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Stability analysis of networked systems with similar dynamics

René Schuh and Jan Lunze

Abstract— The paper concerns systems that are composed of
subsystems with similar dynamics. A method for analyzing the
stability of such systems is developed, where the subsystems are
decomposed into nominal models with identical dynamics and
individual models describing the deviation of the subsystems
from the common nominal models. The analysis is divided
into three steps. First, the stability of the network controlled
and physically interconnected nominal subsystems is checked
by a state transformation based on the structure of the
interconnection. The second step is to find an upper bound for
the dynamics of the deviation model. The third step is to prove
the stability of the overall system by considering the stabilized
nominal system and the error bound. A sufficient condition for
the stability of the overall system is derived and the method is
demonstrated by proving the stability of platooning vehicles.

I. INTRODUCTION

The use of communication networks enables systems to
have an information exchange among their subsystems which
are spatially distributed but have a physical interconnection
(Fig. 1a). The control performance of the local controllers
can be improved by using the information channels to
exchange appropriate data between the subsystems. If the
controllers of the subsystems alone lead to a sufficient per-
formance, no communication is necessary and the controller
of the subsystems only uses local information to generate the
control input. If a subsystem state exceeds a threshold, the
controllers have to cooperate by exchanging information in
order to guarantee the required performance of the overall
system.

There exist various design and analysis methods for inter-
connected subsystems with identical dynamics (cf. [2], [3],
[4]). However, in many technological systems, the subsys-
tems just have similar dynamics rather than being identical,
e.g. platooning vehicles with different loads and different
engines or multi-area power systems that have different
power generation capacities. For these systems the results
in literature have to be extended to systems with similar
subsystems. Such an extension is presented in this paper.

A. Idea of the stability analysis

The idea of the stability analysis developed in this paper
is to decompose all subsystem models into a nominal model
Yni, (i € N := {1,...,N}), which is identical for all
subsystems, and into an error model X, that describes the
deviation of the subsystem dynamics from this common
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nominal model X,,;. The subsystems 3q;, (i €N) are phys-
ically interconnected (denoted by L) and interconnected
over the local controllers C;, which use the communication
network (denoted by L.) as shown in Fig. 1b. When coupling
these controlled nominal subsystems %,;, (i € ) through
L, and L., a nominal overall system X, results (Fig. lc).
Thus, every controlled nominal subsystem ¥,,;, (i €\) has
a corresponding error subsystem X.;, which together build
the controlled subsystem Sai.

The benefit of this decomposition is twofold. First, the
controllers C;, (i € ') can be designed for the identical sub-
systems Y,; by using the methods that have been developed
in literature for systems composed of identical subsystems
(cf. [2], [5]). Second, the behavior of the overall system can
be analyzed by separately considering the system >,,, which
is composed of identical controlled subsystems s (ieN),
and the models X.; describing the error bounds. If the error
bounds satisfy the stability test elaborated in this paper, this
analysis shows that the subsystems are similar enough to be
controlled by the identical designed controllers.

B. Interconnection of the subsystems

There exist three interconnection cases that can be de-
scribed by the structure in Fig. 1:

1) Control of multi-agent systems: No physical intercon-
nection and an arbitrary information exchange among
the controllers (L, = 0)

2) Decentralized control of physically interconnected
systems: An arbitrary physical interconnection and no
information exchange among the controllers (L. = 0)

3) Networked control of physically interconnected sys-
tems: An arbitrary physical interconnection and an
arbitrary information exchange among the controllers

The presented stability analysis holds for all three cases.
If a control structure which is divided into an autonomous
control mode and a cooperative control mode as described
in [3] is considered, the stability analysis has to be performed
for both communication modes separately.

C. Literature

There are several papers that deal with analysis and
design problems for interconnected non-identical subsystems
and which perform a decomposition, e.g. overlapping sys-
tems [13], [15] or the decomposition of symmetric inter-
connected systems [11], [12]. Furthermore, consensus and
synchronization problems of heterogeneous subsystems are
investigated in [9], [14].
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Fig. 1.

a) Network controlled subsystems (SS) with similar dynamics with local controllers (C;); b) The overall system > consists of N subsystems

Yai (“Baqi = Xni +2ei”), that are physically interconnected (Lp) and interconnected over the local controllers C; which use the communication network
(Lc); ¢) Structure for the stability analysis with X4 consisting of the controlled nominal system >, and the error system X

In this paper, methods for networked systems with the
structure shown in Fig. la are developed, which use ap-
proaches based on the decomposition of symmetric com-
posite systems. The main idea for the stability analysis of
interconnected subsystems with similar dynamics has been
introduced in [11], [12] for symmetrical interconnections.
Here, this approach is extended to arbitrary interconnections
among subsystems with similar dynamics and an additional
interconnection over a communication network is considered.

Furthermore, results for the stability analysis of subsys-
tems with identical dynamics are used, in particular from
vehicle formations (multi-agent systems) introduced in [5]
and a decomposition approach for physically interconnected
subsystems [2]. A part of the stability analysis presented
here uses robust control approaches based on the small-gain
theorem presented in [8], [16].

D. Overview

This paper is organized as follows. The model and struc-
ture of the overall system is introduced in Sec. II. Section III
deals with the stability of the overall system and is divided
into the analysis of the controlled nominal overall system
>, the error overall system 3, and the overall system .
The main result of this paper is a method for analyzing
the stability of the overall system which consists of similar
subsystems presented in Theorem 1. Section IV discusses
possible extensions of the stability analysis, e.g. special
interconnections structures or nonlinear system models. In
Sec. V the stability analysis is applied to the example of
vehicle platooning.

II. SYSTEM MODEL
A. Subsystem models

According to Fig. 1b, the overall system >4 consists of
the subsystems Xq;, (¢ €N) each of which is controlled by
an associated controller C;. The subsystems are physically
coupled (L), whereas the controllers communicate over the
network (L.).

In the following, the models of the subsystems Xg4;, (i €
N) are represented by a nominal model 3,,; together with
an error model X;:

x;(t) = Az;(t) + bu;(t) + es;(t) + pfi(t),
zi(0) = zo;
Yk yi(t) = cTxi(t)
Sai z(t) = e, i)
vi(t) = ela;(t) + dyui(t) + eys;(t)
5 { Zoi(t) = Aci®ei(t) + beivi(t), Tei(0) = Tcoi
T filt) = ehimeilt) + deivil?).

(D
x;(t) is the nominal subsystem state and x.;(t) the error
subsystem state, which are vectors of the dimension n
and ne;, respectively. The control input u;(t), the control
output y;(t), the error input f;(t), the error output v;(t), the
interconnection input s,;(¢) and the interconnection output
z;(t) are scalars.
The physical interconnections among the nominal subsys-
tems X,;, (1€/N) are described by

N
Sl(t) = Z lpiij (t), i€N7 2)
=1

where [p;; are the elements of the physical interconnection
matrix L.
The inputs u;(¢), (i€ N) to Xg4; in (1) are given by

wi(t) = Ua,i(t) autonomous )
' Ua,i(t) + uc,i(t) cooperative,

where u, ;(t) is the autonomous part (local controller) with
the state feedback
CZ' : ua,i = —kaTLEZ'(t) (4)

and . ;(t) is the additional cooperative input, see Fig. 1b.
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The matrix L., describing the communicational intercon-
nection, leads to the cooperative control input

N
uei(t) = loikl x;(t)
j=1

where kI is the common gain matrix and lc;; are the
elements of L. (Fig. 1b).

The models for the decentralized controlled subsys-
tems X4, (i € N) of the overall system Y4 follow
from (1), (2), (3), (4):

&;(t) = Az;(t) + buc,(t) + esi(t) + pfi(t),

ieN, (5)

Z; (0) = Xo;
inz Yi (t) = CT$1' (t)
Sai zi(t) = ¢, zi(t)
vi(t) = égmi(t) + dyc,i(t) + evsi(t)
o T (t) = Aezmei(t) + beﬂ]i(t)
“ fi(t) = elimei(t) + deivi(t)
- (6)
with the matrices A = A — bk} and ¢! = ¢! — d k7, see

Fig lc.

B. Overall system model

The overall physical interconnection follows from (2) and
is described by the algebraic relation

s(t) = Lyz(t), (7
where s(t) = (s1(t),...,sny(t)T and =z(t) =
(21(t),...,2n(t))Y are the vectors of interconnection

inputs and interconnection outputs, respectively (Fig. 1c).
With (5), the overall cooperative control input wu.(t) is

uc(t) = (Le @ k¢ (t), ®)
where  x(t) = (2T@),..., 25T, w.(t) =
(e (t),...,ucn(t))T and the operator “®” denotes

the Kronecker product (cf. [10]). Note that L, and L. do
not have to be Laplacian matrices.
From (6), (7), (8), the nominal overall system

@(t) = Apa(t) + PLF(t), x(0) =
o y(t) = Crz(t) ©)
v(t) = Cyra(t)

follows, with the matrices

A =(In®A)+ (L, ®ec)) + (L, @ bkl)
P,=(In®p)+(Ly®e)
CL=(Iy®c")

(

VL— IN®C) C;I‘)+(Lc®dvk;r)7

where Iy is the identity matrix of size N. The
signals of X, in (9) are f(t) = (fi(t),...,fn()7T,
y(t) = (1 (t),...,yn@®) T and v(t) = (v1(t),...,on(t))".

(Lp ® ey

ITI. STABILITY ANALYSIS
A. Nominal overall system 3,

At the first step, the stability of X, in (9) is analyzed
by extending ideas of [2] on physically symmetrically
interconnected subsystems with identical dynamics and
of [5] on the cooperative control of vehicle formations.
Therefore, the matrices L, in (7) and L. in (8) are assumed
to be simultaneously diagonalizable.

Lemma 1: The controller (3), (4), (5) stabilizes the nom-
inal overall system >, in (9), if and only if the matrices
Arii = A+ N(Lp)ect + Ni(L)bKY,  (ieN) (10

are Hurwitz, where X\;(L;), (i € N) and \;(L.) are the
eigenvalues of the interconnection matrices L, in (7) and
L. in (8).

Proof: The proof is based on [2], but has to take
into account another structure of the system model (cf. >,
in (9)) for the identical subsystems. X, is transformed by
the following relation

#(t) = (T®L,) =t (11)

where T' diagonalizes the interconnection matrices L, and
L. into L, = diag(\;(Lp)) = T'L,T, (i € N) and
L. = diag(\;(L.)) = T *L.T, respectively. The transfor-
mation (11) leads to the transformed nominal overall system
x(t) = ALZ(t) + PLf(t)
Ya g y(t) = Cra(t)
v(t) = CoLi(t),

=T, 'z(t),

12)

where the matrix Ay, is block diagonal and its block diagonal
elements are z‘iLn‘, (1 € N), described by (11). The other
matrices appearing in (12) are P, = T~ '®p, Cp, = T®cT
and Cyp, = T® ¢l + LT ®eycl + LT @ d kY. Hence, the
system matrix AL in (12) is block diagonal and the models
Yhi, (i€N) of 3y, (12) are defined by

iz(t) ALuwz + ZpLu fj
R N
Snirq vilt) = ) eLi;a;(t) (13)
j=1
N
Ul(t) = Z TLz] (t)
j=1

As a consequence, the stability OfNSH is equivalent to the
stability of the N separate models >.,,;, which completes the
proof. |

Lemma 1 reveals that the stability of X, in (9), which
is of the order nN, can be analyzed by considering the
stability of the N single subsystems Y, (i € ) in (13)
of order n separately. The system matrices Ap;, (i € N)
only differ from each other by the eigenvalues \;(L) and
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Ai(Lc). The case that a complex value for A;(Ly) or A;(Lc)
leads to complex-valued models f]m- is discussed in [5] for
vehicle formations. If A\;(Ly,) and A;(L.), (i€ N) are equal
to zero, the stability of the corresponding subsystem ¥,; is
independent of the interconnection with the other models

Sujs (JEN) in (13).

B. Error overall system %,

In the second step, the I/O behavior of the stable error
overall system 3., is investigated, which is described by the
I/0 model

Ye: f=G.xv, (14)

T30 2]

where “x” symbolizes the convolution operation

Gxu= /0 G(t — m)u(r)dr.

With the impulse response matrix G(t) = diag(gei(t)), (i €
N) of %, (14), the impulse response matrices of the error
subsystems X.; are

Aty

ei + dei, (ZEN)

G.(t) is a block diagonal matrix, since in the error overall
system Y, each signal v;, (i€N) only has an effect on the
signal f;(t) of the same error subsystems ().

For the stability analysis of ¥4, the error subsystems Y,
(i€ N) are described by upper bounds ge;(t)

|9i(t)] < geilt) Vt,

which show that a bounded error output v;(t) leads to a
bounded error input f;(t)

[fi(8)] < Gei(t) * [vi()]-

Yei (t) = c;rie

15)

Let M be

M- [ 6] (16)
0

then the matrix M, is finite, since the error overall subsys-
tems Y. is I/O stable.

C. Decomposed overall system >4

The I/0 behavior of the overall system Y4 is described by

the model
Y- y=Gyexf
Edi ne U:Gvf*f

Yo: f=G.xv.

a7)

The impulse response matrices of ¥, in (9) are defined by:
Gyf(t) = CLeALtPL
G(t) = CvLeALtPL .

The third step of the stability analysis is given by the
following I/O stability criterion for 4.

Lemma 2: Consider the overall system >4 (17), where the
impulse response matrix G,(t) of the error overall system
Y (14) satisfies the inequality

|G (1) < Go(t) Vit (18)

for a given matrix Ge(t). Suppose that the nominal overall
system X, (9) and the error overall system X, with Go(t) =
G.(t) are 1/O stable, i.e. the matrices My¢, My; and M,
from (16) have finite elements. Then the overall system
Ya (17) is I/O stable, if

Ap(MMy) < 1, (19)

where A\, denotes the maximum eigenvalue (Perron root) of
the non-negative matrix M,M ..

Lemma 2 is based on the results in [11], where also a
proof is given. However, the analysis is extended here to
an arbitrary physical interconnection matrix L, in (7) and
an additional interconnection matrix L. in (8). To use the
stability criterion (19), the scalars myyg;;, which are the
elements of the matrix M., have to be determined. For
this, the I/O behavior of the transformed nominal models

Y, (1€N) in (13) is investigated.

Lemma 3: Transform the system X, in (17) by the re-
lation in (11). Then the elements of the impulse response
matrix G'y¢ are given by

N ~
guri(t) = 3 e A B (L jEN),  (0)
k=1

where &aﬂ;k, Aka and kaj, (i,7,k € N) are matrices of
the transformed models >,; in (13).

Lemma 3 shows that the non-negative matrix M.
in (19) can be determined just by analyzing the n-th order
system Shi in (13). The stability analysis described in
Lemma 2 can be further simplified, if multiple eigenvalues
of the interconnection matrices L, and L. lead to multiple
subsystems ini’ (1 € N) in (13), hence, the 1/0 behavior
gveij(t) from the error input f;(¢) to the error output v;(t)
in (20) can be merged.

D. Summary

With the results presented above, all three steps for the
stability analysis can be performed as follows:

1) Check the stability of 3, (9) with Lemma 1.

2) Define an upper bound for the I/O behavior of the error
overall system >, (17), with the result that the matrix
M, given by (16) and (18) is finite.

3) Check the I/O stability of %4 in (9) with Lemma 2 while
taking into account the simplification made in Lemma 3.

Hence, the stability analysis for the overall system can be
summarized in the following theorem.
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Theorem 1: Consider systems that consist of subsystems
with similar dynamics. Decompose the subsystem models
into identical nominal models X,;, (i € V) and individual
error models Y., as shown in (6). The subsystems are
controlled by identical controllers (4). Assume that the
interconnection matrix L; from (7) and L. from (8) can
be diagonalized by the transformation (11). Then the overall
system X4 is I/O stable, if the following conditions hold:

1) The matrices Ay;;, (i € N') defined in (10) are Hurwitz.

2) The elements of m.;, (1 € N), given by (15) and (16)
are finite.

3) The condition (19) holds, where Mt = (mye;5), (4,5 €
N) is given by (16) and its entries are defined by (20).

Theorem 1 extends the stability analysis of systems
composed of identical subsystems to systems composed
of similar subsystems. For this, the simplifications on the
stability analysis of identical subsystems based on the state
transformation (11) as shown in [2] and [5] can also be
applied to the nominal overall system X, in (9). Furthermore,
the determination of the matrix M, which is needed for the
stability criterion in (19), can be simplified by the same state
transformation.

The elements me; can be interpreted as a “degree of
similarity”. In general, greater elements m,; lead to a greater
value of \,(M.M,¢) due to the monotony property of the
Perron root [1]. Hence, if the condition in (19) holds, the
subsystem Xq;, (1€ N') in (1) can be called similar.

IV. EXTENSIONS

In this section four possible extensions for the stability
analysis in Sec. III are given.

At first, Lemma 1 also holds for interconnection matrices
L, and L, that are not simultaneously diagonalizable, but
that can be transformed into upper triangular form. Follow-
ing (12) and with the transformation matrix 7" that leads
to upper triangular matrices ip = T7'L,T and L, =
T-'L.T, the matrix Ay, is also upper triangular. Therefore,
the stability of the nominal overall system X, in (12) also
only depends on the block diagonal elements of the upper
triangular matrix AL from (12). Thus, Theorem 1 holds
for transformed interconnection matrices L, = T~ 'L,T
and L, = T~ 'L.T, that are upper triangular, without the
simplification for the determination of M. in (20).

Second, the error bounds ge;(t) in (15) of the error
overall system X, can also include model uncertainties of
the subsystems, even an extension to nonlinear systems can
be made, if all or a part of the error subsystems X;, (i €N)
in (6) are replaced by nonlinear error models.

Third, a direct throughput between the input u;(¢) and
the output y;(t) of the nominal subsystems X;, (i € N)
in (6) is not investigated, but can be easily extended. Then,
in principal, the same result will be received, because the
state transformation does not affect the throughput.

Fourth, systems with multi-variable subsystems can also
be investigated with the presented method, if just the con-

trol of multi-agent systems or the decentralized control of
physically interconnected systems is considered.

V. APPLICATION EXAMPLE
A. Platooning vehicles

Consider a string of N vehicles, one behind the other,
moving in a straight line. Each vehicle represents a sub-
system Sais (i € N) of the overall system X4, which are
not physically interconnected but can communicate over
a common network. The velocity ¢;(t) and the position
a;(t) of the vehicles are used as state variables x;;(t) and
x42(t), respectively. The leading vehicle is not considered
as a subsystem of the overall system, but its position is the
reference input for the first following vehicle that is ¥g;.

The vehicles are controlled by a distance controller
anefi(t) = kp(a—1(t) — a;(t)) + krag;(t) with an integral
term kyav;(t) that leads to the state variable x;3(t) = ay;(t)
and a velocity controller with the gain ky. The vehicles have
different masses m;, (¢ €A), where an unloaded truck has a
mass of 20 000 kg and a fully loaded truck weighs 40 000 kg.

B. System model

The identical nominal subsystems %,;, (i €N) in (6) are
defined by the unloaded truck with m, = 20000 kg and

_ katkvky 0 kiky
A= 10 0 |,
0 0 0

b= (2t 0 )T, p=(100)T, " =(100), & = (ka 0 kiky)

and d, =k, kp. The vectors e, ¢, and e, are zero, because

there does not exist any physical interconnection (Lj, = 0).
The error subsystems Y;, (i €M) are given by

mMny — My

Eei : fl(t) = meivi(t) = Ui(t). (21)

mMnm;

The numeric values and the physical interpretation of the
parameters of the subsystems Y4;, (i € N) are specified in
Table I.

The communication via the network is given by the matrix

1 _0.06 _ 0.06
N
_0.06 1 _ 0.06
N N
L.= 22
¢ : .. _0.06 (22)
_0.06 _0.06 1N
N N
TABLE I
PARAMETERS OF THE SUBSYSTEM Edi
Parameter | Physical interpretation Value
kq Aerodynamic drag coefficient 2.83 - 1031(?g
ku Driving force coefficient 1.42 - 104%
kp Proportional gain dist. controller 2.4
k1 Integral gain dist. controller 0.1
kv Gain velocity controller —2
m; Mass truck (i €N) [20,...,40] - 10%kg
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C. Stability analysis

The matrix L. in (22) has two different eigenvalues
A(Lc) =1—0.06% and Ao(Lc) = 1—0.062L, where the
first eigenvalue A\; (L) occurs N — 1 times. For the stability
of the overall system 4 the three conditions of Theorem 1
have to be fulfilled:

1) The matrices ALii, (i € N) from (10) have only two
different eigenvalue triples. The characteristic polynomial
of the matrix Ap;; (:€N), with \;(L.) as a variable, is

P4, (A) =A%+ 1.56A% + 17X (Lc)A 4 0.07A(Le).

Following the Routh-Hurwitz stability criterion, the ma-
trix A, (i € N) is stable for \;(L.) > 0. With this,
the nominal overall system ¥, is stable for an arbitrary
number of subsystems.
2) Equation (21) yields finite values me; = |me;|, (1€N).
3) Considering the Gershgorin circle theorem [6], [7] and
the fact that M M, is a nonnegative matrix (cf. [1]) the
maximum eigenvalue of the matrix M_M.,; is less or
equal to the maximum value of its column sum. Hence,
the overall system Y4 is stable, if the following condition
holds
N
Meytii|Mei| + Mytij Z Imej| <1,
=15
where |me;| and myg;;, (4,7 €N) are the scalar entries of
the matrices M, and M., respectively. The scalars m.¢;;
and m.y;; are given by the definition in (16) and (20)

N -1 i
Gnvtii = (€F + A1 (Le)bkl)etritp
1 ~
5 (€ + ALk Jetr'p
1 ~
Invfij = _N(ég + Al(Lc)bkE)eALutp
1

+ (e + Ao(Le)bkT)eAr2tp

If the number of trucks is set to six (N = 6), the scalars
myri; = 2.625 - 10* and myp; = 0.0328 - 10* (i, =
1,...,6;j # i) are given. Hence, X4 is I/O stable for
6
2.625 - 10%|mei| +0.033-10* > |me;| < 1
J=1,j#i

This inequality shows that the error bound |m;|, (i€N') of
the investigated vehicle ¥4; has the greatest influence on the
stability of the overall system >4, since the factor before the
sum is 100 times smaller.

If only one truck is loaded and the other trucks have the
nominal mass m, = 20000 kg, then the platoon is stable, if
this vehicle has a mass that is smaller than 84 045 kg. If all
6 trucks (vehicles) are assumed to have the same mass, then
the maximum value for a stable platoon is m; < Mpax =
70739 kg. So ¥4 is always stable, since a fully loaded
truck (40000 kg) has a mass that is smaller than m.x.
The analysis can of course be extended to a larger number
of trucks.

VI. CONCLUSION

In the paper a method for analyzing the stability of
interconnected subsystems with similar dynamics has been
derived, that takes into account the structural properties of
the interconnection between the subsystems to reduce the
complexity of the stability proof. The stability analysis of
systems composed of identical subsystems is extended to
systems composed of similar subsystems. It shows that the
simplifications on the stability analysis of identical subsys-
tems based on a state transformation can also be applied
to the identical part of the decomposed overall system. The
stability condition in Theorem 1 gives a sufficient condition
for the stability of the original overall system. It is divided
into a necessary and a sufficient condition for the stability of
the interconnected nominal subsystems of the decomposed
overall system. Based on this, Theorem 1 also gives a
sufficient condition for the nature of the similarity of the
subsystems. Therefore, an upper bound for the deviation of
the subsystems from the nominal subsystems with identical
dynamics had to be determined. An application example
with symmetrically interconnected platooning vehicles has
demonstrated that these stability criteria can be used suc-
cessfully to prove the stability of subsystems with similar
dynamics.
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