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Abstract— This paper establishes optimal/suboptimal active
fault detection and diagnosis (FDD) methods in which semidef-
inite programming relaxation is used and the optimality criteria
are information theoretic measures of the statistical distance
between probability distributions. The design problems are
formulated as optimizations in which an optimal sequence of
inputs within a prediction horizon is computed for maximizing
the statistical discrimination of different models of fault sce-
narios. Three different measures for the degree of statistical
distinguishability between two hypothesized stochastic dynam-
ical system models are considered and their mathematical
properties that are related to Bayesian hypothesis tests are
studied. The resulting input design problems are non-convex
and we propose associated convex relaxation methods that can
be solved in polynomial time using interior point methods.
Numerical simulations with an aircraft model are provided to
illustrate and demonstrate the presented methods of optimal
input design for FDD.

I. INTRODUCTION

The complexity of devices and processes implies that
faults are inevitable, and the tight interactions between
instrumentation and other components of the overall system
can result in cascading effects with significant economic,
environmental, and human damages. To properly and safely
operate the facilities and devices in real-time while prevent-
ing any unallowable behaviors of the system, reliable FDD
algorithms are needed that monitor the inputs and outputs of
the system and determines whether a fault occurs and to point
to the location of the fault (aka fault diagnosis). In addition,
without an optimal integration between the monitoring and
control systems, the response to faults can reduce reliability
and profit or can be overly conservative, for example, by
initiating an unnecessary automated shutdown of the facility
due to false alarm.

The design of FDD procedures are challenged by the
presence of disturbances, noise, and model uncertainties
that can make the symptoms of faults/failures indiscernible.
Classical passive FDD methods monitor the observables of
the system and make a decision on whether and where a fault
has occurred, whereas active FDD approaches intentionally
intervene in the operations and attempt to excite or perturb
the observables such that abnormal behaviors are exhibited
[1]–[5]. There have been many research efforts to suggest
systematic methods for such auxiliary input design, both in
the stochastic system setting [6] and in the deterministic
uncertain system setting [7]–[9]. The effects of feedback
in terms of the performance of FDD and quadratic cost
optimality criteria have been investigated [10], [11], as have
been finite- or infinite-horizon control methods for the design
of active input signals for FDD [5], [6], [9].
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This paper considers three different measures for the
difference between two hypothesized dynamical system mod-
els.∗ The active input design problems are formulated as
optimizations for which an optimal input or a sequence
of inputs is computed to maximize distinguishability (or
discrimination) of different models of fault scenarios. To
quantify discrimination of two stochastic dynamical system
models, we use information theoretic measures that compute
statistical distances between the solutions of the associated
stochastic differential equations. The resultant optimizations
are non-convex (more precisely, concave programs) that
are NP-hard. We propose semidefinite programming relax-
ations for those non-convex optimizations, which provide
suboptimal solutions for active input design problems with
guaranteed bounds of performance degradation for certain
special cases (e.g., when there are only box constraints on
the inputs).

An underlying assumption considered in this paper is that
the procedures of FDD are based on a statistical decision that
solves Bayesian inference problems for which the measure-
ments of observables are used to infer a hidden process. In
this paper, robustness is considered with respect to stochastic
uncertainties, disturbances, and noises. Robust FDD can be
considered as maximizing the confidence of a binary decision
(for fault detection) and locating a correct hypothesis (for
fault diagnosis) among many candidate fault scenarios in the
presence of uncertainty in a given data set. The objective of
active input design for FDD is to facilitate the associated
statistical decision and maximize its robustness.

Notation: The following notation is used throughout this
paper: Pr denotes probability; E or (̄·) denotes mathematical
expectation or mean; N (a, b) is the Gaussian distribution
with the mean a and the covariance b; the symbol ∼ means
“distributed as”. Sn ⊂ Rn×n refers to the set of real
symmetric matrices and its subsets Sn+ and Sn++ are used to
denote the set of positive semidefinite and definite matrices,
respectively. Equivalent notations are X � 0 (X � 0) for
X ∈ Sn+ (X ∈ Sn++).

II. PRELIMINARIES

A. Bayesian Hypothesis Testing
This section provides a concise introduction to Bayesian

hypothesis testing. For details of Bayesian theory, readers
are referred to [12], [13], for example. Consider the set of
hypotheses H , {H0, H1, · · · , Hm} in which the ith hy-
pothesis Hi corresponds to a model to explain the observed
data z. A Bayesian hypothesis testing problem is to find
an optimal hypothesis H? that is most consistent with the
observed data z in the sense that it maximizes the associated

∗A measure for difference between two hypothesized dynamical system
models is to quantify the difference between two probability distribution
functions associated with random processes that are the solutions of stochas-
tic differential (or difference) equations.
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posterior distribution pH|z(h(z)|z) where h : Z → H is a
deterministic decision rule. This problem can be formulated
as an optimization

H?(z) := arg max
Hi∈H

pH|z(Hi|z). (1)

For a more general problem formulation, a similar optimiza-
tion can be written as

min
h(·)∈H

EH|z[C(H, f(z))]

= min
Hi∈H


m∑
j=0

C(Hj , Hi)pH|z(Hj |z)


= c min

Hi∈H


m∑
j=0

C(Hj , Hi)pz|H(z|Hj)pH(Hj)


(2)

and

H?(z) = arg min
Hi∈H


m∑
j=0

C(Hj , Hi)pz|H(z|Hj)pH(Hj)


(3)

where C : H × H → R+, C(H,h(·)) refers to the cost
of deciding that the hypothesis is h(·) when the correct
hypothesis is H , c =

∑m
k=0 pz|H(z|Hk)pH(Hk) denotes the

normalization factor that is independent of the hypothesis,
and pz|H(z|Hj) and pH(Hj) are the likelihood function
and prior distribution associated with the hypothesis Hj ,
respectively.

III. PROBLEM STATEMENT

Consider the discrete-time linear time-varying stochastic
system

xt+1 = Atxt +Btut + Etwt
yt = Ctxt +Dtut + Ftvt

(4)

where w and v are independent Wiener processes, i.e., wt ∼
N (µw,Σw), vt ∼ N (µv,Σv) for all t, E[wtw

T
s ] = 0 and

E[vtv
T
s ] = 0 for all t 6= s, and E[wtv

T
s ] = 0 for all t and s.

A. Bayesian Inference for FDD using Multiple Models of
Fault Scenarios

Suppose that there are m fault scenarios and the model
associated with the ith fault scenario is given by

Mi :

{
xit+1 = Aitx

i
t +Bitu

i
t + Eitw

i
t

yit = Citx
i
t +Di

tu
i
t + F it v

i
t

(5)

where the superscript i refers to the occurrence of the ith
hypothesized fault. Roughly speaking, a procedure of fault
detection and diagnosis is to find the most probable model
from the set of hypothesized models M , {M0, · · · ,Mm}
and Bayes’ rule is applied to quantify probabilistic confi-
dence levels as functions of the measurements for all the
hypothesized models.

IV. STATISTICAL DISTANCE MEASURES FOR
HYPOTHESIS TESTING

A. Distance Measure between Gaussian Hypotheses
A measure of distance between two Gaussian hypotheses

can be used to characterize the performance limitation of the
decision process based on the Bayesian approach.

1) Symmetrized Relative Entropy as a Distance Measure:
A common measure for the statistical distance between two
probability distributions is the relative entropy, which is also
called the Kullback-Leibler distance (or divergence).

Definition 1 (See also [14] for details). For two probabil-
ity density functions f and g, relative entropy is defined by

dKL(f ||g) ,
∫
Rn
f(x) ln

f(x)

g(x)
dx. (6)

For two probability mass functions f and g, relative entropy
is defined by

dKL(f ||g) ,
∑
x∈X

f(x) ln
f(x)

g(x)
, (7)

where the support set X is assumed to be countable. For a
probability mass function f and a probability density func-
tion g, relative entropy is defined by (7). For a probability
density function f and a probability mass function g, relative
entropy is defined by (6) and its value is indeed infinity, since
the integrand is finite only if the support of f is contained
in the support of g.†

This measure of distance between two probability dis-
tribution is not symmetric, i.e., dKL(f ||g) 6= dKL(g||f),
in general. For example, consider two different Gaussian
distribution functions f : Rn → [0, 1] and g : Rn → [0, 1].
In particular, f = N (µ1,Σ1) and g = N (µ2,Σ2). Then the
KL distances are

dKL(f ||g) = 1
2

(
ln det Σ2 − ln det Σ1 + Tr Σ−12 Σ1

+(µ1 − µ2)TΣ−12 (µ1 − µ2)− n
) (8)

and
dKL(g||f) = 1

2

(
ln det Σ1 − ln det Σ2 + Tr Σ−11 Σ2

+(µ1 − µ2)TΣ−11 (µ1 − µ2)− n
)
.

(9)

They are the same if Σ1 = Σ2, but not the same in general.
For a symmetric distance measure, consider one of the

followings:

ρmin
KL (f, g) , min{dKL(f ||g), dKL(g||f)},

ρmax
KL (f, g) , max{dKL(f ||g), dKL(g||f)},

ρaveKL(f, g) ,
1

2
(dKL(f ||g) + dKL(g||f)) .

(10)

We now show the relations between the KL-divergence
and the likelihood ratio test. For notational convenience,
rewrite the likelihood function corresponding to the kth

model of the hypothesis Hk as

Lk(z) = pz|H(z|Hk)

where z refers to the concatenation of all observables. Define
the ratio of two likelihood functions by

Ri,j(z) ,
Li(z)
Lj(z)

†Definitions for relative entropy of two probability distributions of
different types of supports, i.e., continuous and discrete support sets, were
not studied in classical information theory. However, relative entropy is
defined with a measure function f(·) for both of the continuous support
case (6) and the discrete support case (7) so that it is natural to follow the
support of f for definition, provided that the other probability distribution
g(·) is well-defined over that support.
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and define the (probability) measure-dependent quantity

Ti,j(µ
′) ,

∫
Z

ln(max{Ri,j(z), Rj,i(z)})dµ(z) (11)

where µ′ denotes the first-order derivative of the mea-
sure µ, provided it is differentiable. Note that since
max{Ri,j(z), Rj,i(z)} ≥ 1 for all z ∈ Z , Ti,j(µ′) ≥ 0
for any measure satisfying µ′(z) ≥ 0 for all z ∈ Z . It is
straightforward to show that

Ti,j(pz|H(z|Hi)) = d(pz|H(z|Hi), pz|H(z|Hj)),

Ti,j(pz|H(z|Hj)) = d(pz|H(z|Hj), pz|H(z|Hi)),
(12)

which also implies

ρmin
KL (pz|H(z|Hi), pz|H(z|Hj))

= min
{
Ti,j(pz|H(z|Hi)), Ti,j(pz|H(z|Hj))

}
.

(13)

Therefore, the symmetric measure using the KL divergence
ρmin
KL can be interpreted as the expectation of the logarithm

of the likelihood ratio with respect to the likelihood function
corresponding to the minimum value. Similarly, we have the
following relations:

ρmax
KL (pz|H(z|Hi), pz|H(z|Hj))

= max
{
Ti,j(pz|H(z|Hi)), Ti,j(pz|H(z|Hj))

} (14)

and
ρaveKL(pz|H(z|Hi), pz|H(z|Hj))

=
1

2

(
Ti,j(pz|H(z|Hi)) + Ti,j(pz|H(z|Hj))

)
.

(15)

2) Bhattacharyya Bound as an Upper Bound on the Bayes
Risk: A Bayesian hypothesis test has a finite probability of
selecting the incorrect model, which is called the Bayes risk,
given by

perr ,
∑
i

∑
j 6=i

∫
Rj
pz|H(z|Hi)p(Hi)dz (16)

where Rj , {z ∈ Z : pH|z(Hj |z) > pH|z(Hk|z), ∀k 6=
j} is the region in which the hypothesis Hj is the most
probable. Computing the exact perr requires high compu-
tational demand that corresponds to sums of many multi-
dimensional integrals. Computation can be relaxed by using
the Bhattacharyya bound that provides an upper bound on
the Bayes risk and is defined as

ēBhat(Hi, Hj) , pij

∫ √
pz|H(z|Hi)pz|H(z|Hj)dz (17)

where pij ,
√
p(Hi)p(Hj) are constants related to the prior

distributions of the hypotheses Hi and Hj .

Define a distance measure between two probability distri-
butions f = N (µ1,Σ1) and g = N (µ2,Σ2) by

ρBhat(f, g) ,
1

2

(
ln

det(Σ1 + Σ2)

det Σ1 det Σ2
+ n ln

1

2

+
1

2
(µ1 − µ2)T (Σ1 + Σ2)

−1
(µ1 − µ2)

)
.

(18)

Consider the set of linear hypothesized models M given in
(5) that are associated with the set of hypotheses H. Then,
the Bhattacharyya bound (17) has the following relation with

the distance measure given in (18):

ln ēBhat(Hi, Hj) ≤ ln pij−ρBhat(pz|H(z|Hi), pz|H(z|Hj))).

V. OPTIMAL INPUT DESIGN FOR FDD: CONSTRAINED
OPTIMIZATION AND CONVEX RELAXATION

There can be situations when two or more hypotheses
are nearly equally probable and so are not distinguishable
from the current observable data because their predicted
(hypothesized) distributions are quantitatively very close. To
resolve such difficult decision-making situations, we consider
optimal input design problems for which the control input
maximizing detectability of faults is constructed while retain-
ing desirable system behaviors or minimizing degradation of
system performance incurred by FDD. Most of the existing
fault diagnosis methods are passive in the sense that those
diagnostic procedures are based on the observed data for
given inputs. The input design for fault diagnosis considered
here is an active approach to facilitate statistical decision
location of the true fault. For two different models corre-
sponding to different faults, sensitivity of the observables’
statistics to input changes can be substantially different from
each other. The inputs are changed within an allowable range
of operation so that the resultant statistics of observables pre-
dicted from different fault scenarios are notably different and
the more probable fault scenario obtained from hypothesis
testing is diagnosed as a most likely estimated fault. The
distinguishability between two models of fault scenarios can
be quantified by

δij(z) , ρ(pz|H(z|Hi), pz|H(z|Hj)) = δji(z) or

δij(z) , ρ(pH|z(Hi|z), pH|z(Hj |z)) = δji(z)
(19)

where ρ(·, ·) refers to a certain (symmetric) measure of
distance between two probability distributions presented in
Section IV-A.

A. Constraints on Predicted Controlled Trajectories

The constraints U and Y are assumed to be convex and
several classes of those constraints considered here are

U1(γu1 ) , {u : ‖u‖1 ≤ γu1 },
U∞(umin, umax) , {u : umin ≤ u ≤ umax},

U2(γup ) , {u : ‖u‖2 ≤ γup},
(20)

and

Y∞(ymin, ymax) , {y : ymin ≤ y ≤ ymax}, (21)

The constraint sets U and Y can also be intersections of the
constraints in (20) and (21), respectively.

B. Constrained Optimization for Model Discrimination

Consider two models of faults Mi and Mj corresponding
to hypotheses Hi and Hj . The goal is to find optimum data
z that solve the constrained optimization

max
z∈U×Y

ρ(pz|H(z|Hi), pz|H(z|Hj)) (22)

where U and Y refer to the input and output constraints,
respectively, given in Section V-A.

Lemma 1. Suppose that the control input u is independent
of the output y, i.e., u is an open-loop control. Then
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ρ(pz|H(z|Hi), pz|H(z|Hj)) is convex in z, or equivalently
in u, for any distance measure ρ ∈ {ρmin

KL , ρ
ave
KL, ρBhat}.

C. Multi-step Lookahead Maximization of Distinguishability
between Two Competing Hypothesized Models

Consider the LTI system models (5). Then the concate-
nated output trajectory within the time interval of prediction
horizon [κ+ 1, κ+mh] is

yiκ,mh = F iuuκ,mh + F ixxκ + F iwwi
κ,mh

+ F ivviκ,mh (23)

where yiκ,mh = yiκ+1:κ+mh
, uκ,mh = uκ:κ+mh−1, wi

κ,mh
=

wiκ:κ+mh−1, viκ,mh = viκ+1:κ+mh
.

The corresponding mean and covariance of the predicted
controlled output trajectory are given by

µiκ,mh , E[yiκ,mh ] (24)

and

Σiκ,mh , E
[
(yiκ,mh − µ

i
κ,mh

)(yiκ,mh − µ
i
κ,mh

)T] . (25)

The covariance is independent of the control input sequence
uκ,mh provided that it is open-loop control. For notational
convenience, rewrite

µiκ,mh = Giuuκ,mh + giκ. (26)

For optimality criteria for the control input maximizing the
statistical distance between two hypothesized system models,
consider

Jij(uκ,mh ; ρ) = (µ̃ijκ,mh)TPijρ (µ̃ijκ,mh) (27)

where µ̃ijκ,mh , µiκ,mh − µ
j
κ,mh

and each Pijρ is defined by
one of the positive-definite matrices:{

(Σiκ,mh)−1 + (Σjκ,mh)−1 for ρ = ρaveKL,
(Σiκ,mh + Σjκ,mh)−1 for ρ = ρBhat.

(28)

Similarly, consider

Jij(uκ,mh ; ρmax
KL ) = max

k∈{i,j}
(µ̃ijκ,mh)TΣkκ,mh(µ̃ijκ,mh),

Jij(uκ,mh ; ρmin
KL ) = min

k∈{i,j}
(µ̃ijκ,mh)TΣkκ,mh(µ̃ijκ,mh),

(29)

which can be rewritten as the quadratic form

J(uκ,mh ; ρ) , uT
κ,mh
Qρuκ,mh + qT

ρuκ,mh + qρ,0 (30)

where the super- and subscripts ij are dropped due to sim-
plify notation. With this general form of optimality measure,
the resultant constrained optimization can be represented as

min
uκ,mh

− J(uκ,mh ; ρ)

s.t. uκ,mh ∈ U ,
Giuuκ,mh + giκ ∈ Y,

(31)

where the output constraints are imposed on the expected
output trajectory within the prediction horizon interval [κ+
1, κ + mh]. The symmetric matrix Qρ in J(uκ,mh ; ρ) is
positive definite for all ρ under consideration, which implies
that the optimization problem (31) is nonconvex since the
objective function is concave in uκ,mh .

D. Semidefinite Relaxation

The optimization problem (31) can be rewritten as

min
uκ,mh

− Tr(QρUκ,mh)− qT
ρuκ,mh − qρ,0

s.t. Uκ,mh = uκ,mhu
T
κ,mh

, uκ,mh ∈ U ,
Gkuuκ,mh + gkκ ∈ Y, k ∈ {i, j},

(32)

where a dummy matrix variable Uκ,mh is introduced and
the first equality corresponds to the only nonconvex relation.
More general and explicit form of the optimization can be
written as a (nonconvex) QCQP

min
x

xTQx

s.t. xTA`x ≥ 0, ` = 1, . . . ,mq,

Bx ≥ 0,

x = [1 uT
κ,mh

]T,

(33)

where Q ,

[
−qρ,0 −1/2qT

ρ

−1/2qρ −Qρ

]
, and the matrices A` and

B can be explicitly obtained from the constraint sets U and
Y and the system matrices associated with the hypothesized
models indexed by k ∈ {i, j}. This (nonconvex) QCQP can
be rewritten as

min
X

Tr(QX)

s.t. Tr(A`X) ≥ 0, ` = 1, . . . ,mq,

BXe1 ≥ 0,

BXBT ≥ 0,

eT
1Xe1 = 1,

X � 0,

rank(X) = 1,

(34)

where e1 denotes the first standard basis vector in Rmh+1.
By removing the (nonconvex) rank constraint, rank(X) =

1, the corresponding primal SDP relaxation is

min
X

Tr(QX)

s.t. Tr(A`X) ≥ 0, ` = 1, . . . ,mq,

BXe1 ≥ 0,

BXBT � 0,

eT
1Xe1 = 1,

X � 0,

(35)

where e1 denotes the first standard basis vector in Rmh+1.
Using different measures defined in (29), the objective

function in the SDP relaxation (35) can be replaced by
minX maxk∈{i,j} Tr(QkX) or minX mink∈{i,j} Tr(QkX)
where the symmetric matricesQk can be computed from (29)
and the associated system matrices for the hypothesized mod-
els indexed by k ∈ {i, j}. Notice that maxk∈{i,j} Tr(QkX)
is convex whereas mink∈{i,j} Tr(QkX) is concave, which
indicates a preference for ρmin

KL instead of ρmax
KL .

Lemma 2 ( [19]). Consider a hypercube constraint U =
U∞(·, ·) and Y = RNh . The performance bounds achieved
by the SDP relaxation is

J?sdp ≤ J?qcqp ≤
π

2
J?sdp.
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E. Optimality Criteria for Model Discrimination with Mul-
tiple Hypotheses

Suppose that there are more than two candidate
fault scenarios including the nominal operation, HN ,
{H1, · · · , HN}. For an optimality criterion that quantifies
information included in the predicted input-output data z ∈
U × Y , we propose to consider one of the following:

i. Maximizing the minimum statistical distance among the
hypothesized models

max
z∈U×Y

min
{j>i,i=1,...,N}

ρij(z); (36)

ii. Maximizing the average statistical distance of the hy-
pothesized models

max
z∈U×Y

N−1∑
i=1

N∑
j>i

ρij(z); (37)

iii. Maximizing the weighted average statistical distance of
the hypothesized models

max
z∈U×Y

N−1∑
i=1

N∑
j>i

γijρij(z), γij ∈ [0, 1],

N−1∑
i=1

N∑
j>i

γij = 1,

(38)

where ρij(z) , ρ(pz|H(z|Hi), pz|H(z|Hj)) with ρ ∈
{ρmin

KL , ρ
ave
KL, ρBhat}.

Remark 1. Note that if ρij(·) are concave for all indices
then the aforementioned optimizations (36), (37), and (38)
are all convex, provided that the constraint U ×Y is convex.

F. Randomized Algorithms: Suboptimal Solutions
A randomized algorithm for computing a rank 1 solution

from the optimal solutions X?
` , ` = 1, . . . , N , of the SDP

relaxation (35) is presented in [19], [20]. Using a Cholesky
factorization PX?

`P
T = ST

` S`,
‡

x̃` := Dsgn(ST
` ξ),

where ξ is a Gaussian random vector whose distribution is
N (0, I) and D > 0 is the diagonal scaling matrix such that
x̃ satisfies the constraints in (33). An optimal scaling matrix
may be defined by the convex optimization

max ‖diag(D)‖p
s.t. x̃` = Dsgn(ST

` ξ), x̃` ∈ C
(39)

where p ∈ [1,∞] refers in the vector p-norm, C is the
intersection of the quadratic and linear constraints given
in (33), and ξ is a realization from the distribution N (0, I).
Another method for computing a rank 1 solution from the
optimal solutions X?

` of the SDP relaxation (35) is a biased
randomized algorithm:

x̃` := x̄` +Dsgn(ST
` ξ)

where x̄` is the singular vector corresponding to the largest
singular value of PX?

`P
T. Another method is to compute

x̃` := x̄′` +Dsgn(ST
` ξ)

where x̄′` = (X?
` )2:Nh,1 is the vector obtained from the

first column vector of X?
` from which the first element is

‡PX?
`P

T is the matrix obtained by removing the first row and column
of X?

` .

excluded.
By generating Ns samples {ξn}Ns

n=1 of ξ from the distri-
bution N (0, I), compute an approximate suboptimal solution

x̂ := arg min
n=1,··· ,Ns

[
1
x̃n

]T

Q
[

1
x̃n

]
(40)

where x̃n is a feasible solution for the constraints in (33)
associated with the nth sample ξn. The notation x̂(Ns) can
be used to denote its dependence on the number of samples.

VI. DISCUSSION

A. Simulation Results
To illustrate and compare the input design methods, con-

sider fault scenarios for an aircraft system. The numerical
data are adopted from [6]. Consider a discretized dynamical
system model for the longitudinal aircraft dynamics, in which
the sampling time is 0.5 sec. The state variables are x =
[Vy, Vx, ω, θ, L]T where Vy , Vx, ω = θ̇, θ, and L refer
to the vertical velocity, horizontal velocity, pitch rate, pitch
angle, and altitude, respectively. The measurable outputs are
y = [Vy, ω]T. For nominal operation without any faults
corresponding to the hypothesis H0, the resulting system
matrices are

A0 =


0.9985 0.1950 0 −0.161 0
−0.0325 0.8405 3.87 0 0

0.01 −0.0505 0.7855 0 0
0 0 0.5 1.0 0

0.5 0 0 0 1.0

 ,

B0 =


0.005
−0.09
−0.58

0
0

 , E0 = I5,

C0 =

[
1 0 0 0 0 0
0 0 1 0 0 0

]
, D0 =

[
0
0

]
, F 0 = I2.

Consider three different types of fault scenarios of the
hypotheses and the associated system matrices given by the
followings:
◦ H1: Failure of the vertical velocity sensor

- M1 = (A1, B1, C1, D1, E1, F 1) where A1 = A0,
B1 = B0, D1 = D0, E1 = E0, F 1 = F 0, and

C1 =

[
0 0 0 0 0 0
0 0 1 0 0 0

]
;

◦ H2: Failure of the pitch rate sensor
- M2 = (A2, B2, C2, D2, E2, F 2) where A2 = A0,
B2 = B0, D2 = D0, E2 = E0, F 2 = F 0, and

C2 =

[
1 0 0 0 0 0
0 0 0 0 0 0

]
;

◦ H3: Failure of the elevator actuator
- M3 = (A3, B3, C3, D3, E3, F 3) where A3 = A0, C3 =
C0, D3 = D0, E3 = E0, F 3 = F 0, and B3 = 05×1.

The inputs are assumed to be bounded in amplitude,
U∞(−1/2, 1/2).

Example 1. Consider H = {H0, H1, H2, H3}. Fig. 1 shows
the input trajectories computed from solving the associated
convex relaxations of optimal input design problems with
different statistical distance measures. Since there are more
than two models of hypotheses to compare, we solve a mini-
max problem for which an optimal solution minimizes the
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maximum among the statistical distance measures of each
pair of hypotheses. The number of pairs is N(N+1)/2 where
N is the number of system models (or modes) for hypothe-
ses, which implies that the associated convex relaxation for
a multiple hypotheses test can be still solved in polynomial-
time. Figs. 2 and 3 present the resulting trajectories of Vy and
ω, respectively, in which sharp distinctions between the four
models can be observed for all three input design methods.
The output Vy shows the distinct behaviors for the models
M0 and M2 whereas the models M1 and M3 have the same
trajectory. The output ω shows the different behaviors for the
models M1 and M3 whereas the models M0 and M2 have
the same trajectory.

VII. CONCLUSION

This paper presents semidefinite programming relaxations
of optimal active input design problems for fault detection
and diagnosis. For an FDD procedure based on statistical
decision theory (in particular, Bayesian inference), the re-
sulting optimization is to maximize statistical discrimination
between hypothesized fault scenarios. Each fault scenario
model characterizes a random process of the measurable
outputs; to quantify the quality of the measurable data for
FDD, this paper considers three different measures for the
statistical distance between two random processes. With such
statistical distance measures, the original optimization is non-
convex even without any constraints, which would be com-
putationally expensive, especially for multiple hypothesis
tests. Convex relaxation methods are proposed that compute
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Fig. 1: Input sequences obtained from the design methods for
multiple hypotheses H = {H0, H1, H2, H3}.
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Fig. 2: The expected trajectory of Vy generated by the input design
methods for multiple hypotheses H = {H0, H1, H2, H3}.
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Fig. 3: The expected trajectory of ω generated by the presented
design methods for multiple hypotheses H = {H0, H1, H2, H3}.

approximate solutions for which the potential degree of sub-
optimality is known in some special cases. Simulation results
are included to demonstrate the active input design methods
for FDD.
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