17]), then:

A=1—g!

It is equivalent to
gl=1-A (40)
Applying the Logarithm function of both side of (38), we get:
Ln(q) = —Ln(1—A)

Using the series expansion of Ln(1 —x), we have:
1 1
Ln(q) = A+ §A2 + §A3 +...

Finally, we use a first order approximation of the shift operator
given by:

(4D

Ln(g)=A=1—¢"" (42)

1927



