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A max-plus based fundamental solution to a class of linear regulator
problems with non-quadratic terminal payoff

Huan Zhang'

Abstract— This paper studies a class of linear regulator
problem where the terminal payoff function is not necessarily
quadratic. The value function for this problem is generally not
quadratic and thus it can not be reduced to solving the cor-
responding matrix Riccati equation as for the standard linear
quadratic regulator (LQR) problem. The computational method
of direct iteration using the dynamic programming equations is
computationally expensive. In this paper, a new computational
method based on max-plus techniques is developed for this
problem which is demonstrated to be more efficient and more
accurate. In particular, three max-plus fundamental solutions
are obtained which can be used as the kernel of max-plus
integration with respect to the max-plus dual of the terminal
payoff to generate the value function of the linear regulator
problem.

I. INTRODUCTION

The Linear Quadratic Regulator (LQR) problem [2], [4]
is one of the most well understood and most widely applied
optimal control methods. In its standard formulation, the
running cost is a quadratic function on both state and control
variables and the terminal cost function is quadratic on state.
The value functions (both finite horizon and infinite horizon)
are quadratic on state. The Hessian matrices that define these
value functions are the solutions of the associated Differential
(Difference) Riccati Equations (DRE) in finite horizon or the
stabilizing solution of the corresponding Algebraic Riccati
Equation (ARE) in infinite horizon. These solutions can
be computed very accurately and efficiently. However, the
method of solving the LQR problem via solving DRE and
ARE fails when the terminal cost function is not quadratic.
In this case, the value functions are not necessarily quadratic
so that they can not be characterized by their Hessian
matrices. A method using direct iterations on the iterative
equation derived from dynamic programming can be used
to compute these value functions. However, this grid based
method of direct iteration on dynamic programming equation
is computationally expensive and limited to low dimensional
problems.

This paper develops a more efficient and more accurate
method for computing the value function of a linear regulator
problem with non-quadratic terminal payoff functions. The
method is inspired by the idea of max-plus fundamental
solutions introduced in [13]. The development of numerical
methods for optimal control problems based on max-plus
techniques is relatively recent [1], [3], [5], [9], [11], [12],

 Zhang and Dower are with the Department of Electrical and Electronic
Engineering, University of Melbourne, Melbourne, Victoria 3010, Australia.
Email: {hzhang5, pdower}Qunimelb.edu.au. This research is sup-
ported by grants FA2386-12-1-4084 and DP120101549 from AFOSR and
the Australian Research Council.

978-3-952-41734-8/©2013 EUCA

Peter M. Dower!

[13]. A key property that makes the max-plus algebra an
attractive tool in solving optimal control problems is that
the dynamic programming evolution operator associated with
an optimal control problem is a linear operator over max-
plus algebra. As a consequence, the value function of an
optimal control problem satisfies a max-plus linear operator
equation derived from the dynamic programming principle
(DPP). Thus linear methods can be applied to solve these
equations. In particular, they admit max-plus fundamental
solutions. In general, these fundamental solutions can be
complicated and difficult to compute. However, in the LQR
situation, they are quadratic functions with the set of basis
functions chosen to be quadratic functions as shown in [13].
The Hessian matrices defining these max-plus fundamental
solutions can be computed efficiently and accurately. The
fundamental solutions are independent of the terminal payoff.
The value functions for a linear regulator problem with any
non-quadratic terminal payoff can be conveniently obtained
by performing a max-plus integration on the max-plus dual
of the terminal payoff with the fundamental solution as the
kernel.

The fundamental solutions are determined by the linear
dynamics, the quadratic running payoff and the max-plus
basis used. Besides the quadratic basis functions in [13],
this paper identifies two other max-plus basis function sets
for the linear regulator problem. It is shown that these two
new fundamental solutions are also quadratic so that they
can be computed efficiently. One consists of linear functions
which are max-plus basis functions for the max-plus vector
space of convex functions. The other consists of impulse like
functions which can be regarded as the limit situation of the
concave quadratic max-plus basis function of [9], [11], [13].
The max-plus fundamental solutions in these three spaces are
developed in a unified fashion. Examples are presented to
show the computational advantage of these max-plus based
computational method over the direct DPP based iteration
algorithm.

II. OPTIMAL CONTROL PROBLEMS AND MAX-PLUS
VECTOR SPACES

Consider a discrete time linear system

Trar1 = Axy + Bwy, To = T. (1)

Here, x;, € R"™ wy € R™ denote the state and input
variables, all defined for k € Z>g. Here Z>o denotes the
set of all non-negative integers. A € R"*", B € R"*™
are constant real matrices. Assume rank(B) = m < n and
[A, B] is controllable.
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Define an optimal control problem over time [0, K]

Wi () = 2

sup

Jr (@5 wio, k1))
wio, k —1]E(R™)K

with total payoff given by

K-1

1
Ji (z;wp, 1)) = Z (a:{@xk - 272wkka> + U(zk).
k=0
3)

Here ® € R™*™ is symmetric and semi-positive definite, i.e.
o = o7 >0,7v>0and ¥ : R®” — R is the termimal
payoff.

Application of standard dynamic programming leads to
the following iteration for the value functions W

Wigi(z) = sup { #7®zx — 372w w + Wi (Az + Bw) },

weR™
“)
WO (l‘) = \I/(Z‘)

Where the terminal payoff W is quadratic of the form ¥ (z) =
22T Az, x € R" with A = AT > 0, the value functions are
quadratic W, (z) = 327 Pz, « € R™. This allows to reduce
the one-step dynamic programming equation (4) to the matrix

Riccati difference equation for Py,

Poy1 =20+ ATP.A+ ATP.B(v*I — BT P,B)"'BT P A
)
Py = A.

This paper is focused on the situation where the terminal
payoff function is not necessarily quadratic. In formalizing
the restrictions on the terminal payoffs, define a hierarchy of
three function spaces B! C B2 C A2 as

B! = {(;5 € B\ ¢is convex} ,

@f = {qﬁ c B¢ is semi—convex} , ©)
dece Rsit.

7= {0 SR | o) <l

for all x € R"

It can be shown that all three spaces are max-plus vector
spaces in the sense

VacER 1,00 € B = a®@¢ &y € Bi=1,2,3.

Here the max-plus additioin & and max-plus multiplication
® are defined to be a ® b = max{a,b} and a @b =a+b
for a,b € R™.

Assumption 2.1: There exists an v € R and at least one
1 € {1,2,3} such that the terminal payoff U satisfies U €
B

For non-quadratic terminal payoff functions, the value
functions W}, are not necessarily quadratic. So (4) cannot be
reduced to the matrix iteration (5). This implies an expensive
computation for Wy, using direct iteration (4) for large k.
This paper develops a characterization and computation of
W, using the method of max-plus fundamental solution [13].

Three fundamental solutions will be developed for each space
At,i = 1,2,3. The max-plus fundamental solutions in space
%’f was formulated and studied in [13] for continuous time
LQR problem.

In each max-plus vector space %%, = 1,2,3, a max-plus
duality relation exists in the form

~ . EB ~ .
o) = max {$(z) + vi(@)} = | (z) @ vi(@)dz (D)

z e RTL ]R'n

for any ¢ € % and the max-plus dual $:R" 5 R~ is

é(2) = — max {v(2) — ¢(x)} ©)
@ .
=/ PL(z) © (—o(x))da.
Here, the parametrization functions ¢¢ : R® — R~ for
spaces A.,i =1,2,3 are given by
vi(2) = 2"z,
1
V2 (z) = —5(:[; — )Mz —2), M=M" >0, (9

Vi) =6z - 2),

where
. 0,
o ={

o0,

y =0,
y # 0.

The duality in 8! is the well-known convex duality. The
semi-convexity duality in %82 was first proved in [8] and
was used in a series of papers [9], [10], [11], [12], [13] in
developing max-plus based numerical methods for optimal
control problems. The duality in %2 can be verified directly

$(z) = — max {6(z — 2) = d(2)} = ¢(2).
That is, the max-plus dual of ¢ € £2 is ¢ itself.

III. MAX-PLUS FUNDAMENTAL SOLUTIONS
A. Max-plus linear operators

Define operators Sy, for k € Z( recursively

Skt10 = S1(Sk9)
where S is defined explicitly for ¢ € #¢,i =1,2,3

(S19)(z) =

(10)

sup
weR™

{xT@x - %Wngw + o(Az + Bw)} .
1D

In terms of Sy, the value function W of (2) is given by
Wi(x) = Si[P](z),V « € R™ The next result shows
the conditions under which the spaces %%,i = 1,2,3 are
invariant with respect to the family of evolution operators
Sk, ke ZZU'

Theorem 3.1: There exist o > 0 and vy > 0 such that
Wy =8V € Bl k € Z>o,i=1,2,3 when ¥ € £ i =
1,2,3 for all & < &( and v > .

It can be shown as in [11] that Sk, k € Z~o are max-plus
linear operators

Sk(a® ¢1 © ¢2) = a ® S © Sk
for all a € R™, 1,0 € BL,i = 1,2,3.
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B. Max-plus fundamental solutions

The max-plus linearity of the operator S implies a
representation and computation of Wj, of (2)

Wite) = 6 @) = (s ([ F@ 0tz ) )

@ ~ . .
= /}Rn U'(2) @ (Spvl) (z)dz.

Here, Ui(z) = — fngi Yi(z) ® (—¥(x))dz is the max-plus
dual of the terminal payoff (initial condition of the iteration
(4)) in space %:,i = 1,2, 3. Hence, given the parameterized
function

n

(12)

Sk(w,2) = (Skt) (@),

the value functions Wy, = SyW, k € Z~( can be computed
from the dual of the terminal payoff ¥ € %! via performing
a max-plus integration (12).

Fast computation of the function Si,k € Zsq (13) is
critical to the computation of the value function Wy, via (12).
It has been shown that S?, k € Z~ are qudratic functions in
[13]. A an observation is that the functions S};,i = 1,3 are
also qudratic as a consequence of the linear dynamics (1),
the qudratic running payoff in (3) and the specific choices
of the max-plus basis functions (9). It has also been shown
in [6], [7], [13] that it is more efficient to compute SL via
its max-plus dual

13)

®
B} (y,2) = —/ Yy, (2) ® (=S (7, 2))dw (14)
Rn
since a particular doubling algorithm can be developed for
the propagation of BY in time horizaon k € Z~o. When B{,
is computed, the function SZ is recovered by the

Si(x,2) = / Bi(y,2) ®¢i(e)dy.  (15)

n

The functions By ; of (14) can be used to define a
fundamental solution semi-group

By ()= [

Byi(y,2) ® aly) dy,
which propagates the dual of the value functions (2) [6], [7],
[13].

It can be shown that if the functions S (z, z) are quadratic
in R™ x R™, then the corresponding max-plus dual B (y, z)
is also a quadratic function in R™ x R” for all ¢+ = 1,2, 3,
and vice versa. In this case, the computation of the max-plus
duality (15) and (14) can be reduced to transformations on
their Hessian.

Define maps I'? : R2"%27 s R2nX27 for 4 = 1,2, 3

11y—1 _(Ol1\-1912

Fl(g) = [ 7@(2?(@)11)71 @21(@(1(?)73@1?7 @22 :| )

(16)

2o | M@OY 4 M)'M — M
(o) = [ —e(e! £ M) 'M )
_M(ell +M)_1@12
@21(@11 + M)—1@12 _ @22 ’
re) = -o.

Here, M > 0 is the maxtrix defining the basis 12 in (9).
It is required that ©'! is invertible for I'' and O + M is
invertible for I'2. It can be verified directly that

0 =TYT%@)) =T oTI(O)

for any allowed O, that is, I? o I = I.
Theorem 3.2: Suppose Si(z,z) and its max-plus dual
Bi (y, z) are quadratic in the form

p 1| z T x
Si(x,2) = 3 |: . :| Qk.i |: . :| (18)
and
_ 1 T
Bl =g | Y] ew| Y] a9

in which Q,; € R2”X2”,6kﬂ- € R>?" k€ Zvy,i =
1,2, 3. Then, Qi,; and Oy ; are related

Or,i = I"(Qr,i), Qr,i =T"(Ox). (20)

To obtain the dynamics for O, k € Z+(, define a matrix

operation [13] Q = ©; ®Q;, for Q; € R*?", Q; = QT j =
1,2 with

Qi 12
Qj:[Qjﬂ Q%.?]’ QP+ >0
J J
to be

Q=0 ® 0 21
. Q%l 0 :| |: 9%2 :| 22 11\—1 21 12
= — Q7“4+ Q Q7 Q57.
0 e || oh |@Erapen ap

The following theorem gives the dynamics of the max-
plus dual B} which has the same form for i = 1,2, 3. The
case for ¢ = 2 is proved in [13].

Theorem 3.3: Suppose B};j for j = 1,2 and i = 1,2,3
are quadratic functions in the form

i _ L1y g ellcjz @1151 Yy
Blcj (yvz) - _5 |: P :| |: Gi},z @if,i P ) (22)

for j =1,2,i=1,2,3. Then, B}, are quadratic

T
; 1 @11 ; @12 ;
Bk1+k2(y7z) = _5 |: Y :| |: §i+k27 ®§é+k2’ :| |: Y :|

z ®k1+k2,i ki4ko,i z
where o o1
R R ol
k1+ko,i k1+ko,i
is given by

Oky4koyi = Oy i ® Op, 4. (23)
Theorem 3.3 implies Oz ; = Of; ® O ; for any k €
Z>0. Thus, it takes k matrix @ operations to obtain Oy ;
from initial condition ©;;. When ©g ; is available, the
Hessian matrix (Qox ; characterizing the fundamental solution
is obtained Qqr ; = Fi(®2k7i). It is left to obtain the initial
condition ©;; for the iteration (23) for different spaces
which is the content of the next section.
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C. Initializations for max-plus fundamental solutions

This section presents the initial conditions for the iterations
for the matrix sequence ©y, ; in (23) of Theorem 3.3.

Theorem 3.4: The matrix ©, ; that defines the function
Bl in (14) is given by

1@ 1 1 (I) 1 AT

91 1= %A(I) 1 1A(I) 1AT —QBBT (24)

Theorem 3.5: The matrlx O 2 that deﬁnes the function
B? in (14) is given by

O12 =T%(Q1,2) (25

with

ATAA+20 —ATA
Q1,2 - |: —AA A :| 9 (26)
A= MBI +B"MB)'B"M — M.
For space %2,

Bi(y,2) = Si(y, 2)

k—1 1
= sup Z (ijfImj _ 2,72wjrwj> T =2

Wio,k—1] j=0

That is, B{(y,z) is the optimal control problem (2) with
constraints xy = y and x; = z. Denote

Ak(y7 Z)

the set of controls wjy ,—1) = (wo, w1, -+ ,wg_1) that steer
the initial state from xy = y to final state x;, = z. To obtain
a quadratic function B} (y, z) on R™ x R™, it is necessary
that Ay (y, z) # 0 for any (y, z) € R™ x R™. Different cases
are considered.

1) Case 1: m = n: In this case, B € R™*"™ invertible
under the assumption that B has full collum rank, then

Ai(y,z) = {wy € R™ |wg = B~ (Ay — 2)} .
Theorem 3.6: Suppose B is invertible, the matrix ©1 3
defining B} of (14) is given by

o . _ [ —22+?AT(BBT)71A
1,3 = 7,)/2(BBT)71A

= {wjo,k—1]|T0 = Y, Tk = 2 subject to (1)} (27)

(28)

—’}/QAT(BBT)_l
V(BBT)!
(29)
2) Case 2: n > m,m = 1: In this case, Ap(y,z) #
0, & > n for all (y,z) € R™ x R™ since system (1) is
assumed to be controllable. Denote

Xo wWo I
T w1 _ A
T = , W= , A= ,
LTn—1 Wn—1 An—l
0 0 - 00
B = AB B 0 O , (30)
A"2B A"3B ... B 0
C=[A" 1B A"'B,---  AB,B],
o = diag(®, ®,- - , D).

Using these notation,
T = Ay + Bw, z= A"y + Cw.
Here zg =y, x, = 2. -
In the case m = 1, C € R™*™ is invertible. Thus,
An(y,z)={weR"|w=C""(z—A"y)}.

Theorem 3.7: Suppose n > m = 1, the matrix ©,, 3 that
defines the function B3 of (14) is given by

€29

Ons = (32)
{ —2RT®Ry +7*RI Ry —2R{®Ry+ 7RI Ry
—2RTO®R, +y?RTR; —2RT®R, ++2RI'R,
with
Ri=A—-BC™'A" R,=DBC™!,
=—C7'A", Ry=C"1. (33)

3) Case 3: n > m,m > 1: In this case, rank(C) =
n since (A, B) is controllable. So A, (y,z) # @ for any
(y,z) € R™ x R™. The following result is needed to obtain a
characterization of A, (y, z). For a matrix M € RP*?, denote

Im(M) = {Mv|v € R?}. (34)

Im(M) is a subspace in R? with dimension rank(}).
Lemma 3.8: Suppose M € RP*P, rank(M) = r
Then, there exists a matrix D € RP*" with rank(D)

such that

< p
=r

- Im(M) = Im(D).
Since C' has full rank, A, (y, z) can be characterized
An(y,2) ={w e R |z — A"y = Cw}
_ {CF (e - A+ (I - CHC)
Here O = CT(CCT)~ € R™*™ is the Moore-Penrose
pseudoinverse. Here I — CtC € R™"*™" may not invert-

ible. Suppose rank(/ — C*C) = r < mn, from Lemma 3.8,
there exists D € R™™*" with rank(D) = r such that

(35)

(36)
| € R™™}

{-CctC)w|lweR™} ={Duw|weR"}. (37
Thus A, (y, z) is characterized
An(y,z) ={(z— A"y) + D |w e R"}. (38)

Theorem 3.9: Assume n > m,m > 1, the matrix ©, 3
that defines the function B3 of (14) is given by

®n,3 =
2RI OR, + 7 ) Ry
—2RT®R; ++?RI R3
with

T, = 2D®(A — BCHA™) + 420+ A,

(39)
—2R{ @R, + 2R Ry
—2RT®Ry +v?RI Ry

I, = 2D®BCT —?DCT, Q= DT(2BT®B — ~*I)D,
Ry =A— BCYA™ — BDO 11, (40)
R, = BCt — BDQ™'11,,

=CTA" + DQ 'y, Ry =—-CT + DO 'l,.
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IV. EXAMPLES

Equation (12) gives a formula to compute the value
function Wy, of (2) using the functions Si (z, z) and the max-
plus dual U?(z) of the terminal payoff W(z). The functions
Si,k € Z~¢ are quadratic and characterized by the matrix
Qk,; which can be obtained from the matrix ©y ; via the
operators I'* of (17). The matrix sequence Oy ; is obtained
using the matrix operations O, 4k,,; = Ok, ;®Oy, ; of (23).
Thus the computation of the fundamental solutions is reduced
to matrix operations which is fast. The main computation
of Wi, via (12) is concentrated on the computation of the
max-plus dual ¥? and the maximization in (12), which is
independent of the control horizon. This implies the amount
of computation using max-plus fundamental solution method
increases very slowly with respect to time k compared to the
direct iteration method using dynamic programming equation
(4) in which the computation increases linearly with time. It
can be expected that significant computational time saving
can be achieved using max-plus fundamental solution method
over direct iteration on the dynamic programming equation
especially when the control horizon is large. This example
demonstrates this computation advantage of the max-plus
fundamental method in ;.

Consider a control problem with data

01 0 0.1 0.5 0.1
A_[O.Q 0.1]’3_[0.03]"1)_[0.1 1 ]

The terminal payoff is taken as a quadratic function ¥(z) =

. 1 0.2
1,7 _
so° Ar with A 02 05

quadratic terminal payoff function to demonstrate the speed
advantage of the max-plus fundamental solution is that the
actual value function Wy (z) can be approximated rather
accurately using the Riccati difference equation (5). Figure 1
is the function Wy () computed using the DRE (5) which is
taken as the actual value function (2) for this optimal control
problem.

. The reason of using a

0.
2 R e - 4
0 e — 2
X > e 0
2 2 2 X,
4 4
Fig. 1. Value

Now compute the same value function using direct dy-
namic programming equation (4) and the max-plus funda-

mental solution (12) on a bounded domain B = [-3 3] x
[-3 3]. The comparison is the time needed to obtain
the approximate function using the two methods with the
requirement that the obtained functions are within a specified
error level with respect to the “actual” value function in
Figure 1. Here, the error of a function Wg4 with respect
to the value function Wg4(2) is defined by

e = sup {|W64(x) — W64(:v)|} ,
reEB
where the set B = [~1 1] x [=1 1]. A smaller region B
is chosen to compute the error in order to reduce the errors
caused by the boundary approximations in using the direct
iteration method. The allowable error bound is taken to be
0.1 in this example.
Figure 2 depicts the error function

Ej(x) = [Wea(w) — Wiy(2)],5 = 1,2

with We4 as shown in Figure 1 and Wg;, j = 1,2 de-
note the approximations using direct DPP iterations and
max-plus fundamental solutions methods with grid sizes
0.1 and 0.3 respectively. By observation, the error using
direct DPP iteration is much larger than the error with
max-plus fundamental solution. Using the definition of the
error e; = max,cp5 Ej(x),j = 1,2, the error for the
direct DPP iteration method e; = 0.08 and the error for
the max-plus fundamental solutions e, is almost zero. An
explanation for the smaller error using max-plus method is
that the computation of the fundamental solution matrices
Q1 is almost error free since no approximation is involved.
So the fundamental solutions can be accurately computed.
Errors due to state-space discretization arise only on the
computation of the max-plus dual of the terminal payoff and
compute the value function using (12). While in the direct
DPP iteration method, there are errors caused by state space
discretization in every step iteration.

Panel (a) in Figure 3 shows the time used to obtain the
approximate solution W7 using the max-plus fundamental
solution. The time used to compute an approximate solution
W2,k € [1,128] is divided into 2 parts. The first part
is the time used to compute the max-plus dual of the
terminal payoff and compute the value function W7 using
the fundamental solution via (12) at the end. The time of this
part is fixed for all k£ and is 2.7961 seconds in this example.
The other part is the time used to compute the quadratic
fundamental solution Hessian ()1 by the matrix iteration
(23). In using (23) to compute Q1 for k € [1,128], first
write k in binary form k = [b1by---b,,] with b; € {0,1}
such that by = 1 and k = by X 2PF—1 4 by X 2Pk—2 4 ... 4
by, x 2°. Denote the number of bits which are b; = 1 in
the string k& = [b1ba - - - by, ] to be ny. Also denote the time
needed to perform the matrix manipulation 2, ® Q5 for two
matrices 1, Qs € R*** to be 7. Then, the time needed to
compute the matrix ) ; according to iteration (23) is given
by ¢t = ((px — 1) + (ng — 1))7. The function ¢, is shown in
panel (a) of Figure 3 although the variations are very small
because T is very small.
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(b) Error using max-plus fundamental solution

Fig. 2. Errors in approximations

Panel (b) of Figure 3 depicts the comparison of the time
used to compute the approximate value functions using direct
DPP iteration and the max-plus fundamental solution. As
expected, the time needed for the direct iteration method
increases linearly with respect to control horizon k. While the
time needed using the max-plus fundamental solution method
does not increase appreciably with respect to the horizon
of the problem. Thus the max-plus fundamental solution is
particularly useful in computing value functions with large
horizon.

V. CONCLUSIONS

An efficient computational method is developed for solv-
ing linear quadratic optimal control problems with non-
quadratic payoff functions. The max-plus linearity property
of the corresponding dynamic programming evolution op-
erator is exploited to obtain max-plus fundamental solu-
tions through which the value functions can be computed
conveniently for any non-quadratic terminal payoff. The
computation of the max-plus fundamental solutions are re-
duced to matrix iterations which can be computed efficiently
and accurately. An example is given to demonstrate the
performance of the proposed methods.
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