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Abstract— The performance of precision mechatronic sys-
tems is restricted by their first dominant resonant mode. Damp-
ing techniques have be employed to suppress this resonance
peak and improve the performance. To increase the bandwidth
of the system feed-forward techniques have been used but they
can be very sensitive to modeling errors as well as loading
effects. In this paper a simple frequency shifting controller is
introduced and is combined with Integral Resonant Control
(IRC). Using these controllers can increase the bandwidth of
the system to a desired amount. Systems with colocated sensor-
actuator pairs exhibit the interesting property of pole-zero
interlacing. IRC exploits this property by changing the pole-
zero interlacing to zero-pole interlacing. The unique phase
response of this class of systems enables a simple integral
feedback controller to add substantial damping.

I. INTRODUCTION

Unwanted excitation of system resonances produce vi-

bration that can substantially degrade the performance and

life time of many mechatronic systems [1]. Damping these

vibrations has been a key research focus which has led to

innovations in a multitude of areas such as structural design,

novel materials, and control [1]. Yet, unwanted vibrations

are a part of many technological systems and continue to

motivate research in vibration control. Both passive and

active damping techniques have been widely reported in the

literature. Passive damping techniques have the advantage

of needing no sensing or supervisory control but can be

limited in performance and may be sensitive to changes

in system resonance frequency. Active techniques may be

more complicated but have the potential to overcome the

performance limitations of passive systems [2].

Current damping controllers include Positive Position

Feedback [3], Positive Velocity and Position Feedback [4],

resonant control [5], and robust control [6]. A drawback of

many present control techniques is the high-order controller

required to control a system with multiple resonances. To

avoid this difficulty, Integral Resonant Control (IRC) was

proposed as a simple, low-order scheme capable of damping

multiple modes while retaining high stability margins [7].

In this work we are interested to study the nanoposi-

tioning systems as our system. Damping techniques for

these positioners are applied successfully to suppress the

resonance peak but their performance still is limited by

the the maximum bandwidth of the system. To overcome
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the bandwidth limitations, researchers currently design new

mechanical platforms [8]. In this work a modified control

scheme is introduced, which increases the bandwidth of

interest well beyond the initial bandwidth.

A. Overview

In section II, a fourth order model (for two resonant

modes) is identified to match the measured frequency re-

sponse of one axis of a commercially available nanoposition-

ing platform. A detailed analysis of the resonance-shifting

method is presented. Section III describes how the resonance-

shifting technique and IRC technique results in a substantial

increase in the overall positioning bandwidth. Section IV

presents simulation results along with a performance com-

parison of the modified controller with standard IRC. VI

concludes the paper.

II. SYSTEM MODELING

Piezoelectric nanopositioning systems are either tube-type

or stack-actuated platforms. In both cases, the system fre-

quency response functions (FRF) exhibit a dominant lightly

damped resonance mode and can be modeled as a second

order system. Transfer functions of these systems are of

the form (1), where ζ is the damping coefficient and ωp is

the resonance frequency. To compensate for the truncation-

induced modeling error, a small and positive feed-through

term d is usually introduced [9].

G(s) =
σ2

s2 + 2ζωps+ ω2
p

+ d. (1)

Throughout this paper, a second order model (2) of the nano-

positioning platform reported in [10] is used.

ˆG(s) =
8.3782× 106

s2 + 57.2s+ 6.657× 106
. (2)

A detailed fourth-order model which includes the higher

order colocated dynamics is given by (3):

G(s) =
8.3782× 106s2 + 2.1161× 108s+ 1.05× 1014

s4 + 114s3 + 1.926× 107s2 + 1.2× 109s+ 8.39× 1013
.

(3)

Fig. (1) plots the measured FRF, the fourth-order model

magnitude plot, and the pole-zero map of the model which

shows pole-zero interlacing.

In this paper, a three step control design is introduced as

follow:

• Resonance-shift Controller, which is a negative unity

feedback loop
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• Damping Controller, which employs the IRC technique

in positive feedback loop

• Tracking Controller, which is an integral controller

implemented in negative feedback loop

Each step is discussed in detail in the following section.

III. CONTROLLER DESIGN

Step1: Resonance shifting - Usually a triangle wave

and a ramp signal are used to create a raster pattern that

the nanopositioner follows. The triangle wave is a high-

bandwidth signal consisting of (ideally infinite) odd harmon-

ics of its fundamental frequency. The achievable positioning

bandwidth is limited by the resonance frequency of the

platform axis and quite often, the fundamental frequency

is chosen to be 1/100th of the platform resonance. The

resonance-shifting controller is introduced to overcome this

constraint. This controller is basically a negative proportional

feedback loop Fig. 2(a).

This controller not only shifts the resonance peak but also

increases the maximum peak value (by reducing ζ). This

negative feedback loop is always stable for a second order

system and by increasing the gain k̂ the DC gain of the

loop approaches unity. This is shown below where H1 is

the transfer function for the resonance-shifted closed-loop

system:

Ĝ =
σ2

s2 + 2ζωps+ ω2
p

H1 =
k̂G

1 + k̂G

H1 =
k̂σ2

s2 + 2ζωps+ ω2
p + k̂σ2

(4)

Henceforth, the system subjected to damping and tracking

controller is given by:

H1(s) =
σ̄2

s2 + 2ζ̄ω̄ps+ ω̄2
p

where σ̄2 = k̂σ2 and ω̄2

p = ω2

p + k̂σ2.

By comparing the platform transfer function and H1, rela-

tionships between ζ̄ and other parameters can be identified:

2ζ̄ω̄p = 2ζωp

⇒
ζ̄

ζ
=

ωp

ω̄p
(5)

Equation (5) shows that increasing resonance frequency by

a factor of α will reduce the damping ratio by 1/α. In

most closed-loop second-order system analysis, the damping

ratio is usually neglected for sake of simplicity. The same

simplification will be applied to all the analysis presented

in the work that follows. As we have further reduced the

damping coefficient, this simplification is more valid. The

DC gain of H1 is k̂σ2/(ω2

p + k̂σ2). Since for most of the

systems σ2 and ω2

p are almost equal, the DC gain can be

estimated as:

DCgain ≈
k̂ω2

p

(k̂ + 1)ω2
p

≈ 1 = 0dB

1) Relation between sensor bandwidth and k̂: Sensor

bandwidth is one of the limiting factors for the amount

of resonance shift. The shifted resonance should be within

the sensor bandwidth γ. Considering shifted resonance fre-

quency be (ω2

p + k̂σ2)1/2, then:

(ω2

p + k̂σ2)1/2 < γ

k̂ <
γ2 − ω2

p

σ2
(6)

Step 2: Damping Controller - The general concept of the

IRC design can summarized below:

Given that a colocated system G(s) with pole-zero inter-

lacing is to be damped, an adequate feed-through term ‘d’

can first be added to the system to reverse the interlacing

from pole-zero to zero-pole. Furthermore, if a simple inte-

grator C(s) = k
s is implemented in positive feedback with

such a modified system Ĝ(s) = G(s)+d, as the integral gain

‘k’ is increased, the poles of the system traverse a curve

where first they move away from the imaginary axis, into

the left-half complex plane (thus increasing their damping

coefficient) and then back towards the imaginary axis till

they reach their correspondingly paired zero (with reduced

damping).

2) Relationship between feed-through, damping and IRC

gain: In [11], a full mathematical derivation of the relation-

ship between feed-through, damping and IRC gain has been

presented. The main results are summarized below.

Theorem 1: Consider a colocated system with a pair of

complex poles at ±jωp and feed-through induced zeros at

jωz > jωp/3. If the IRC strategy is implemented, the

maximum damping achievable is given by

ζmax =
1

2





ωp
√

ω2
p + σ2/d

− 1



 . (7)

The controller gain required to reach this maximum damping

is given by

k =
1

|d|






ωp

√

√

√

√

ωp
√

ω2
p + σ2/d






, (8)

where ωz =
√

ω2
p + σ2/d with respect to d.

Step 3: Tracking controller - The IRC algorithm has been

applied to damp the resonances of various precision position-

ing systems, especially nanopositioners [12]–[16]. Nanopo-

sitioning systems generally employ piezoelectric actuators

that tend to introduce nonlinear effects such as hysteresis

and creep. To minimize the positioning errors introduced

by these phenomena, a damping controller such as IRC is

used in conjunction with a simple integral tracking scheme

[10], [17]. A block diagram of the typical control scheme
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Fig. 1. (a) shows the measured FRF and the fourth-order model magnitude plot. The identified model is sufficiently accurate with respect to measured
data. (b) The pole-zero map shows that the system exhibits pole-zero interlacing.
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Fig. 2. (a) Block diagram of the Resonance-shifting controller. This controller consist of a gain implemented in a negative unity feedback. (b) Magnitude
response of the original system and the resonance-shifted system.

r
yu

d

G(s)
k
s

kt

s k̂

di do
ỹ
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Fig. 3. (a) Block diagram for the Resonance-shifting controller, IRC damping controller and Integral tracking controller scheme where d is the feed-through

term, k̂ is the resonance shifting gain, k is the IRC damping gain and kt is the integral tracking gain.
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incorporating both IRC damping and integral tracking along

with the resonance-shifting controller is shown in Fig. (3).

In Fig. (3), the transfer functions of interest for quantifica-

tion of positioning performance are y/r (output to input) and

y/di (output to input disturbance). To find the characteristic

equation C(s), four loops L1, L2, L3 and L4 are defined as

below:

L1 = −k̂ ×G(s)

L2 =
k

s
× k̂ ×G(s)

L3 =
k

s
× d

L4 = −
kt
s

×
k

s
× k̂ ×G(s).

Using Mason’s rule, C(s) is the numerator of (9).

1− (L1 + L2 + L3 + L4) + (L1L3) (9)

Roots of the denominator of (9) are zeros of different transfer

functions or they may cancel out. But the zeros of (9) are

the poles of the final closed-loop transfer function. Stability

of the closed-loop transfer function is the most important

factor in any control application. H1 as defined before, can

be considered as the new system which needs to be damped

and tracked. Hence, the relationship between damping and

tracking controller can be defined by Theorem 2 [11].

Theorem 2: Let k and kt be the IRC damping and integral

tracking gains respectively. Then, for the closed-loop system

as implemented in Fig. (3) to be stable, the gains must obey

the following inequality:

ktk < −
σ̄2 + dω̄2

p

d2
(10)

This theorem proves that damping and tracking gains are

related in the IRC scheme and cannot be arbitrarily tuned

independent of each other.

Corollary 3: For a given second order system controlled

using the scheme shown in Fig. (3), there exists an absolute

maximum value for ktk. The corresponding maximum value

is related to d by:

d = −2
σ̄2

ω̄2
p

= 2dc (11)

max {ktk} =
ω̄4

p

4σ̄2
(12)

IV. SIMULATION AND RESULTS

For simulations presented here, the FRF measured for one

axis of the PI-734 XY nanopositioning platform [10] was

used. This platform has a dominant resonant mode at 411Hz
and shows pole-zero interlacing for higher frequencies, mak-

ing it an appropriate choice for the IRC scheme. The modeled

transfer function is:
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Fig. 4. Numerical evaluation of bandwidth of the overall controlled system
is plotted against the maximum resonance peak, for different tracking gains,
while resonance shifting and damping gains are fixed. Here, the bandwidth is
defined as a range of frequencies where DC gain of the system lies between
±1 dB. Maximum achievable bandwidth is 3260 Hz which is achieved by
kt = 7640.

G(s) =
8.3782× 106s2 + 2.1161× 108s+ 1.05× 1014

s4 + 114s3 + 1.926× 107s2 + 1.2× 109s+ 8.39× 1013
.

(13)

To design the controllers, we considered the simpler

second order model which matches the dominant mode as:

ˆG(s) =
8.3782× 106

s2 + 57.2s+ 6.657× 106
. (14)

Step 1: The inner loop is calculated to use the maxi-

mum sensor’s bandwidth, which is 5 kHz. Using (6), the

resonance-shifting gain is 117. This shifts the system reso-

nance from 411 Hz to 5 kHz.

H1(s) =
9.803× 108

s2 + 57.2s+ 9.87× 108
(15)

Step 2: Using Theorem 1, the corresponding IRC gain

for maximum damping is 18807, which results in maximum

peak to be 5 dB compare to 54.7 dB for H1(s).
Step 3: A numerical optimization approach is employed

to choose the optimal tracking gain. The cost functions

are defined as the maximum ±1 dB bandwidth, and the

overall maximum peak less than the damping loop maximum

peak (5 dB for this case). Fig 4 shows the maximum

bandwidth verses maximum peak. in this case the point of

interest should be somewhere less than 5 dB. Considering

the restrictions, the selected tracking gain is 7640, resulting

in a bandwidth of 3260 Hz and a maximum peak of 2.6 dB.

To ascertain the stability of the overall control scheme,

the controllers are simulated on the fourth-order model

developed earlier. A comparison between the standard IRC

and the resonance-shifting scheme developed herewith is

presented in the following section.

V. COMPARISON BETWEEN STANDARD AND MODIFIED

IRC

A. Time domain response

Table (I) tabulates the controller parameters for the stan-

dard and the resonance-shifting IRC designs. In these cases,
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Fig. 5. (a) Root locus of the resonance shifting loop. The unstable range corresponds to selections of k̂ < 1 and can easily be avoided. For this simulation,

k̂ = 117 deeming the system stable. (b) shows the IRC damping loop implemented in positive feedback. The lower frequency pair of complex poles moves
very close to the complex zeros, thus virtually canceling out their effect. (c) shows the root locus of the damped system in the presence of the tracking
controller. The range of kt to have a stable system is given in Theorem 2.

damping gains are calculated using Theorem 1 to deliver

maximum damping and the other parameters are calculated

as explained earlier. There is a substantial increase in the po-

sitioning bandwidth of the system (by approx. 12 times). The

gains of the modified design are significantly higher than the

standard IRC. These ranges for gains are implementable and

gains as high as 40000 for a standard IRC implementation

have recently been reported [8]. Fig. (6) shows the simulation

results for the standard and the resonance-shifting IRC for

20 Hz and 250 Hz triangle inputs. Fig. (6)(b) shows the

resonance-shifting IRC scheme reduces the time lag between

input and output signals. The lag becomes greater when input

frequency is increased, Fig. (6)(c).

B. Disturbance rejection

To compare the performance of the standard IRC de-

sign with resonance-shifting IRC scheme, the system is

exposed to two common types of input disturbances viz:

white noise and step signal. Fig. (7)(a) shows the Bode

plot of Y (s)/Di(s) for the standard and resonance-shifting

IRC schemes. The resonance-shifting IRC shows a highly

improved input disturbance rejection capability compared

with standard IRC scheme. Fig. (7)(b) compares the two

design where input signal is 20 Hz perfect triangle and white

noise disturbance with a power of 10−6 V 2s/rad. Fig. (7)(c)

compares two controller output when same input is applied

and a 0.1 V step input disturbance applied at t = 1.04 s.

These time-domain responses further illustrate the improved

disturbance rejection offered by the resonance-shifting IRC

scheme.

VI. CONCLUSIONS

In this work, the IRC scheme is modified to include a

resonance shifting control loop that is capable of increasing

the positioning bandwidth of any colocated nanopositioner.

The modified scheme also possesses excellent input dis-

turbance rejection capability - a key performance criteria

for accurate positioning systems. Finally, the effectiveness

of the proposed scheme is demonstrated by simulating the

resonance-shifting IRC scheme on the model derived from an

FRF data set recorded for a commercially available nanopo-

sitioner. A twelve-fold increase in positioning bandwidth was

achieved. Future work will include experimental verification

and bandwidth-dictated parameter optimizations.
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TABLE I

PARAMETERS FOR STANDARD AND MODIFIED IRC

Case k̂ d k kt Overall Maximum Peak (dB) Overall Bandwidth (Hz)
Standard IRC - -2.52 1220 640 2.12 262
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Fig. 6. (a) Bode plot of the Y (s)/R(s) for fourth order mode, standard and modified IRC. (b) Plot of the output and the error for both designs to 20
Hz triangle wave input. (b) Plot of the output and the error for both designs to 250 Hz triangle wave input. Traces are separated by 0.3 V for clarity.
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