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Abstract— In this paper we present an approach to deal
with trial-varying initial conditions in norm-optimal iterative
learning control (ILC). Varying initial conditions generally
degrade the performance of conventional learning algorithms.
We therefore introduce a worst-case optimization problem that
accounts for trial-varying of initial conditions. The optimization
is then reformulated as a convex minimization problem, which
can be solved efficiently to generate the control signal. We
investigate the relationship between the proposed approach and
classical norm-optimal ILC; where we find that our method-
ology is equivalent to classical norm-optimal ILC with trial-
varying parameters. Finally, simulation results of the presented
technique are given.

I. INTRODUCTION

Iterative learning control (ILC) has been widely adopted
in control applications as an effective approach to improve
the performance of repetitive processes [1]–[3]. The key
idea of ILC is to update the control signal iteratively based
on measured data from previous trials such that the out-
put converges to the given reference trajectory. Most ILC
algorithms assume identical, that is trial-invariant, initial
conditions. In many applications however, perfect initial state
resetting is not possible, which may degrade the performance
of conventional ILC algorithms. This paper presents an ILC
approach that is robust against trial-varying initial conditions.

The effects of non-repetitive initial conditions on the ILC
controllers have been discussed in the literature. For example,
in [4] it is shown that the P-type ILC performance error
depends on the bound of the trial-varying initial state. An
extension of this analysis is proposed in [5] for PD-type
and PID-type ILC. [6] analyzes the stability of Lyapunov-
based ILC for different initial resetting conditions, and [7]
discusses the influence of variable initial state errors for
average operator-based ILC. In addition, a robust ILC design
using 2-D formulation for nonlinear systems with varying
initial shift is considered in [8]. This work considers trial-
varying initial conditions in a norm-optimal ILC [9] for
linear time-invariant systems. The effect of random non-
identical initializations on the performance of norm-optimal
ILC is analyzed first. It is demonstrated that the tracking
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error depends on the initial states of both the current trial
and all previous trials.

Consequently, we propose a robust worst-case optimal ILC
approach taking into account trial-varying initial conditions.
The problem is formulated as a min-max problem with a
quadratic cost function to minimize its worst-case value
under trial-varying initial conditions. Even though there is
already some research that considers a min-max formulation
to design robust ILC taking into account model uncertainty
[10]–[12], this work studies the varying initial conditions
problem in ILC. Notice that [12] also discusses the problem
of varying initial conditions, assuming that the difference
between the initial state of two consecutive trials is a
bounded random variable. Imposing this condition correlates
the initial conditions between two consecutive trials and may
cause on unbounded grow of the initial conditions in the
trial domain. Furthermore, the developed worst-case ILC
formulation can also be applied to the problem with trial-
varying disturbances.

The remainder of this paper is organized as follows.
Section II provides the background on norm-optimal ILC
and analyzes the effect of trial-varying initial conditions on
the performance of conventional norm-optimal ILC. Section
III formulates the developed optimal ILC approach as a min-
max problem, which minimizes the worst-case effect of trial-
varying initial conditions. First an upper bound on this worst-
case effect is found as the solution of a dual problem. Second
a convex program is formulated to minimize this worst-case
performance. Finally, as an additional contribution of the
paper, the equivalence between the solution of the worst-
case ILC algorithm and classical norm-optimal ILC with
trial-varying weights is discussed in section IV. Simulation
results are given in Section V, and Section VI concludes this
paper.

II. PROBLEM FORMULATION

This section first describes the conventional norm-optimal
ILC technique and subsequently discusses the influence of
trial-varying initial conditions.

A. Norm-optimal ILC

Let the plant to be controlled be described by the follow-
ing linear time invariant multi-input multi-output (MIMO)
discrete-time state-space model:

xj(k + 1) = Axj(k) +Buj(k)

yj(k) = Cxj(k) (1)
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where j is the trial index, N is the number of samples in
a trial, and k is the time index, k ∈ [0, N − 1]. Moreover,
xj(k) ∈ Rn, uj(k) ∈ Rm, and yj(k) ∈ Rp denote the state,
control signal, and measured output respectively. In norm-
optimal ILC, the system dynamics are generally reformulated
in the lifted system framework by considering a finite time
interval system representation as

yj = Puj , (2)

where input signal, output, and reference trajectory are
defined as follows

uj = [ uTj (0) uTj (1) . . . uTj (N − 1) ]T

yj = [ yTj (1) yTj (2) . . . yTj (N) ]T

yd = [ yTd (1) yTd (2) . . . yTd (N) ]T

and the system model P is a lower triangular block Toeplitz
matrix:

P =


p1 0 · · · 0
p2 p1 · · · 0
...

...
. . .

...
pN pN−1 · · · p1


with pi = CAi−1B. Here, we assume that the system has
relative degree 1, i.e. CB 6= 0. Norm-optimal ILC is an
optimization-based ILC design, where the control signal is
computed by minimizing the following performance index:

Ĵ(uj+1) = ‖ej+1‖2Q +
∥∥uj+1

∥∥2
S

+
∥∥uj+1 − uj

∥∥2
R
, (3)

where Q, R are symmetric positive definite matrices, S is a
symmetric positive semi-definite matrix. Moreover, we define
‖x‖2 = xTx and ‖x‖2M = xTMx. Note that Ĵ(uj+1) is
the nominal cost function without considering trial-varying
initial conditions. In the cost function, ej+1 is the (j+ 1)-th
trial tracking error, and is given by

ej+1 = ej −P(uj+1 − uj). (4)

Minimizing the cost (3) yields the following ILC update law:

uj+1 = Luuj + Leej (5)

where

Lu =
(
PTQP + S + R

)−1 (
PTQP + R

)
(6)

Le =
(
PTQP + S + R

)−1
PTQ. (7)

ILC update law is asymptotically stable if

ρ(Lu − LeP) < 1, (8)

where ρ(A) is the spectral radius of matrix A. Furthermore,
norm-optimal ILC is monotonically convergent if

σ̄(Lu − LeP) < 1, (9)

where σ̄(A) is the largest singular value of matrix A.

B. Effects of Trial-varying Initializations
The conventional ILC algorithms described in the previ-

ous section assumes trial-invariant system initialization. In
practice, this is often difficult to realize, especially in case
of systems with low damping or nonlinear friction. In order
to analyze the effect of trial-varying system initialization, the
system description (3) has to be extended to:

yj = Puj + Φx0,j , (10)

where Φ denotes the observability matrix:

Φ =
[

(CA)T (CA2)T . . . (CAN )T
]T
, (11)

and x0,j is the initial state at trial j. Here, x0,j ∈ Rp, hence
independent of the trial length N . Without loss of generality,
Φx0,j can be represented by Gzj , where the weight matrix
G is an orthonormal matrix, that is GTG = I, and zj is the
trial-varying vector. This can be done using normalization,
for instance, G = Φ(ΦTΦ)−0.5 and zj = (ΦTΦ)0.5x0,j . The
purpose of this change of matrices and vectors is to simplify
the algorithm later on. Then (10) is reformulated as

yj = Puj + Gzj . (12)

Here, we assume that zj is bounded by ‖zj‖ ≤ α. It is
worth noting that this formulation can also be used for the
case of trial-varying disturbances. Indeed, we can consider
zj as the trial-varying disturbance vector, while G is the
filter matrix modeling the influence of the disturbances on the
output. Therefore, trial-varying disturbances can be handled
in a similar manner as trial-varying initial conditions.

Next, we examine the consequences of trial-varying initial
conditions on the conventional norm-optimal ILC. Let us
consider the classical norm-optimal ILC update law (5) for
the system (12):

uj+1 = Luuj + Le (yd −Puj −Gzj)

= (Lu − LeP)uj − LeGzj + Leyd, (13)

where Lu and Le are chosen such that (9) is satisfied. The
error at the (j + 1)-th trial is now given as follows:

ej+1 = yd −Puj+1 −Gzj+1

= yd −P(Luuj + Leej)−Gzj+1, (14)

or equivalently,

ej+1 = (I−PLe)yd −P(Lu − LeP)uj

+ PLeGzj −Gzj+1. (15)

The control signal in the first trial is set to zero without loss
of generality. Then, by repeating the update equation (15),
the (j + 1)-th trial tracking error is expressed as a function
of the initial conditions at the (j + 1)-th trial and previous
trials as follows:

ej+1 = (I−PLe)yd + PLeGzj −Gzj+1

−
j−1∑
m=1

P(Lu − LeP)j−mLeyd

+

j−1∑
m=1

P(Lu − LeP)j−mLeGzm. (16)
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As can be seen from Eq. (16), the effects of varying initializa-
tions on the tracking error ej+1 are determined by the initial
conditions at all trials zj+1, zj , ..., z0. Specifically, the initial
conditions at the j-th and (j + 1)-th trial have weightings
PLeG and −G respectively. Hence, the contribution of
zj+1 and zj on the tracking error ej+1 is larger if they
have opposite sign and PLe is positive definite. Besides,
the second summation term includes the influence of initial
states from previous trials. Since ‖Lu − LeP‖ ≤ 1, the older
the trial, the less influence the initial state has on the error
ej+1.

Accordingly, trial-varying initial conditions may degrade
the performance of a learning controller. These reasons
motivate us to design an ILC framework that can deal with
trial-varying initial conditions.

III. ROBUST NORM-OPTIMAL ILC ALGORITHM

This Section discusses the design of a robust worst-
case norm-optimal ILC approach against trial-varying initial
conditions.

A. Formulation

Consider the cost function that accounts for trial-varying
initial states:

J(uj+1, zj+1, zj) = ‖ej+1‖2Q +
∥∥uj+1

∥∥2
S

+
∥∥uj+1 − uj

∥∥2
R
, (17)

where the tracking error at trial (j + 1)-th now includes the
effect of trial-varying initial conditions:

ej+1 = ej −P(uj+1 − uj)−G(zj+1 − zj). (18)

We assume that the initial condition at each trial is a
bounded random vector ‖zj‖ ≤ α, and uncorrelated in the
trial domain. The optimization problem that is considered
in the developed worst-case norm-optimal approach is the
following problem:

minimize
uj+1

sup
zj+1,zj

{J (uj+1, zj+1, zj)}

subject to ‖zj+1‖ ≤ α
‖zj‖ ≤ α.

(19)

Introducing a new variable pj+1 as

pj+1 =
[
zTj+1 zTj

]T
, (20)

we derive

ej+1 = ej −P(uj+1 − uj)−Hpj+1, (21)

where J =
[
I −I

]
, and H = GJ. The cost function

J turns out to be a function of the uncertain vector pj+1,
where

‖pj+1‖2 = ‖zj+1‖2 + ‖zj‖2 ≤ 2α2. (22)

Denote υ2 = 2α2, the control signal is consequently gener-
ated by solving the following optimization problem:

minimize
uj+1

sup
pj+1

{J (uj+1,pj+1)}

subject to ‖pj+1‖2 ≤ υ2.
(23)

Later, we will show that the two optimization problems (19)
and (23) are equivalent since the worst-case p∗j+1 always
satisfies the constraints in (19).

B. ILC algorithm

In order to find the worst-case cost function with respect
to pj+1 in (23), let us consider the following maximization
problem:

maximize
pj+1

‖ej −P(uj+1 − uj)−Hpj+1‖2Q
subject to ‖pj+1‖2 ≤ υ2.

(24)

Thanks to the S-procedure [13], strong duality holds for this
maximization problem. Introducing the Lagrangian multi-
plier λ, the Lagrangian is expressed as

L(pj+1, λ) = ‖êj+1 −Hpj+1‖2Q + λ
(
υ2 − ‖pj+1‖2

)
, (25)

where êj+1 denotes the nominal error:

êj+1 = ej −P(uj+1 − uj). (26)

Maximization over pj+1 yields the following Lagrange dual
function :

g(λ) =


L(p∗j+1, λ) λI−HTQH � 0,

HTQêj+1 ∈ R
(
HTQH− λI

)
+∞ otherwise

(27)

where I is an identity matrix with suitable size, and

p∗j+1 =
(
HTQH− λI

)†
HTQêj+1. (28)

Applying the matrix inversion lemma with invertible C [14]:
(A+BCD)−1BC = A−1B(C−1 +DA−1B)−1, we obtain(

HTQH− λI
)†

HTQ =

[
−I
I

]
GT

(
λQ−1 − 2GGT

)†
.

Hence, p∗j+1 generates z∗j+1 = −z∗j , which implies
∥∥z∗j∥∥ ≤

α and
∥∥z∗j+1

∥∥ ≤ α because of (22). In other words, the two
optimization problems (19) and (23) are equivalent.

As a result, we obtain the Lagrange dual function as
follows:

g(λ) = êTj+1Qêj+1 + λυ2

+ êTj+1QH
(
λI−HTQH

)†
HTQêj+1. (29)

The dual problem of (24) is then given by

minimize
λ

g(λ)

subject to λI−HTQH � 0
HTQêj+1 ∈ R

(
HTQH− λI

)
.

(30)

Combining original minimization problem (23) with (30)
yields

minimize
uj+1,λ

Jdual(uj+1, λ)

subject to λI−HTQH � 0
HTQêj+1 ∈ R

(
HTQH− λI

)
,

(31)
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where Jdual(uj+1, λ) denotes the dual cost function,

Jdual(uj+1, λ) = êTj+1QH
(
λI−HTQH

)†
HTQêj+1

+ êTj+1Qêj+1 + ‖uj+1‖2S +
∥∥uj+1 − uj

∥∥2
R

+ λυ2. (32)

Jdual is a convex function, hence (31) is a tractable optimiza-
tion problem, and there exist efficient numerical algorithms
to compute a globally optimal solution. Furthermore, the op-
timized input can be found from the equivalent optimization
problem over an LMI using Schur complement and a slack
variable t:

minimize
t,uj+1,λ

Jdual(uj+1, λ, t)

subject to

[
λI−HTQH HTQêj+1

êTj+1QH t

]
� 0,

(33)

where

Jdual(uj+1, λ, t) = t+ êTj+1Qêj+1 + ‖uj+1‖2S
+
∥∥uj+1 − uj

∥∥2
R

+ λυ2. (34)

Note that the size of the LMI constraint depends on the
number of the trial-varying states rather than on the number
N of time samples in the trials. Moreover, input constraints
can be imposed in the optimization problem, which is still a
convex problem, i.e.,

minimize
t,uj+1,λ

Jdual(uj+1, λ, t)

subject to

[
λI−HTQH HTQêj+1

êTj+1QH t

]
� 0

|uj+1| ≤ u
|δuj+1| ≤ δu,

(35)

where inequality constraints on uj+1(k) and δuj+1(k) =
uj+1(k) − uj+1(k − 1) are taken into account to avoid
saturation of the actuators.

C. Special Case: Q = qI

This choice of weighting matrix is common in practice
mainly because it simplifies the tuning of the norm-optimal
ILC algorithm. An additional advantage of this choice is
that it simplifies (32) yielding an analytic expression for
λ. Combining the presented matrix inversion lemma, the
condition GTG = I, and Q = qI, simplifies the dual cost
function (32) to:

Jdual (uj+1, λ) = êTj+1

(
qI +

2q2

λ− 2q
GGT

)
êj+1

+ ‖uj+1‖2S +
∥∥uj+1 − uj

∥∥2
R

+ λυ2. (36)

Minimizing this cost function with respect to λ yields:

λ = 2q +

√
2
∥∥qGT êj+1

∥∥
υ

, (37)

which satisfies the constraints in (27) since now∥∥HTQH
∥∥ = 2q. Substituting Eq. (37) into (36), yields the

following optimization problem with respect to uj+1:

minimize
uj+1

Jwc(uj+1) (38)

where

Jwc (uj+1) = qêTj+1êj+1 + 2
√

2υ
∥∥qGT êj+1

∥∥+ 2qυ2

+ ‖uj+1‖2S +
∥∥uj+1 − uj

∥∥2
R
. (39)

The optimal control signal is found through minimizing
Jwc(uj+1), which is a convex function.

IV. ROBUST VS CLASSICAL NORM-OPTIMAL ILC

This section discusses the relationship between the devel-
oped robust worst-case norm-optimal ILC approach and the
classical norm-optimal ILC as described in section II.A. We
first rewrite the problem (31) as

minimize
λj+1

minimize
uj+1

Jdual (uj+1, λj+1)

subject to λj+1I−HTQH � 0
HTQêj+1 ∈ R

(
HTQH− λj+1I

)
.

For the calculation of the optimal solution of this min-min
problem, the optimal input is achieved by differentiating the
cost function with respect to uj+1 yielding

u∗j+1(λj+1) =
(
PTQj+1P + R + S

)−1
PTQj+1ej

+ (PTQj+1P + R + S)−1(PTQj+1P + R)uj , (40)

where Qj+1 is dependent on λj+1, and is given by

Qj+1(λj+1) = Q + QH
(
λj+1I−HTQH

)†
HTQ. (41)

After that, the optimal λ∗j+1 is found from the following
optimization problem:

minimize
λj+1

Jdual
(
u∗j+1(λj+1)

)
subject to λj+1I−HTQH � 0

HTQêj+1 ∈ R
(
HTQH− λj+1I

)
.

(42)

This is a nonlinear optimization problem with respect to
λj+1. Once λ∗j+1 is calculated, the optimal learning gain
Qj+1(λj+1) and the optimal input u∗j+1(λj+1) are obtained.
In other words, these are a posteriori analyses. First, the
dependency of u∗j+1(λj+1) on Qj+1(λj+1) is determined.
After that, λ∗j+1 is generated from the optimization problem
(42). Then u∗j+1 is updated with the given λ∗j+1.

Comparing the robust algorithm (40) with classical norm-
optimal ILC (5), shows that both use the same expressions
to calculate the next trial’s input, except for the weight
Qj+1 which is updated trial-by-trail in the robust approach.
Moreover, note that (36) and (37) implies

Qj+1 = Q +

√
2qυ

‖GT (ej −P(uj+1 − uj))‖
GGT (43)

if Q = qI. Hence, when the amount of uncertainty is very
small, i.e. υ ≈ 0, the updated weight is approximately equal
to the given Q, and the larger the uncertainty, the larger
‖Qj+1‖. The updated ‖Qj+1‖ is larger than ‖Q‖ since the
objective of worst-case norm-optimal ILC is to minimize the
cost function with an additional part resulting from trial-
varying initial conditions rather than only the nominal cost.
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Fig. 1: Reference trajectory

V. SIMULATION

In this section, we simulate the proposed technique with
a lowly damped second-order system:

P (s) =
1

s2 + 0.02s+ 1
. (44)

The model is discretized with sampling time Ts = 0.01s,
then lifted with N = 300 samples. The model has two
trial-varying initial state variables x01,j and x02,j , which are
random but bounded, i.e. ‖x0,j‖ ≤ α, where ‖x0,j‖2 =
‖x01,j‖2 + ‖x02,j‖2. Here, we assume α = 0.005. The
control objective is to track a reference trajectory, which is
a smoothed step function as shown in Fig. 1.

Simulations of the proposed worst-case ILC algorithm (31)
are then performed. The weight matrices are simply selected
as scaled identity matrices, Q,R,S = (1, 1, 0.1)I. In the
first simulation, we analyze the effects of trial-varying initial
states on the norm-optimal cost function. First, the initial
states are assumed equal to zero while the control signal is a
zero vector in the first trial without loss of generality. Next,
we consider the cost function of the second trial as a function
of the initial states x01 and x02 for both the proposed worst-
case ILC and classical norm-optimal ILC, shown in Fig. 2.

Fig. 2: Cost function with trial-varying initial states
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Fig. 3: Tracking error with trial-varying initial states
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Fig. 4: Average performance error with 100 simulations

The results show that the robust worst-case ILC algorithm
yields a smaller worst-case value than the classical norm-
optimal ILC with respect to all bounded trial-varying initial
states.

In order to validate the worst-case ILC in the trial-
domain, trial-varying initial states are generated randomly
within the given bound every trial. As a result, the tracking
errors obtained with the worst-case optimal ILC controller
for a random test case are shown in Fig. 3 (solid line).
For comparison purposes, we also apply the same set of
weight matrices Q,R,S and generated initial states to the
classical norm-optimal ILC approach, and plot the results in
Fig.3 (dashed line). Moreover, this simulation experiment is
repeated 100 times and the average performance using both
the worst-case ILC and classical norm-optimal ILC is plotted
in Fig. 4. It can be seen that the proposed worst-case optimal
ILC generally achieves faster convergence than the classical
design.

Finally, we consider the equivalence between the robust
design and norm-optimal ILC with trial-varying gains. Ap-
plying the equivalent adaptive ILC algorithm (40) for the
given test case of Fig. 3, the trial-variation of ‖Qj‖ is
illustrated in Fig. 5. This figure confirms that ‖Qj‖ is larger
than ‖Q‖ = 1 as discussed in Section IV.

VI. CONCLUSION

The concept of learning through experience of ILC has
been extensively applied in the area of control. However,
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Fig. 5: Trial variation of ‖Qj‖ for the test case in Fig. 3

when there are trial-varying initial states, these ILC ap-
proaches have trouble in generating satisfactory performance.
In this paper, we have presented an analysis of the influence
of trial-varying initial states on norm-optimal ILC system
performance. After that, we have proposed a robust worst-
case ILC algorithm, where the optimal input is computed
efficiently via convex programming to deal with trial-varying
initial conditions. It has been shown that the developed
formulation can outperform existing optimal ILC in con-
vergence speed. We also interpret the proposed controller
through an equivalent adaptive norm-optimal ILC, yields
trial-varying learning gains. The relation between robust ILC
and adaptive norm-optimal ILC which respect to robustness
and computation time will be studied in future work.
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