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Abstract— Regulation is a costly aspect of power system
operation, which has long been inadequately and inconsistently
incentivized via ill-formulated pricing schemes, as recently
acknowledged by regulators. We propose a pricing formulation
in which regulation prices are the optimal dual multipliers or
costate of an optimal control problem. More precisely, we use
the linear quadratic regulator to formulate a regulation pricing
policy. We then construct a Vickrey-Clarke-Groves mechanism
to induce honest participation among selfish agents. We apply
the formulation to a scenario combining traditional frequency
regulation and the California Independent System Operator’s
Flexible Ramping Product.

I. INTRODUCTION

In a recent ruling, the Federal Energy Regulatory Commis-
sion mandated that current frequency regulation payments
be improved so that “providers of frequency regulation
receive just and reasonable and not unduly discriminatory
or preferential rates” [1]. While practices vary across ISOs
and RTOs, regulation providers have commonly received a
capacity payment followed by a market price payment for
the net energy they transact through regulation. The new
ruling indicates that the latter component does not adequately
capture the cost or quality of regulation provided. ISOs
have responded by introducing various forms of mileage
payments, in which providers are payed in proportion to the
integral of some norm of the regulation signal rather than
just its integral [2].

While such formulations do better account for the total
amount of regulation provided, they do not incorporate
dynamic couplings and network effects or the local value
and costs of regulation. To address this shortcoming, we
revisit an idea from [3] in the context of regulation payments.
Specifically, we propose using the optimal control costate as
a price for regulation. Similar pricing schemes have been
proposed in [4]–[6], and the volatility of such scenarios has
been investigated in [7]. In the past, our approach could
only have been of theoretical interest because any system
level feedback control required state information that was
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not centrally available at the time. However, synchophasors
now overcome this shortcoming [8].

We consider prices associated with the linear quadratic
regulator (LQR), which itself has long been well known
to power systems [9], [10], but was also formerly unim-
plementable due to communication limitations. Indeed, the
LQR is the solution to a convex optimization problem in the
same sense as economic dispatch, and its associated dual
multipliers admit price interpretations similar to locational
marginal prices [11]. A novel insight of this work is that
because the LQR is the analytical rather than numerical
solution of an equality constrained quadratic program, the
prices are a linear function of the system state, and thus
constitute a linear pricing policy.

The cost and value of regulation is the private information
of selfish agents, and thus constitutes a potential venue for
gaming and market power. However, any framework that
accounts for systemic costs and benefits must rely on such
information, as with the dependence of economic dispatch
on supply functions and their attendant strategic interaction
[12]. To counter strategic behavior, we construct a Vickrey-
Clarke-Groves mechanism, which makes truthful revelation
of private information a dominant strategy [13]. A similar
approach is applied in [6] to induce honest reporting of
dynamic costs.

The formulation mechanistically applies to any dynamic
scenario, and can thus unify different dynamic services such
as voltage and frequency regulation. In an example, we apply
our approach to a regulation scenario containing traditional
frequency regulation and the California Independent System
Operator’s new “flexible ramping product” [14].

II. OPTIMAL CONTROL

A. Notation

Let xi ∈ Rni , ui ∈ Rmi , and define x ∈ Rn, n =
∑
i ni

and u ∈ Rm, m =
∑
imi to be xi and ui respectively

stacked column-wise. Let their associated cost matrices be
denoted Q ∈ Rn×n and R ∈ Rm×m, with terminal costs
denoted by a superscripted T . The state transition and control
input matrices are given by A ∈ Rn×n, B ∈ Rn×m. The state
disturbance is denoted w ∈ Rn with covariance W ∈ Rn×n.

We use single subscripts to denote column blocks of a
matrix and double subscripts to denote diagonal blocks; for
example, Bi ∈ Rn×mi and Bii ∈ Rni×mi are the ith column
block and the ith diagonal block of B, respectively. We
assume that Qij = 0 and Rij = 0 for all i 6= j.

To reduce notation and because many of the following
expressions are found in standard optimal control textbooks,
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we suppress time indexing of dynamic quantities whenever
it would be generically t.

B. The classical linear quadratic regulator

Consider the controllable LTI system

ẋ = Ax+Bu+ w, w ∼ N (0,W ), x(0) = x0 (1)

and the objective

J = min
u

1

2
E
∑
i

∫ T

0

(x′iQiixi + u′iRiiui) dt

+ xi(T )QTiixi(T ). (2)

The optimal control policy is given by

u = −R−1B′Px, (3)

where P ∈ Rn×n is the solution to the matrix Riccati
equation

Ṗ+A′P+PA−PBR−1B′P+Q = 0, P (T ) = QT . (4)

Lemma 1: The optimal control policy (3) is attained if
each agent i independently solves

min
ui

1

2
u′iRiiui − (x′PB)iui. (5)

Proof: Differentiating (5) gives the result.
Remark 1 (Lagrangian duality): Lemma 1 can be

straightforwardly derived using Lagrangian duality,
paralleling standard locational marginal pricing [11] and the
development of [3].

At optimality, the expectation of (2) may be written

TrP (0)m0m
′
0 + TrP (0)X0 + Tr

∫ T

0

PWdt.

We will require similar expressions for generic objectives
and dynamics. Suppose that the state evolves according to
Φ ∈ Rn×n. Let the state’s mean and covariance be m ∈ Rn
and X ∈ Rn×n, which evolve under Φ as

ṁ = Φm, m(0) = 0 (6)
Ẋ = ΦX +XΦ′ +W, X(0) = 0. (7)

Lemma 2 ( [15]): Define

Λ(Φ,Ψ) = eΦ′(T−t)ΨT eΦ(T−t)

+

∫ T

t

eΦ′(T−τ)ΨeΦ(T−τ)dτ,

which is the solution to the Lyapunov differential equation

Λ̇ + ΛΦ + Φ′Λ + Ψ = 0, Λ(T ) = ΨT . (8)

Then

1

2
E

[∫ T

t

x′Ψxdt+ x(T )′ΨTx(T )

]
= Tr

∫ T

0

Λ(Φ,Ψ)Wdt.

III. ECONOMIC INTERPRETATION

A. Pricing regulation

The objective (2) represents resource costs, for example
factory production losses, battery life degradation, or fuel
consumption. As in [3], Lemma 1 has a pricing interpreta-
tion, which motivates the following definition:

Definition 1 (Pricing policy): The quantity (x′PB)i is
agent i’s locational marginal regulation price.
This price has a number of desirable properties:
• It supports a competitive equilibrium, which is the LQR

control policy.
• It is a pricing policy that is valid at any system state.
• It is valid under zero mean Gaussian disturbances due

to the certainty equivalence of LQR.
• It is valid if x is estimated using a Kalman filter due to

the separation principle.
While prices are often used in other contexts to actively

moderate supply and demand [16], here we are not exclu-
sively suggesting that regulation be provided in response
to a price, which may be unrealistic at the time scales
frequency excursions occur over. Rather, (x′P )iBii could
also determine a regulation provider’s ex-post settlement, so
that they ultimately receive∫ T

0

(x′PB)iuidt, (9)

where x and u are the actual state and control trajectories in
[0, T ].

Remark 2 (Non-LQR control): In (9), ui can be any con-
trol chosen by agent i, rather then exclusively the LQR
control policy (3).

B. The value of regulation

We now use Lemma 2 to evaluate various costs asso-
ciated with regulation. We consider realized and expected
quantities, in the case of the latter assuming that the LQR
policy is employed by each agent, i.e. u = −R−1B′Px. In
this section we only consider instantaneous quantities, the
integral of which yields corresponding ex-post quantities.

Define F = A−BR−1B′P , U = PBR−1B′P , and Uii =
PBiR

−1
ii B

′
iP . Let Q0

ii ∈ Rn×n be equal to Qii on the ith

block of its main diagonal and be zero elsewhere. To simplify
our exposition, we also assume that the system begins exactly
at its equilibrium point so that m0 = 0 and X0 = 0.

Consider for example the expected instantaneous regula-
tion payment to agent i:

1

2
Ex′Uiix.

Lemma 2 tells us that it is given by the following definition:
Definition 2 (Cost of regulation): The expected and ac-

tual regulation payments to agent i are

ρi = TrΛ (F,Uii)W and
ρ̂i = (x′PB)iui.

We may proceed similarly for other quantities of interest.

3033



Definition 3 (Benefit of regulation): The expected and ac-
tual reduction in agent i’s operating cost due to regulation
are

νi = Tr
(
Λ
(
A,Q0

ii

)
− Λ

(
F,Q0

ii

))
W and (10)

ν̂i = Tr
(
Λ
(
A,Q0

ii

)
W − x′Q0

iix
)
. (11)

Now consider the contribution of disturbances from agent
i to the cost of regulation. The total cost of regulation may
be written

TrΛ (F,U)W =
∑
i

TrΛ (F,U)iiWii

+2
∑
j 6=i

TrΛ (F,U)ijWij

The first summation may be unambiguously divided index-
wise among the agents, but a sharing rule must be defined
for the latter. A naive scheme is to attribute TrΛ (F,U)ijWij

each to agents i and j, yielding the net contribution
TrΛ (F,U)

′
iWi; this however may disproportionately pe-

nalize small disturbance sources for being correlated with
larger disturbance sources. We instead suggest the following
measure:

Definition 4 (Expected cost of disturbances): The
proportionally fair expected cost of disturbances from
agent i is

µi = TrΛ (F,U)iiWii

+2
∑
j 6=i

TrWii

TrWii + TrWjj
TrΛ (F,U)ijWij . (12)

Because the disturbance vector w does not appear ex-
plicitly in (2) and because the actual trajectory may not
correspond to the idealized system dynamics, we cannot
give an exact expression for µ̂i, but rather use µi to design
statistically correct payments. If we assume a symmetric
imbalance fee γi, we should have∫ T

0

γiE |wi| dt =

∫ T

0

µidt. (13)

The imbalance fee may either be time-varying or constant,
which respectively yield

γi =
µi

E|wi|
and γi =

∫ T
0
µidt∫ T

0
E |wi| dt

, (14)

where

E|wi| = 2

√
2Wii

π
.

Definition 5 (Imbalance cost): The actual imbalance-wise
cost of disturbances from agent i is

µ̂i = γi |wi| . (15)

IV. DESIGNING MARKETS

We now address how to finance (9). We assume here that
the system operator is revenue neutral.

A. Payments

We respectively consider disturbance and regulation pay-
ments of the form

αφµi (µ̂) and (1− α)φνi (ν̂) , (16)

that satisfy

E
∑
i

φµi (µ̂) = E
∑
i

φνi (ν̂) = χ, (17)

where χ =
∑
i ρi and α ∈ [0, 1].

Definition 6: Agent i’s aggregate instantaneous cost is

Ĵi =
1

2
(x′iQiixi + u′iRiiui)− (x′PB)i ui

+αφµi (µ̂) + (1− α)φνi (ν̂) . (18)
We now discuss this payment.

• The parameter α determines what portions of (9) should
be paid by the disturbance sources versus the regulation
beneficiaries; determining the correct value of α is
outside of our current scope.

• We have not specified a particular payment structure
because no single format may be uniformly appropriate.
For example, if wind farms are to be directly account-
able for their intermittency, those producing larger dis-
turbances should pay more, and the proportionally fair
payment φµi (µ̂) = µ̂ is appropriate. On the other hand,
it could be difficult and contentious to audit household
demand variability, in which case the constant φµi (µ̂) =
χ/n is more appropriate. Similar analogies hold for
charging beneficiaries, where φνi (ν̂) = χν̂/

∑
i νi and

φνi (ν̂) = χ/n are the proportionally fair and constant
payments, respectively.

• Since neither of the latter two terms in (18) explicitly
depend on ui, the LQR competitive equilibrium is
supported by the local objectives Ĵi as with (5).

• Payments balance in expectation but not necessarily in
realization, placing the onus on the system operator
to absorb and potentially socialize temporary financial
imbalances.

B. Preempting strategic behavior

Qii and Rii are provided by selfish agents, for whom it
may be profitable to be dishonest. To counter such behavior,
we derive a Vickrey-Clarke-Groves (VCG) [13], which spec-
ifies an additional tax that depends on Qii and Rii, which
we assume are available at time t = 0.

Define

Ji = E

∫ T

0

Ĵidt

=

∫ T

0

TrΛ
(
F,Q0

ii + Uii
)
W − ρi

+E [αφµi (µ̂) + (1− α)φνi (ν̂)] dt,

and note that
∑
i Ji = J .
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Define R−i to be R with the ith row and column block
removed, and let P−i ∈ Rn×n be the solution to the Riccati
equation

Ṗ−i+A′P−i+P−iA−P−iB−iR−1
−iB

′
−iP−i+Q−Q0

ii = 0,

where

B−j = [B1, ..., Bj−1, Bj+1, ..., Bn]

u−j = [u1, ..., uj−1, uj+1, ..., un]′

F−i = A−B−i (R−i)
−1

(B−i)
′
P−i

Consider the LTI system

ẋ = Ax+B−ju−j + w,

and the objective

J−i = min
u−i

E
1

2

∑
j=−i

∫ T

0

(
x′jQjjxj + u′jRjjuj

)
dt

=

∫ T

0

TrΛ
(
F−i, Q−Q0

ii + U − Uii
)
Wdt.

Definition 7: Let (Qii, Rii), i = 1, ..., n be the pairs cost
matrices reported by each agent. The VCG tax for agent i is
given by

βi =
∑
j=−i

Jj − J−i. (19)

Lemma 3: Given the tax function of (19), truthful report-
ing of the matrices Qii, Rii is a dominant strategy for each
agent i.

Proof: Firstly, observe that the term J−i does not
depend on the matrices reported by agent i. Now, sup-
pose agent i reports

(
Q̃ii, R̃ii

)
that are different from

the true (Qii, Rii). Then, the locational marginal regulation
prices based on the mis-reported values will result in a
(socially) sub-optimal control policy and a net social cost
of J̃ =

∑
k J̃k ≥ J . Further, the tax for agent i would be∑

j=−i J̃j − J−i. Agent i’s net cost, J̃i + βi, would then be

J̃i +
∑
j=−i

J̃j − J−i = J̃ − J−i

≥ J − J−i. (20)

On the other hand, if
(
Q̃ii, R̃ii

)
= (Qii, Rii), then the

inequality in (20) would become an equality. Therefore,
truthful reporting is a dominant strategy for agent i.

Remark 3: Qii may be much harder to quantify than Rii,
in which case it is viable that only Rii be reported and that
Qii be set by a regulating body, i.e. an ISO.

V. EXAMPLE: FREQUENCY REGULATION

Renewable variability has increased need for active power
regulation resources that can make large adjustments to their
output levels over short time intervals. In recognition, the
California Independent System Operator has introduced a
“flexible ramping product” [14], in which ramping energy
and shadow prices are determined via optimal power flow
[17]. In this example, we consolidate conventional frequency
regulation and flexible ramping by appropriately defining the

control input, and numerically examine the ramping cost due
to variability.

Define ωi, θi, and ui to be the nominal frequency devi-
ation, voltage angle, and real power injection at bus i. We
regard ui as a state, and define the control input vi to be
the derivative of ui. Let I,D,H ∈ Rn×n respectively be the
identity matrix, a positive, diagonal damping matrix, and a
diagonal matrix of rotor inertias. Define

Lij =

{
bij i 6= j
−
∑
k bik i = j

, (21)

where bij ∈ R+ is the inductance of line ij. The linearized
system dynamics are given by ω̇

θ̇
u̇

 =

 −H−1D H−1L H−1

ω0I 0 0
0 0 0

 ω
θ
u


+

 0
0
In

 v +

 w
0
0

 , w ∼ N (0,W ).

One can straightforwardly verify that this system is control-
lable. Consider the objective

min
v

1

2
E
∑
i

∫ T

0

(ω′iQiiωi + u′iR
u
iiui + v′iR

v
iivi) dt. (22)

The first and second term are standard and penalize fre-
quency deviations and regulation power injections. The last
term is a ramping cost, and penalizes rapid changes in control
input.

If we naively apply the pricing scheme of Lemma 1, agent
i’s total regulation payment is

∫ T
0

(x′PB)ividt, which, if
all agents apply LQR, is equal in expectation to the third
term of (22). Agent i is thus being paid for their nominal
control action vi, but not the actual regulation they provide,
vi and ui. The inconsistency stems from defining ui as a
state rather than a control, implicit in which is the assumption
that agent i is not directly aware of its influence on the cost
u′iRiiui. A solution consistent with this assumption is to
simply also pay agent i

∫ T
0
u′iRiiuidt; indeed, since ui is not

a control variable, this retains all of the desirable properties
of the locational marginal regulation price, albeit in a narrow
technical sense. A perhaps more consistent solution is found
in discrete time, in which case the a control variable may be
incorporated into both the regulation and ramping term; this
will be explored in future work.

We may nevertheless examine some characteristics of our
approach in this example. We consider a nine-bus system
in which the ramping control input v is the LQR solution,
and prices are from the infinite horizon case. Parameter
values are given by ω0 = 120π, H = 8I , D = 5I , Q =
diag[1 2 3 1 2 3 1 2 3]/10, Ru = diag[3 2 1 3 2 1 3 2 1/10],
Ru = 2×diag[1 · · · 9], and W = diag[1 1 1 2 2 2 3 3 3]/100.
Line inductances are taken from the nine-bus test case in
MATPOWER [18].

Fig. 1 shows ramping control input, the corresponding
ramping price, and their product, the regulation payment, at
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buses two and seven for a sample disturbance trajectory. As
is easily shown analytically, the payment is always positive
if each bus employs LQR, but the price and optimal control
may be considerably different at different buses, as seen at
0.4 seconds.

0 0.2 0.4 0.6 0.8 1

−4

−2

0

2

4

B
u
s
 2

 

 
Control

Price

Payment

0 0.2 0.4 0.6 0.8 1

−1

0

1

B
u
s
 7

Seconds

Fig. 1. Ramping input, price, and payment at buses two and seven.

Fig. 2 shows the expected average regulation payment
and VCG tax for each bus on top and the expected average
disturbance cost and imbalance fee on bottom. The VCG tax
is smaller than the expected payment, but of the same order;
this is among many known issues with VCG mechanisms,
justifying further work in more practical schemes [19]. As
expected, the imbalance fee is proportional to the square
root of the expected average cost of disturbances, which is
desirable because it reduces the spread of imbalance fees
across buses.

VI. CONCLUSIONS AND FUTURE WORK

The ideas of [3] were premature at the time of introduc-
tion, but are ideally suited to the technological and economic
landscape of the power system today. In this work, we have
explored optimal control-based pricing in the context of cur-
rent regulation issues [1], [14]. By working within an LQR
framework and employing tools from mechanism design, we
have made the original approach considerably more versatile
and practical. The new formulation is desirable in that it
• Rigorously incorporates dynamic modeling,
• Is simple and scalable,
• Can consolidate formerly diverse regulation services.

1 2 3 4 5 6 7 8 9

−10

−5

0

5

 

 

ρ

β

1 2 3 4 5 6 7 8 9

5

10

15

Bus

 

 

µ

γ

Fig. 2. Top: Bus-wise expected payments ρ and VCG taxes β, bottom:
expected costs of disturbances µ and imbalance fee γ.

Future directions include the incorporation of dead-zones
and hard constraints, e.g. via hybrid control and constrained
linear quadratic regulation [20], non-Gaussian noise mod-
els for contingencies and other disturbances, and modeling
the state dependencies introduced by linearization about a
changing operating points.

ACKNOWLEDGEMENT

We thank Professors Pravin Varaiya, Shmuel Oren, and
Andrew Packard for helpful discussion.

REFERENCES

[1] Federal Energy Regulatory Commission, “Order no. 755: Frequency
regulation compensation in the organized wholesale power markets,”
Oct. 2011.

[2] CAISO, “Pay for performance regulation: Draft final proposal,” Cali-
fornia Independent System Operator, Tech. Rep., Mar. 2012.

[3] A. Berger and F. Schweppe, “Real time pricing to assist in load
frequency control,” Power Systems, IEEE Transactions on, vol. 4,
no. 3, pp. 920–926, Aug. 1989.

[4] M. Baughman, S. Siddiqi, and J. Zarnikau, “Advanced pricing in
electrical systems. i. theory,” Power Systems, IEEE Transactions on,
vol. 12, no. 1, pp. 489 –495, Feb. 1997.

[5] M. Ilic, P. Skantze, C. Yu, L. Fink, and J. Cardell, “Power exchange for
frequency control (pxfc),” in Power Engineering Society 1999 Winter
Meeting, IEEE, vol. 2, Jan. 1999, pp. 809 – 819.

[6] C. Langbort, “A mechanism design approach to dynamic price-based
control of multi-agent systems,” in Distributed Decision Making and
Control, ser. Lecture Notes in Control and Information Sciences,
R. Johansson and A. Rantzer, Eds. Springer Berlin / Heidelberg,
2012, vol. 417, pp. 113–129.

[7] M. Roozbehani, M. A. Dahleh, and S. K. Mitter, “Volatility of power
grids under real-time pricing,” Power Systems, IEEE Transactions on,
vol. 27, no. 4, pp. 1926 –1940, Nov. 2012.

3036



[8] A. Phadke, “Synchronized phasor measurements in power systems,”
Computer Applications in Power, IEEE, vol. 6, no. 2, pp. 10 –15, Apr.
1993.

[9] O. Elgerd and C. Fosha, “Optimum megawatt-frequency control of
multiarea electric energy systems,” Power Apparatus and Systems,
IEEE Transactions on, vol. PAS-89, no. 4, pp. 556 –563, Apr. 1970.

[10] C. Fosha and O. Elgerd, “The megawatt-frequency control problem:
A new approach via optimal control theory,” Power Apparatus and
Systems, IEEE Transactions on, vol. PAS-89, no. 4, pp. 563 –577,
Apr. 1970.

[11] F. C. Schweppe, M. C. Caramanis, R. D. Tabors, and R. E. Bohn,
Spot pricing of electricity. Kluwer Academic Publishers, Boston,
MA, 1988.

[12] R. J. Green and D. M. Newbery, “Competition in the
British electricity spot market,” Journal of Political Economy,
vol. 100, no. 5, pp. pp. 929–953, 1992. [Online]. Available:
http://www.jstor.org/stable/2138629

[13] N. Nisan, T. Roughgarden, E. Tardos, and V. V. Vazirani, Algorithmic
Game Theory. New York, NY, USA: Cambridge University Press,
2007.

[14] CAISO, “Flexible ramping products: Revised draft final proposal,”
California Independent System Operator, Tech. Rep., Aug. 2012.

[15] F. Lewis and V. Syrmos, Optimal Control, ser. A Wiley-Interscience
publication. John Wiley & Sons, 1995.

[16] A. Mas-Colell, M. Whinston, and J. Green, Microeconomic theory.
Oxford University Press, 1995.

[17] T. Wu, M. Rothleder, Z. Alaywan, and A. Papalexopoulos, “Pricing
energy and ancillary services in integrated market systems by an
optimal power flow,” Power Systems, IEEE Transactions on, vol. 19,
no. 1, pp. 339 – 347, Feb. 2004.

[18] R. D. Zimmerman, C. E. Murillo-Sanchez, and R. J. Thomas, “MAT-
POWER: Steady-state operations, planning, and analysis tools for
power systems research and education,” Power Systems, IEEE Trans-
actions on, vol. PP, no. 99, pp. 1 –8, June 2010.

[19] M. H. Rothkopf, “Thirteen reasons why the Vickrey-Clarke-Groves
process is not practical,” Operations Research, vol. 55, no. 2, pp. 191–
197, Apr. 2007.

[20] F. Borrelli, A. Bemporad, and M. Morari, Predictive control for linear
and hybrid systems. Cambridge University Press, 2011.

3037


