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Abstract—This paper proposes a new matrix method to solve 
the inverse problem for the Frobenius-Perron equation. The 
method can be used to construct a piecewise linear Markov 
transformation, which approximates the evolution of an 
unknown dynamical system, based on a sequence of observed 
probability density functions generated by the system. This 
particular nonlinear system identification problem is solved 
using a three-step approach which involves determining the 
Markov partition, the matrix representation of the Frobenius-
Perron operator and finally the corresponding point 
transformation. A numerical example is used to demonstrate 
the applicability of the approach. 

I. INTRODUCTION 
t is well known that even simple deterministic one-
dimensional discrete-time systems can exhibit complex 

random-like dynamical behaviour. Such systems can be 
studied in terms of the sequence of probability density 
functions they generate, rather than point trajectories. In 
many practical situations, the dynamical system is unknown 
and the problem is to infer the mathematical description of 
the system from experimental observations. There are many 
cases in which individual data point trajectories are not 
allowed to be recorded but sequences of density functions 
can be available. Typical examples include phenomena 
prediction of particle formation in emulsion polymerisation 
[1], papermaking systems [2], synchronised communication 
networks [3], biological system [4], cellular uplink load in 
WCDMA systems [5], etc. A potential new application area 
is the study of heterogeneity of cell populations using flow 
cytometry. 

The problem of inferring a point transformation xn+1=S(xn) 
given probability density functions generated by the system 
is known as the inverse Frobenius-Perron problem.  

The inverse Frobenius-Perron problem (IFPP) for one-
dimensional maps has been studied by a number of authors 
under the assumption that only the invariant density of the 
unknown system is observed.  In [6] an algorithm was 
developed for reconstructing one-dimensional unimodal 
maps of dynamical systems with given invariant density. 
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The problem has a unique solution under the certain 
symmetry assumptions [7]. The problem was also 
investigated in [8] using graph theoretic methods, for a 
special class of piecewise constant density functions whose 
relative minima contains value 0. A differential equation 
approach was proposed in [9] for specified types of 
transformations.  

Ulam conjectured [10] (the conjecture was proven 
subsequently by Li [11]) that for one-dimensional systems 
the Frobenius-Perron operator can be approximated by a 
Markov transformation defined over a partition of the 
interval of interest.  A method for synthesising the 
Frobenius-Perron matrix and thus solving the IFPP for semi-
Markov transformation was introduced in [12]. An 
alternative synthesis method based on positive matrix theory 
was introduced in [3].  The approach can be exploited to 
synthesise dynamical systems with desired characteristics 
(Lyapunov exponents, mixing properties) that share the 
same invariant density [13].   The method can be used to 
analyse and design communication networks that rely on 
TCP-like congestion control mechanisms [14]. In [15] the 
inverse problem is formulated as the problem of stabilizing a 
target distribution using an open-loop perturbation approach.  
An optimization approach to finding the elements of the 
Frobenius-Perron matrix, which may offer a way to 
characterize the patterns of activity in the olfactory bulb, 
based on the invariant probability density functions of 
interspike intervals of receptor firing, was proposed in [4].  

All the above methods can be used to construct a map 
with a given invariant density. In practice however, we are 
interested to derive a map which describes accurately the 
dynamical properties of the observed system not just the 
equilibrium density. Moreover, the matrix-based algorithms 
proposed so far assume that the Markov partition is known, 
while in practice this is rarely the case. 

This paper proposes a new approach to infer the map, 
which characterize the observed dynamics. The system 
identification approach involves, in the first stage, 
identifying the Markov partition based on the invariant 
density. This information is then used to design a minimum 
number of experiments to generate sequences of probability 
density functions, which provide sufficient information to 
recover the Frobenius-Perron matrix and ultimately the 
dynamical system which generated the data.  

The paper is organized as follows. In the following 
section, we give a brief introduction to the Frobenius-Perron 
operator. The proposed identification method is presented in 
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Section III followed by a numerical simulation study in 
Section IV and conclusions. 

II. THE FROBENIUS-PERRON OPERATOR 
Let IIS →: , ],[ baI =  be a non-singular one-dimensio-

nal dynamical system capable of generating a density of 
states 

 
K,2,1,0        );(1 ==+ nxSx nn          (1) 

 
Assuming that nx  is a random variable on I having 

probability density function 1Lfn ∈  then 1+nx  is distributed 
according to the probability density function nSn fPf =+1

where 11: LLPS →  given by 
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is referred to as the Frobenius-Perron operator associated to 
S. A density ∗f  is said to be invariant under the 

transformation S if ∗∗ = fPf S . 
Let },，，{ 21 NRRR K=ℜ be a partition of I into intervals. 

If S is a piecewise monotonic transformation, the Frobenius-
Perron operator is given by 
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The focus of the paper is on a special class of piecewise 
monotonic and expanding transformations for which the 
invariant density is piecewise constant.  

Definition 1. A transformation IIS →:  is said to be 
Markov with respect to the partition ℜ  (or ℜ -Markov) if S 
is monotonic on every interval Ri and S(Ri) is a union of 
intervals in ℜ for Ni ,,2,1 K=  [12]. 

The following theorem is proven in [16]: 
Theorem 1. If the transformation IIS →:  is piecewise 

linear with respect to a partition ℜ  and 1|'|inf >= Sα  
wherever the derivative exists, then any S-invariant density 
function ∗f  is piecewise constant on the partition ℜ . 

A richer class of piecewise linear transformations which 
satisfy the above theorem was introduced in [17]: 

Definition 2. A transformation IIS →:  is said to be 
semi-Markov with respect to the partition ℜ  (or ℜ -semi-

Markov) if there exist disjoint subintervals )(i
jQ  so that 
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III. IDENTIFICATION ALGORITHM 
Here we assume that S is an unknown semi-Markov 

transformation over some unknown partitionℜ . The aim is 
to recover S (and implicitly the partition) by observing its 
invariant density as well as the evolution of a number of pre-
specified initial density functions under the transformation. 

The reconstruction method proposed here involves 
determining first the partition ℜ based on the invariant 

density function ∗f  estimated from data.   
Since the invariant density function for an ℜ -semi-

Markov is piecewise constant on the partition N
iiR 1}{ ==ℜ  

[17], given θ experimental data points θ
1

*}{ =iix  collected in 

the stationary regime ( nSSn fPfPff ===+
**

1 ) the partition 
ℜ  can be identified by forming the histogram of the data. 
Given a sufficiently large number of bins m, the height of 
each bin is given by  
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where ( ]mabjmabjj /)(,/))(1( −−−=Δ , for mj ,,2,1 K= , 
and χ is the characteristic function.  

In order to determine an appropriate partition, the absolute 
value of the gradient of jh , |)(| 1 jjj hhml −⋅= + is 

computed for 1,,2,1 −= mj K , to identify the junctions of 
the intervals. If ε>jl , where ε is an empirical value for 

filtering, then there exists a junction at ))(( mabja −+ . 
The number of intervals of the identified partition is given 
by 
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The identified partition can be written as  
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where 1...1 121 −≤<<<≤

−
mddd Njjj .  

Let )( iRλ denote the length of Ri. Given the identified 
partition (6), a set of piecewise constant density functions is 
constructed as follows 
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where )(1 ij Rwi λ=  for ij = ; and 0=i jw  for ij ≠ .  

The vectors if0  can be assembled to form the following 
matrix of probing density functions 
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Each density if0 is sampled to generate a set of states   
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i

k
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which will be used as initial conditions in subsequent 
probing experiments. The aim is to determine 
experimentally the set densities if1  associated with    
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The density function for iX1  is given by  

 Nixvxf
N

j
Ri j

i
j K,2,1     )()(

1
1 == ∑

=
；χ ,          (11) 

where ∑
=

=
θ
χ

θ 1
,1, )(1

k

i
kRji xv j . 

Similarly, we can use (11) to construct the following 
matrix 
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In population level studies, for example, this can be 

achieved by sorting the population into fractions according 
to the identified partition and then observing the evolution of 
each fraction over the given sampling period in separate 
experiments.  

The Frobenius-Perron matrix associated with a ℜ -semi-
Markov transformation, Njii jmM ≤≤= ,1)(  is  
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where )(i
kQ

S denotes the restriction of S to )(i
kQ . 

The relationship between if0  and if1  can be written as 

Mff ii ⋅= 01 ,                               (14) 
where Ni ,,2,1 K= .  

Alternatively, (14) can be written in matrix form as 
follows  

MFF ⋅= 01 .                               (15) 
Since by design F0 is non-singular, the Frobenius-Perron 
matrix M is given by 

1
1

0 )( FFM −= .                             (16) 
The identified Frobenius-Perron matrix is used to 

construct the transformation as illustrated in Fig. 1.   
Specifically, given that the derivative of )(i

jQ
S is i jm1  

the length of )(i
jQ is  
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So the piecewise linear mapping on )(i

jQ can be expressed as 
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for Ni ,,2,1 K= , Nj ,,2,1 K= . 

 

Fig. 1.  Construction of 1-D transformation based on the Frobenius-
Perron matrix. 
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IV. NUMERICAL SIMULATION EXAMPLE 
The applicability of the proposed algorithms is 

demonstrated using a numerical simulation example. The 
aim is to reconstruct the piecewise linear transformation 
defined on ]1,0[=I , illustrated in Fig. 2, from simulated 
data.  

 
To obtain the invariant density, 3105×  initial states were 

randomly generated. For each initial state, the map was 
iterated 20,000 steps. The final states were used to construct 
the histogram shown in Fig. 3. In this case, the number of 
bins was set to 30=m .  

The absolute value of the density gradient computed for 
the resulting histogram is shown in Fig. 4. By setting the 
empirical threshold value ε  to 5, a four-interval partition 
was identified 

},,,{ 4321 RRRR=ℜ ,                         (19) 
where R1=(0, 0.4), R2=(0.4, 0.5), R3=(0.5, 0.8), and R4=(0.8, 
1). 

Four constant density functions )(0 xf i , i=1,…,4, 
compactly supported on each interval Ri were constructed 
and used to generate the distributions, as shown in Fig. 5. 

The estimated Frobenius-Perron matrix is as follows  
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The estimated Frobenius-Perron matrix M is then used to 

reconstruct the mapping of the unknown system, as shown in 
Fig. 6. The relative approximation error between the new 
density generated by the identified transformation and the 
one produced by the unknown system from the same initial 
density can be calculated as 

 
Fig. 5.  Mapping of )(0 xf i  into )(1 xf i for i = 1, 2, 3, 4. 

 
Fig. 4.  The modulus of density gradient index 

 
Fig. 3. The invariant density represented by histogram. 

 
Fig. 2.  Original piecewise linear transformation 
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where 1f ′  is the approximated new density, 1f  is the real 
new density. The result is shown in Fig. 7.  

 

 

V. CONCLUSION 
In many practical situations it is impossible to measure 

individual trajectories of a dynamical system and the only 
available information about the system is in the form of 
density functions. Previous work focused only on deriving a 
transformation that has a given density function as invariant 
density. This problem does not have a unique solution so 
that, while the reconstructed map will have the specified 
asymptotic dynamics, the inferred model cannot be used to 
predict the evolution of the system given an arbitrary 
distribution of initial conditions. Consequently, the model 
will have limited use for analysis or control.  

The method introduced in this paper provides a recipe for 
designing experiments to probe the system and generate data 
that can be used to uniquely recover the transformation.  

The proposed approach offers a powerful tool to 
characterize cell population dynamics using flow cytometry. 
The process of sorting and plating of cell subpopulations 
followed by re-examination of the resulting colonies, which 
is routinely used to characterize heterogeneity in cell 
cultures, mimics the main steps of our algorithm. In this 
context, the paper provides a method to design the 
experiment and model the resulting data.  
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Fig. 7.  The relative error between the predicted and real densities. f0 
is set to a uniform probability density function. The densities are 
calculated with a 100-bin histogram. 

 
Fig. 6.  The identified transformation of the underlying system.
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