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Max-plus based computation of nonlinear £,-gain performance bounds
using a piecewise affine-quadratic basis
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Abstract— Nonlinear L£,-gain is a generalization of the well-
known finite Lo-gain robust stability property for nonlinear
systems. Computation of tight performance bounds associated
with this nonlinear L£,-gain property is key to avoiding con-
servatism in its application, for example in small-gain based
design. In previous work, a number of max-plus eigenvector
methods have been proposed to facilitate this computation.
Those methods have each employed quadratic basis functions,
which have been shown to lead to a specific computational
issue concerning continuity of the associated Hamiltonian. In
this paper, an alternative piecewise affine-quadratic basis is
proposed that allows the development of a refined max-plus
eigenvector method that avoids this computational issue.

I. INTRODUCTION

Recently, the notion of extensively investigated finite Lo-
gain property [10], [16], [17], for nonlinear systems has been
generalized to that of nonlinear Lo-gain property [5], [7],
[81, [18], [21], [22]. This nonlinear L£o-gain notion captures
more naturally the worst-case energy transfer property from
input to output of a nonlinear system. This notion also
arises naturally from the framework of input-to-state stability
(ISS) properties [15]. As is known that finite Lo-gain is
qualitatively equivalent to the ISS property [9], it has been
established in [6] that the nonlinear £5-gain is qualitatively
equivalent to the integral input-to-state stability (iISS) prop-
erty. One important issue in the research of nonlinear Lo-
gain property is the characterization and computation of tight
transient / gain bound, which is particularly important in the
application of nonlinear L£o-gain as a system analysis and
control design tool using small gain based design[6]. Various
computational methods [5], [7], [18], [19], [21] have been
developed to compute these nonlinear L£o-gain tight perfor-
mance bounds. In these methods, the essential point is that
the various tight performance bounds can be characterized
via the value function of an associated nonlinear constrained
optimal control problem. Thus, the issue of computing tight
bounds is transformed to one of approximating the solution
of the associate optimal control problem using numerical
method such as the approximating Markov chain method
[11].

Methods based on max-plus algebra have recently been
developed as a useful mathematical tool for solving nonlinear
optimal control problems [1], [4], [12], [13], [14]. The max-
plus eigenvector method [12], [13], [14] has been developed
for solving the nonlinear optimal control problem associated
with the nonlinear  .-control (linear finite Lo-gain) prob-
lem. There, applying the method of dynamic programming,
the value function is shown to be a fixed point of the
dynamic programming evolution operator which is a linear
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operator over max-plus algebra in a max-plus vector space
of semi-convex functions. By exploring a suitable max-plus
basis for this vector space, solving the fixed point problem
becomes a specific max-plus eigenvector problem of an
associated matrix. It has been demonstrated that the max-plus
eigenvector method is computational more efficient than the
approximating Markov chain method for specific problems
[14].

In [18], [19], the max-plus eigenvector method has been
applied to solve the constrained nonlinear optimal control
problem associated with the tight nonlinear Lo-gain com-
putation problem. In [18], a specific technical issue has
been shown to arise in the application of the method to
this particular class of nonlinear optimal control problem.
This issue has been further explored in [19] where a new
auxiliary problem formulation has been developed to alle-
viate the difficulty. The focus of this paper is to propose
a new solution to this technical issue. Here, exploitation of
additional property of value function leads to the use of a
set of piecewise affine-quadratic basis in approximating the
associated max-plus spectrum problem. It is shown that the
technical issue as identified in [18] and [19] using quadratic
basis functions can be avoided under the new set of max-plus
basis.

In terms of organization of the paper, the nonlinear Ls-
gain property of interest is recalled in Section II, along
with an associated optimal control problem from which gain
and transient bound estimates may be recovered. Section III
summarizes the application of max-plus eigenvector method
in the tight nonlinear £,-gain bound computation in [18],
[19] with the intention to illustrating the implementation
issue there. Section IV formulates the new max-plus basis.
Section V discusses the implementation under the new set
of max-plus basis, where it is shown that the technical issue
does not arise. A simple example is presented in Section
VI to illustrate the application of this method. Some brief
conclusions are provided in Section VII. Throughout, R
(respectively R>¢) is used to denote the set of all (non-
negative) real numbers and R”" the m-dimensional Euclidean
space. A function v : R>¢ — R>q is of class JZ if it is
continuous, non-decreasing, and satisfies y(0) = 0.

II. TIGHT BOUNDS OF NONLINEAR L5-GAIN AND
OPTIMAL CONTROL FORMULATION OF [21]

Consider a nonlinear dynamical system of the form
5. EO) = F2®) +g@)wt), 2(0) =, "
| 2(0) = h(z(t),
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where z(t) € R", w(t) € R® and 2(t) € R denote the
state, input and output respectively, all at time ¢ € Rx.
The input space, denoted by % is restricted to locally
square-integrable mappings from R>q to R®. The output
space & is similarly defined to be locally square-integrable
mappings from R> to R’ Let || - [y 04 and || - || 20,4
denote the Lo-norm on #[0,¢] and Z[0,¢] respectively,
where #[0,t] = Lo([0,t]; R*) and Z°[0,t] = L2([0,t]; RY).
Standard assumptions are imposed on functions f and g
in (1) in order to guarantee existence and uniqueness of
solutions given the initial condition z € R™ and input
weW.

Recalling [5], [7], [8], system (1) has nonlinear Lo-gain
with transient / gain bound pair (8,7) € J# x & if

1203027 < BUl) + (Il o) @

for all zx € R", w € #[0,T] and T" > 0. This reduces to
the conventional notion of linear £,-gain that arises in H -
control (e.g. [10], [16]) when ~(s) = 42s for some 7 € R>,.

For convenience, let II* C # x . denote the set of
all transient / gain bound pairs (3,~) for which system (1)
satisfies the nonlinear £5-gain property (2). Denote the set of
all transient bounds defined with respect to a gain bound v €
2 by B¥(v). Similarly, denote the set of all gain bounds
given a transient bound 8 € # by G¥(f3). That is,

B¥(v) = {B e X ’ (B,7) € HE} :
¢(3) = {rex | en).
Three specific quantities are of interest [21] when consider-

ing systems of the form (1) satisfying the nonlinear £,-gain
property (2), namely,

WO Zmp {lom | Vhorse® b,
3)
72 (€) = inf {W(é‘) ‘ 7€ GE(B)}, Bet st G B)£0,
4)
B(s) = inf {6(8) Be 52(7)}7 ve A st BE(y) £0.
o)

Here, 7, : R>9 — Rx>( of (3) captures a tight lower bound
for all gain bounds for which (2) holds, yf :Ryp = Ryxg
of (4) defines the minimum gain bound compatible with
transient bound 3 € %, while 87 : R — Rxq of (5)
is the minimum transient bound compatible with gain bound
vy e X [21].

It may be shown [21] that these quantities can be charac-
terized via the value function W : R” x R>o — R>g of an
optimal control problem, where

{nzn’f;g[o,n

(1) holds with }

W(x,&) = sup sup 2(0) = o

T20 [Jwl|2, 1 7 =¢

(6)

for all (x,&) € R” x Rx¢. In particular, it has been proved
in [21] that

Y (5) = W(07 5) ’ (7
12(s) = sup {W(a,5) = B(la)} (8)
Bl(s) = |81|1<p igg{W(wvﬁ) -8} ©)

for all s € R>q.

In further exploring a solution path for the optimal control
problem of (6), it is useful to consider a specific growth
property of W (0, -), i.e. the value function W evaluated at
x = 0. In particular, system (1) is deemed to be zero-state
small-input sensitive (0-SIS) with sensitivity pair (g9, 09) €
R2, if for all £ € (0,00) C Rxo,

W(0,8) = &0 €. (10)

The following lemma will be useful , the proof can be found
in [21].

Lemma 2.1: Suppose system (1) is 0-SIS with sensitivity
pair (g9,00) € R% . Then,

W(l"vf‘i‘n) - W(x7§) Z oM

for all n € [0,00), (z,£) € R™ X R>o.

To facilitate the application of max-plus methods in the
computation of the value function of (6), various techniques
have been proposed to lift the integral constraints in (6)
so that it is transformed into an equivalent unconstrained
optimal control problem [5], [7], [19]. In this paper, a
problem reformulation similar to that of [5] is used. Consider
the augmented system

(11

) [ (1) ] B { F@(®) + gla(®) () ]
»e £(t) —[w(t)? " (12)
y(t) = a(&(t) h(z(1)),
with initial state [ zgg; ] = { sg } € R™ x R, where o :
R — {0,1} is the sign indicator function
. J1 £€=0,
o) = { 0 £<0.

Using these dynamics, define the value function V' : R™ x
R — R>( of the auxiliary optimal control problem by

(12) holds,
V(z,&) =sup  sup < ylpor | 2(0) =2, 3. (13)
T>0wew[0,T] 5(0) =<

It is observed from the definition that
V(I‘,g) = 07 v (I,f) S R™ x R<0.

For £ € Ry, it is shown in [19] that W of (6) and V of
(13) are equivalent

W(x,&) =V(z,&), (z,8) € R" x Rxq. (14)
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Applying dynamic programming to (13) yields the dy-
namic programming principle (DPP)

V =R,[V], (15)
where R, denotes the DPP evolution operator defined by
|2 (12) holds,
R p)(x, &) = sup Z10,7] z(0) = =z,
(Rr 0 < 500\ +ol@ ]| Aoy
(16)

III. MAX-PLUS EIGENVECTOR METHOD WITH
QUADRATIC BASIS AND AN IMPLEMENTATION ISSUE

The max-plus algebra (e.g. [2], [14]) is a commutative
semifield over R~ = R U {—o0} equipped with addition
and multiplication operations & and ® defined by a ¢ b =
max(a, b) and a ® b = a + b. Vector spaces of functions
mapping the state space R"*! to R~ may be defined with
respect to such algebras. The selection of such a vector space
¥ is of key importance to the development of max-plus
methods. For the purpose of applying the max-plus method
to solution of the operator equation (15), it is required that
the max-plus vector space ¥’ to be invariant for the dynamic
programming operator R, of (16). That is, R [¢] € ¥ when
¢ € ¥. One such max-plus vector space, denoted as 75, is
the space consisting of semi-convex functions mapping R™*+!

R~ [12], [14], [18], [19]. It is proved in [12], [14] that
a set of (countable) basis functions for such a vector space
can be taken as quadratic functions of the form

Yo (#,6) = —5(z — )T Clw— 2) — zal€ —n)? ()

parameterized by (z,7) € R"*1. Here C € R™*" is positive
definite and ¢ > 0. Any semi-convex function ¢ € ¥;. has a
representation under the max-plus basis (17) in the form of
the max-plus semi-convex duality given by [12], [14].

@ ~
o8 = [ den) @iy @Oy (8)

{3 + v @.6)}

vyith the max-plus coordinates (max-plus semi-convex dual)
¢: R R™

= max
(z,m)ER™H1

®
_ /IR+ Vi) (@.6) @ (~(,€)) dude. (19

Suppose V of (13) is semi-convex on R™ x R, then V" has
a max-plus representation from (18) and (19) with max-plus
dual denoted as V' (z,7). In seeking a computational scheme
to compute the value function V' of (13) on a domain D C
R" x R, discretize the basis parameter space (z,7) € R"*!
and keep finite number of basis

wi,j(mvg) = w(zi,n_j)(xa§)7 1<i<y,,1<;j< Ve
in the representation (18) to obtain an approximation
Vg, Vg
V(z,§) ~ = P a,; @i Q0
i=1,7=1

with
21

Qi3 = — max
(z,£)ER™ xR

{ij(z,8) © (=V(2,€))}.

Suppose V' of (13) is approximated by V which has a
max-plus expansion of the form (20) and (21). Then, using
the max-plus linearity of the operator (16) [14], [19], the
coefficients a; ; satisfies

Vg, Ve
ai;= P B @a (22)
k=1,1=1
with
Bi =— max {u;(2,6) ® (—Re[tr](2,6))} -

(z,£)ER™ xR
(23)
Under certain conditions, (22) can be solved easily by a max-
plus power method [14] or policy iteration [3] when the Bf_ ’jl
is known. With a; ; computed, the approximation V' of the
value function V' of (13) can be obtained via (20).

The computational advantage of the max-plus eigenvector
method can only be realized when Bﬁ ’jl can be computed
efficiently. From (23), the computation of Bgf ’jl is essentially
focused on the computation of R [, n)l(x,§) which is
a finite horizon optimal control problem on [0, 7] for the
same system (12) with the quadratic functions ., ) as
the terminal costs. When 7 is chosen to be small, a Taylor
series approximation can be applied as in [12], [14], [18],
[19]. To this end, define the finite horizon optimal control
value function V; ; : R>o x R” X R>¢ — R to be

‘/iyj (T7 Zz, 5) = RT [1/’1,1] (I, 5)
Following the standard dynamic programming development,
Vi; satisfies a non-stationary Hamilton-Jacobi-Bellman
(HJB) partial differential equation

Vi _
87' (T7 Zz, g) -

(24)

H(z,8,VaVij(7,2,€), VeVi (T, 3,6))
(25)

subject to initialization V; ;(0,z,&) = ; ;(z, ). Here the

Hamiltonian H : R™ x R x R™ x R — R~ is given by

H(z,€&,p,1) = —|o(§) M@)|* = (p, f(2)) — 7(2,&,p.1),
(26)

with 7(z, &, p,1) = supyegs {(p, 9(x)w) — l|w|*}. Here,
completion of squares is possible when [ > 0. However, in
general,

lg(=) p|?
il

>0,

0 (l:Oand)
g(x)p=0)’
o0 l<00r(l,zoand>.
g (@)p#0

The first order Taylor series approximation of the value
function V; ;(7, z,§) of (24) then

m(z,&,p,1) = 27)

oV j

Vm‘(ﬂ%f) ~ ot

‘/i,j(07 €T, 5) +

(t, 2, 8)]e=0. (28)
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When V; ;(t,2,£) is smooth on t € (0,7), applying (25)
leads to

Vi, ;
o (62 )limo = H(2,6,V.2Vi (0,2, €), VeVi (0,2, )
= H(x,&—C(x — 2), —q(& —n;)).

But from (26) and (27), H(z,&,—C(x — 2z;), —q(§ —n;)) is
unbounded on

B q(§—mj)>0or
0= ($7)€RHXRZO q(f— j)zoand
(g(x)'c(xzz‘) # 0)

Thus, Vi,j(t,m,f)Nis not differentiable with respect to ¢ at
t =0,(z,£) € O. Hence the Taylor series expansion can
not be used to approximate V; ;(7, z,&). This puts a serious
limitation on the application of max-plus eigenvector method
to the computation of the value function W(x,&) of (6).
The same implementation issue was encountered in [18]
and further discussed in [19] where an alternative problem
formulation was developed to alleviate the difficulty.

IV. A MAX-PLUS REPRESENTATION USING PIECEWISE
AFFINE-QUADRATIC BASIS

The implementation issue discussed in Section III is
caused by the specific dynamics (12) in £ direction and the
cost function (13). In particular, the input is not directly
penalized in the cost (13) so that there maybe an impulse in
the optimal input. In [19], a new equivalent auxiliary problem
is formulated which includes an explicit penalty on the input
energy so that the Hamiltonian H(z,§, —C(z — x;), —q(§ —
&;)) is continuous within the domain of computation. Thus
this implementation issue is alleviated.

Here, a new method is proposed to solve this implemen-
tation issue by employing new max-plus basis functions to
represent the value function (13). Note in the development of
[18] and [19], only the semi-convexity property of V' of (13)
is used in the max-plus representation using quadratic basis
functions (17). The 0-SIS property in Lemma 2.1 implies
that the value function V' (z, &) is monotonic in £ direction
and increases with a rate bounded from below by a positive
constant x = €g. The key is to show that functions defined
on (z,€) € R™ x R>o with such a monotonic increasing
property in & direction allows to use basis functions which
are monotonic increasing in ¢ direction with derivative
bounded from below by § in the max-plus representation.
It will be shown that using such basis functions solves the
implementation issue discussed in Section III.

To this end, denote for a kK > 0

1

p:(z) = fi(x —2)TC(x - 2), (30)

7€) = —5al€ ~ )",

ll{':(g_a)v §2n_£
Xn(§) { ’ an(§), Egn—;;
KR

Note x(§) > 0(), B2(6) > 3k, ¥ & € Rxp.
In terms of these notation, the quadratic basis functions
(17) can be expressed as

11[}(2,7]) (l‘,f) = pZ(x) + 0'77(5)'

The semi-convexity duality relation (18) and (19) states that a
semi-convex function ¢ : R"*! i+ R can be expanded using
max-plus basis functions .,y with the semi-convexity
duality denoted as

N ®
B == [ (@6 ® (—ola.O)rds. GD

The goal is to show that a function ¢ can be expanded
using the following set of parameterized functions

P(z,m) (x» 6) = pz(.%‘) + Xn(g)

if an incremental property such as the 0-SIS condition holds
in £ To this end, the proper max-plus vector space is
formalized first.
Definition 4.1: Denote ¥, for k € Rs¢ the space of
functions mapping ¢ : R™ x R>¢ — R satisfying:
1) For each £ € Rxq, the function ¢(-,€) : R” — R is
semi-convex, i.e. ¢(-, &) € Y.
2) There exists 1 € R+q such that ¢(x, E+1) > ¢(x, &)+
kn for all (z,€) € R™ x R>q and n € (0, p).
Theorem 4.2: The set of functions in %7 as per Definition
4.1 form a max-plus vector space.

Proof: To show 7% is a max-plus vector space, it
requires to demonstrate ¢ = a ® ¢1 & ¢ € ¥ for any
a € R™,¢1 € Y, 02 € V. For any fixed © € Rxo, the
semi-convexity of the projection ¢(-, £) follows directly from
the fact that semi-convex functions form a max-plus vector
space. To verify condition (2) in Definition 4.1 for ¢, take
any (x,€) € R™ x R>g and 7 € (0, 1 A pi2),

¢(-T7§+77) = a®¢1($a§+77) @¢2(xa€+77)
= max{a+ ¢1(z, £+ 1), P2(z,§ + 1)}
2 max {a + ¢1(x7 E) + K1), ¢2(x7 f) + ”77}
> max{a + ¢1(z,§), ¢2(x,§)} + K7
= ¢($7 f) + K,
which verifies condition (2) in Definition 4.1 for ¢. |
The purpose is to show that the set of functions ¢, )
of (32) form a set of basis for the space 7.7. That is, it

is required to show the following max-plus duality for any
¢ € Vag

(32)

® ~

" xRx

where ¢ : R” x Rx — R is

_ ®
¢um=—/
Rn ><]R20

To prove this max-plus duality, some properties of the
max-plus ¢(z,7n) (34) of a function ¢ € ¥.% are presented
first. The proofs are omitted for brevity.

P(z,m) (33,5) ® (—¢($,£))d$df (34)
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Lemma 4.3: Let gg(z, n) and ¢(z,n) denote the max-plus
dual of the function ¢ € 7% according to (31) and (34), then

3(z,n) = 6(z,m), ¥ (2,m) ER" xRsp.  (35)
Lemma 4.4: The max-plus dual function ¢ of (34) for a
function ¢ € ¥ satisfies

Fen+0) > Bz + g€

for any all ¢ € [0, min{x, £}), (2,7) € R™ x Rxq.
Theorem 4.5: A function ¢ € ¥ can be represented
using the set of functions (32) via (33) and (34).

(36)

V. MAX-PLUS EIGENVECTOR METHOD USING PIECEWISE
AFFINE-QUADRATIC BASIS

This section presents an implementation of the max-plus
eigenvector method to approximate the value functions (13)
using the piecewise affine-quadratic basis functions ¢, ) of
(32). The procedure is the same as the implementation for
the quadratic basis functions in Section III. The point here is
to show that the implementation issue discussed there does
not arise under the new basis.

Assume the 0-SIS property (10) holds for the value
function W (6) with the pair (g9, ) € R%, thus the value
function V' of (13) satisfies V € ¥2° by Lemma 2.1 and
(14). Thus, the following max-plus duality relation holds for
(.’E,f) e R™ x RZO

®
Vie,€) = /R V(2m) © o (2. €)dzdy,  (37)

nxRsq

with the max-plus 1% given by

_ @
Vem == [ m(@O® V(e 6)dod
>0 (38)

As indicated for the situation of quadratic basis functions,
the max-plus representation (37) of V' (x, £) of (13) using new
basis functions (32) is first discretized and approximated by
using finite number of basis functions.

D e
V(z,&) = V(z,§) = @ i ® pij(,§) (39
i=1,j=1
with
a‘i’j = max {<pi,j('r,£) & (7‘/(1'75))} . (40)

(z,§)ER™ xR

Here, i ;(7,8) = ¢(z.¢,) (%, 8).
Under this approximation, the max-plus eigenvector equa-
tion approximating the operator equation (15) is

171,175
ai; = P B @an, (41)
k=1
with
Bff=—  max_ {pi;(2,€) — Reloea(z,6)}. (42)

(z,6)ER™ xR >

Applying the first order Taylor series approximation to
compute V; ;(7,z,&) = R, [pr,](z, &) obtains

Vi,j (Ta €, 5)

_ oV,
~ VZ7](O7 xZ, g) +7 77](t7 €, §>|t:O
= ¥,

(43)

ot
j('ra 5) +7H (.23, gv vx<ﬁi,j($7 5)7 V£<Pi,j($7 E)) .
Here, the Hamiltonian H is as (26) and Vg ; ;(z,§) =
—C(xz — z;) and

. _ &
£ < 2q
1
5507

§>m; — 55
Thus, Ve ;(x,€) > 3e0, V £ € R0 so that
H(l’, 55 V”I'SOL] ($, g)a vf@l,j (IE, 5))
= —[o(&) h(x)]* = (~=C(z — z), f(x))
lg(x) = C(z = z)|?
4Vepij(z,8)

which is finite and continuous for all (z,£) € R™ x Rso.

(44)

VI. AN EXAMPLE

Consider computing the value function V' of (13) using the
max-plus eigenvector method under the new basis functions
for the following scalar linear system

z(t) = —2z(t)+ w(t),
3
2(t) = ),

The reason to choose such a benchmark problem to test the
proposed computational method is because the exact solution

of V is available [20]

z(0) =z, 45)

VO(xvf) =
2
- ) xag eR 0 X R 0
 Cr ==y N
%5, (Jf,f) € {0} X RZO»
12, (z,€) € R x {0}.
(40)
The computation is performed to obtain the value function
V in the domain D = [-2 2] x [0 1]. A discretization
of D = [-4 4] x [0 1] is performed to select a finite

number of basis functions to approximate V' according to
(39). Here, a uniform discretization scheme with grid size
0.2 is used. So the total number of basis functions used in
v = vy Xvg =41 x 6 = 246. The Hessians are taken as
C = q = 1. From the value function expression (46), V is
0-SIS with the sensitivity pair (0.25,1) so that g9 = 0.25.
Label a basis function with (z;,7;),1 <i < g, 1 <j <
to be the I basis with [ = (j — 1) x v, +i. So 1 <[ < v.
Using this labeling, the max-plus eigenvector equation (41)
can be written as

a=a®B. (47

Here B € R"*” and B, ), = Bﬁ’jl witho=(j—1) X v, +1
and p = (k—1) xv,+I. Thus a is the max-plus eigenvector of
B corresponding to the eigenvalue 0 (max-plus multiplicative
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identity). As in [14], a is computed from a max-plus power
method, that is, a = B®X ®0 for some finite integer K. The
approximated value function V' is computed via (39) which
is shown in Figure 1. Figure 2 is the absolute error with
the actual value function Vy of (46) E(x,&) = |V(x,€) —
Vo(z,&)|. It is shown that the error is less than 0.05.

:
S5 /

SIS
Wy 22vr7 o
et 4
Lo

0.5 < /‘"

Fig. 1.

The computed value function V (z, £)

Fig. 2.

The error function E(z, &)

VII. CONCLUSIONS

A new method is proposed to overcome a technical issue
arising from the application of max-plus eigenvector method
to the numerical solution of an optimal control problem.
This optimal control problem is formulated to compute the
tight performance transient/gain bound associated with a
nonlinear Lo-gain property for nonlinear systems. The new
method exploits the particular property of the optimal control
problem and utilizes new max-plus basis functions which is
shown to be able to solve the continuity problem.
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