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Non linear electromechanical cart characterization using minimal
modeling approach*
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Abstract— This paper presents a minimal modelling method-
ology for capturing highly non-linear dynamics in an electrome-
chanical cart system. The second order differential equation
model describing the cart system is reformulated in terms of
integrals to enable a fast method for identification of both
constant and time varying parameters. The model is identified
based on a single experimental proportional step response and
is validated on a proportional-derivative (PD) controlled step
input for a range of gains. Two models with constant damping
and time varying non-linear damping were considered. The
fitting accuracy for each model was tested on three separate
data sets corresponding to three proportional gains. The three
data sets gave similar non-linear damping models and in all
cases the non-linear model gave smaller fitting errors than
the linear model. For the PD control responses, the constant
damping model gave a higher average percentage prediction
errors than the non-linear model. The non-linear model also
provided significantly better PD control design. These results
demonstrate the ability of the proposed method to accurately
capture significant non-linearities in the data.

I. INTRODUCTION

Many systems have non-linear oscillatory behaviour. No-
table examples include building response to seismic load
[1] and robotic arm [2]. Typical approach to analyzing
vibration responses in various applications is to assume
linear damping and break the responses into various modal
frequencies. For example, modal analysis is commonly used
for assessing damage of a building after an earthquake [3].
Another common approach is Prony’s Analysis [4]. Other
methods have involved non-linear regression analysis [5], and
statistical methods such as the Mean-Likelihood estimator
[6].

In electro-mechanical systems, significant non-linear
damping exists, including static friction and gear backlash
[7]. The usual approach to capturing this phenomena is to
have a pre-assumed non-linear representation, for example,
the Bingham viscoplastic model [8], and the Bouc-Wen
model [9]. There are also several models of gear backlash
[10]. Thus, the concept is to start with complex model
structures first, and then fit it to the data. If required, more
complex models of damping can be used including finite
elements [11].

This work presents a different philosophy by starting with
initially simplified structures for the model then using cor-
relations between the time varying parameters and measured
data to “bootstrap” a more complex and accurate non-linear
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model [13]. It also allows an integral based method for
parameter identification to be developed that transforms a
non-linear and possibly non-convex optimization problem
into a linear optimization. This identification method has
been validated in first order systems, for example, biomed-
ical applications [12], and rocket roll dynamics [14]. This
paper extends the method to handle non-linear second order
systems. Although, the focus of this paper is on the non-
linear characterization and comparison with linear models;
this extended integral method is important for minimizing
computational requirements for the non-linear identifica-
tion. The method is validated on an experimental electro-
mechanical cart system with significant non-linear damping
present. A second order non-linear model is identified on
a single closed-loop response and is shown to accurately
capture the system non-linear dynamics over a wide range
of inputs. The non-linear model is shown to be significantly
more accurate than a model with linear damping, but most
importantly provides better control system prediction and
design.

II. METHODOLOGY

A. Problem statement: linear spring with time-varying
damping

The normalized differential equation for a free vibrating
linear spring is defined:

J+ey+ky=0 (1
Y (0)=dyo (2

where y = y(¢) is the displacement (m), ¢ the damping factor
(kg/s), and k the stiffness of the spring (N/m).

Equations (1) and (2) describe the transient response of
a spring-mass-damper which is useful for modelling the
dynamics of single degree of freedom systems, including
electro-mechanical systems [7]. In practice, the damping ¢ in
Equation (1) is often non-linear and can include dynamics
of both static and dynamic friction and gear backlash [7],
[8], [10]. The approach presented in this paper is to treat
the damping c initially as time-varying then relating it to
measured quantities like velocity and displacement. In other
words, a simplified model is used to bootstrap more complex
models to capture the measured response.

To allow flexibility in the model, a constant piecewise
model of damping is used. Hence, Equation (1) is rewritten
in the form:

initial conditions = y(0) = yo,

Jtc(t)y+ky=0 3)
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where:

C(I)ZCI, To<t<T
=: )
=cn T <t <Topqg
Ty —Ti=A, i=0,....n—1 5)
To =0, At = user defined time interval,
n = number of damping values 6)

B. Integral Method — time varying damping

To identify {c;,i =1,...,n} and k in Equations (3) and
(4), an integral based approach is used. Equation (3) is first
double integrated over time from 7;_ to ¢ € [T;—y, T;], which
yields:

t
Y(l)_)’ifl_ai—l(t_ﬂ—l)+Ci/T Ym dt @)
i—1

t t
+k/ / ymdtdr =0
Tio1 JTi

Yi—1 ZY(T:'—1)7 y;—l :y/(’[}—l)a

where:
i=1,....n 8)

Qi1 =Y +ciyviei &)

The initial conditions of Equation (8) are defined at the
beginning of each interval that the time-varying damping of
Equation (4) is defined over. Let y,,(¢) denote measured data
in the system described by Equations (3) and (4). Define the
function:

ot
YmodeLi(t) =yic1 + i1 (t —=Ti—1) — ¢ /T Ym dt
i—1

t t
—k/ / ymdtdt, i=1,..n, t€[l;_,T;)
JTiy T
(10)

The initial conditions in Equation (10) are initially con-

sidered as unknown parameters and may not necessarily
correspond to measured data points. For arbitrary values
of these conditions, the function in Equation (10) could
be discontinuous. To enforce C! continuity, the following
equality constraints are defined:

YmodeLi(T;) = Yis  Yimoaeli (T ) = i (11)

Equation (11) provides 2n — 2 equations that can
uniquely identify the 2n — 2 unknown initial conditions
{1y, Yn-1,01,...,0,_1 }. Choose N equally spaced time
points {z,’ ,...,tl(\;)} in each interval [T;_;,T;), i=1,...,n.
Setting Ymodel (f) = ym(t) for t € (¢t e i =1, n}
gives a set of nN equations in 3n+ 1 unknown parameters
{505+, Yn—1,00, -+, Qy—1,C1,...,Cn,k}, Which can easily be
solved by linear least squares with the equality constraints
defined in Equation (11). The result determines the best
fit time varying damping model of Equation (3) to the
measured data.

Note that the previous integral method [13] was devel-
oped on over-damped systems and only required a single
initial condition. For second order systems, the response

i=1,....,n

can be oscillatory and has two initial conditions including
the derivative. Furthermore, the time-varying damping is
globally constrained over the whole data interval thus re-
quiring a different treatment of the equations compared to
the reference in [12].

C. Integral method — Constant damping parameter

A major advantage of the proposed time varying algo-
rithm is that it allows for flexibilities in describing non-
linear damping. For example, the damping values cy,...,c,
in Equation (4) could be allowed to vary within bounds, or
the relative difference |c; —c;—1| could be kept within a given
amount based on known physical constraints. A physical law
can then be derived by relating the identified damping to
measurable quantities like velocity or displacement.

The simplest possible constraints to put on the damping
values onto the identified damping values is the equal-
ity constraints ¢; = ¢ = ... = ¢, = ¢. This constraint is
important as it allows a comparison of the suitability of
more complex models compared to simpler models. For
constant damping model, the equality constraints of Equation
(11) are not required. Setting yuogei(t) = ym(t) for t =
{tfl>,...,t,<\;),i = 1,...,n} gives a set of nN equations in
4 unknowns {yg,®,c,k}, which is solved by linear least
squares to yield a best fit match of the constant damping
model to the measured data.

ITII. RESULTS & DISCUSSION

A. Parameter identification of an electro-mechanical cart
system

1) Setup and Data Acquisition: A schematic of the cart
system is shown in Figure 1. The cart can move back and
forward along a support rail. The cart is tethered and has
two wires, one for the commanded voltage and another for
feedback of the cart position which is achieved using an
encoder. The origin is set at the middle of the track. The
cart system is connected to a dSpace system with Control
Desk [15] to allow real-time access to changing control gains,
for data acquisition and viewing the signals. A proportional-
integral-derivative (PID) controller is designed in Simulink
which is then compiled into C code. All data is saved as a
.mat file in Matlab, and includes the voltage input (V) and
cart position (m) which are measured at 1kHz. The cart is
powered by a 12 V DC motor.

2) Cart modelling: The net normalized force applied to
the cart is the force from the input voltage less the damping
force:

§=BV(1) - Cy

where V(¢) is applied voltage (V), y is cart displacement
(m), y is cart velocity (ms™ 1), ¥ is cart acceleration (ms™2),
The damping coefficient C is a lumped parameter which
includes armature resistance, friction of the gears and track.
The parameter 3 is a normalized voltage constant (NV~!),
which includes the gearing ratio and torque constant of the
DC motor.

(12)
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wire 2: commanded voltage

Fig. 1. Electromechanical cart system setup.

In this paper, a proportional-derivative (PD) controller
is considered. The data used is obtained by setting the
derivative gain K; = 0, and the reference r(f) = rp which is
a closed loop step response. A closed loop response is used
for the identification to ensure a stable oscillatory response
from the cart. Note that a step response has infinitely
many sinewaves, so in principle provides all the dynamics
necessary for identification.

The goal of the system identification is to identify the
parameters 3 and C in Equation (12) so that a wide range
of control responses can be predicted for various gains K,
and K, without requiring further experiments. For r(¢) = ry,
the model of Equation (12), with PD control, is rewritten:

13)
(14)

é+Cé+Be=0
C=C+BKy, B=pBK,

Hence, with PD control the cart system acts as a spring-
mass-damper with damping C and an analogous “stiffness”
of B. In terms of the displacement y(r), Equation (13) is
equivalent to:

¥+ (C+BKa)y+BKyy = BKpro,

Figure 2(b) shows the measured step responses of the cart
with K, = 60 and K; = 0 and with the reference displacement
shown in Figure 2(a). This reference response alternates from
‘0’ position to 0.1m. The voltage input for the measured step
response Vi,(f) ranges from -2.3 V to 5.9V with a mean of
0.3V.

ro=0.1 (15)

Displacement(m)
Displacement(m)
§ 8 = 3

g &

Time(s) ’ ‘ T fmed

Fig. 2. (a) Reference displacement for cart system (b) Measured displace-
ment response

3) Constant damping model: As an initial approximation,

a constant damping model is assumed. Parameters C and 3
are first identified and C and 8 are calculated from:

C= 6 - EKd ) ﬁ =

B
K X (16)

The experimental data used is the first step response of
Figure 2(b). The response is transformed into the measured
error response, where r(f) = ro = 0.1m. The starting time of
t =0 is taken to be the point that the cart velocity first goes
non-zero in Figure 2(b). The identified C and B from the
constant damping model are:

Ceo = 6.1520 PBgo = 1.8545. (17)

where the subscript ‘60’ refers to the experimental gain K,
used to obtain the measured data. The resulting modelled
response (solid) versus measured response (dots) is shown in
Figure 3. The constant damping model captures the measured
response closely in the first peak, but start to deviate in the
second peak. This error is due to not capturing the non-linear
effects such as static friction.

006
004

Displacement (m)
e

05
Time(s)

Fig. 3.  Identified constant parameter modelled response (solid) versus
measured error response (dotted) of cart for a step input of r(r) =0.1 m

4) Time varying damping: It is now assumed that the
unknown damping parameter C in Equation (12) varies
across time step Ar = 0.15s. This interval is again based
on computing half the smallest zero crossing time interval
At /o This choice is arbitrary, but keeps the total number
of damping values small for minimizing computation while
ensuring accurate capture of non-linear effects. Applying the
time varying model identification algorithm gives 8 = 1.9352
and a sequence of six values for ¢(f) in Equation (4) and is
plotted in Figure 4. Figure 4 shows a net trend of increasing
damping over time. Towards the latter part after 0.5s, the
damping is greater which corresponds to when the velocity of
the cart starts to significantly decrease so that static friction
dominates. The jumps and “noise” in the damping values are
due to the fact that several sections of the data in Figure 3
are close to linear, for example, at between 0 and 0.16, and
0.32 and 0.48. To avoid the jumps, the algorithm is solved
with the constraints:

1= <0, 2—c3<0 ., C5—C6<0 (18)

Figure 5 shows the identified damping values for the
choice of 6 = 0.5 in Equation (18). The value of § is
chosen to be slightly positive to reflect the general trend
of increasing damping over time as suggested by Figure 5.
The similar trend is still present, and for Figure 5, B =
1.9165, as compared to § = 1.9352 without constraints. This
0.9% change shows that the voltage constant is essentially
unaffected by the constraints of Equation (18). The model
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Fig. 4. Identified time varying damping c(¢) as defined in Equation (4)

matches for the two constraint levels is shown in Figure
6(a). The mean absolute displacement error for each case
is 0.00309 m and 0.00257 m respectively, showing that the
constraints have little effect on the overall response.

Damping (kgs ™)

Fig. 5. Identified time varying damping c(¢) as defined in Equation (4) for
the choice of 8§ = 0.5 in Equation (18).

Displacement (m)
. 8 % % 8
Displacement (m)

05 o8 0 o 05
Time(s) Time(s)

Fig. 6. (a) Model match for 6 = e and (b) Model match for 6 =0.5.

5) Damping as a function of velocity: Each damping
value in Figure 5 is defined over a constant interval of
At = 0.15s. An approximate representation of the velocity
during each interval is the mean velocity v;, which is defined:

1 (T
W:E/Ti,lv(t)dt’ i=1,...,6 (19)
Plotting v; for each interval i =1,---,6 suggests an expo-
nential model for relating damping to velocity:
Cv)=oge ®+y (20)

Let C,,(v) denote the measured damping versus velocity data.
Setting C(v;) = Cp,(v;) yields the equations:

e "% =Cp(vi), i=1,..,6 1)

For a given estimate of ¥, let &, and a3y be the linear least
squares solution to Equation (21). Define:

6

F(y)= ;(061,76_"‘”” +7—Cu(v))?

(22)

Minimizing F(y) of Equation (22) by non-linear regression
in Matlab gives the required parameters for the damping
model.

The final non-linear model of the error response (for the
case of § =0.5) in Equation (13) is defined:

é+(aje 2l L y)e+Be=0 (23)
o = 17.3264, o = 13.1068, 7= 5.9986, Bgo = 1.9165.
24

The equivalent form of Equation (23) in terms of the mea-
sured displacement is:

i+ (e %P 4 y)y+By—ro) =0,

The plots of the solution to Equation (23) and (25) are given
in Figures 7(a) and 7(b) which show a close match to the
data. The modelled response in Figure 6(a) captures the fast
decay to zero quite closely and is significantly more accurate
than the linear model of Figure 2(b).

=01 (25)

Displacement (m)
Displacement (m)

05 v 0 0i s os
Time(s) Time(s)

Fig. 7. (a) Identified non-linear model response (solid) of the cart from
Equation (23) against measured error response (dotted) and (b) Identified
non-linear model response (solid) of the cart from Equation (25) against
measured cart displacement (dotted)

B. System identification with different proportional gains

To further test the proposed algorithms, they are applied
separately to step error responses of the cart with K, = 80
and K, = 100. The identified values for the constant damping
model are:

Cgo = 5.4916,

C100 = 4.5866,

Bso = 1.7482
Broo = 1.7866

(26)
27

For the time varying damping model, the best fit exponential
model are found for K, = 80 and 100 from Equations (20)
- (22) as was done for K, = 60. The non-linear damping
parameters for K, =80 and K, = 100 are:

1,80 = 22.1357, 0 80 = 18.2233, Ro = 5.6035, ﬁgo =1.9180
(28)

0,100 = 15.2528, 02,100 = 5.9934, Y100 = 3.7990, ,3]0() =1.9100
(29)

Figure 8 shows the resulting exponential damping models
superimposed with the damping model for K, = 60. In
addition, the B values are identified to be 1.9165, 1.9180,
and 1.9100, for K, = 60, 80 and 100 respectively.

Figure 8 is an important validation as the three different
sets of K, gains 60, 80, and 100 give three very different
cart responses, with voltage input ranges of [-2.3 V, 5.9 V],
[-4.0 V, 8.0 V] and [-6.1 V, 9.9 V] respectively. Yet, similar
damping values and virtually identical § values are obtained.
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Fig. 8. Resulting exponential models for K, =80 and 100 superimposed
onto the identified damping model for K, = 60

For the purposes of comparison, define three different
linear models Lmy, Lmy, Lms as follows:

Lm; = solution to Equation (15) with C = Cgy and B = By

from Equation (17) and arbitrary gains K, and K;, (30)

Lmy = solution to Equation (15) with C = Cgy and 8 = fBg

from Equation (26) and arbitrary gains K, and K; (31)

Lmz = solution to Equation (15) with C = Cjgg and 8 = Bigo

from Equation (27) and arbitrary gains K, and K; (32)

Similarly, three non-linear models NLmi, NLmj, and NLm;3
are defined:

NLm = solution to Equation (15) with B = B¢ and C = C(v)
from Equation (20), with o = 0 60, 0 = 02.60,Y = Y60

from Equation (24) (33)

NLmy = solution to Equation (15) with = 839 and C = C(v)
from Equation (20), with 01 = 0 80,02 = 02.80,7 = ¥R0

from Equation (28) (34)

NLm3 = solution to Equation (15) with § = B1gp and C = C(v)
from Equation (20), with & = o100, %2 = 02,100, Y = Y100

from Equation (29) (35)

The models of Lm;, Lmy, Lm3 in Equations (30) - (32) and
NLmy, NLm, and NLm3 in Equations (33) - (35) can be used
to test any sets of gains K, and K, in Equation (15).

Figures 9(a) and 9(b) show the resulting model matches
to the experimental data for the non-linear models NLm,
and NLm3 and the constant damping models Lmy and Lms.
The mean absolute error in the displacement in Figure 9(a)
are 0.0071 m for the linear model Lm, and 0.001 m for the
non-linear model NLmy. For Figure 9(b), the mean errors
are 0.0074 m for the linear model Lms and 0.0017 m for the
non-linear model NLms3. Thus, in both cases the fitting error
is reduced by a factor of 7.

Displacement (m)
Displacement (m)

o5 op 9 o8
Time(s) Time(s)

Fig. 9. (a) Model matches to experimental data for K, = 80 and (b) Model
matches to experimental data for K, = 100

C. PD control response predictions

A further proof-of-concept of the characterization method
is to test the ability of the linear and non-linear identified re-
sponse models to predict PD control responses to a reference
step input 7(¢) = 0.1m for a number of different gains.

Figures 10(a) and 10(b) show that the non-linear damping
model NLm; significantly outperforms the constant damping
model Lm;. Table I give the percentage error of the mean
absolute value between the measured and model responses
for a number of PD control experiments using the six models
Lmy, Lmy, Lmz, NLmy, NLmy and NLm3 from Equations
(30) - (35). On average, the non-linear model NLm; has
an error of 3.7% which is much smaller than the linear
model Lm; prediction error of 9.3%. Similarly, the non-linear
models NLm, and NLm3 have average errors of 3.9% and
4.3% which are much smaller than the corresponding errors
for the linear models Lmy and Lmj3 which are 10.6% and
10.6%. Hence, for the non-linear case, equally good models
are obtained regardless of specific experimental data used to
identify the parameters. This result further validates the time
varying damping method presented in this paper.

PD response Constant damping Non-linear model
K, Ky Lm Lmy Lms NLmy | NLmy | NLm3
60 0 7.0 18.96 | 18.73 1.0 3.84 5.63
60 5 8.24 9.20 10.10 3.0 4.80 5.87
80 0 11.08 7.1 12.04 4.70 1.10 6.12
80 5 5.95 4.65 3.95 3.76 3.39 3.53
80 10 14.3 15.05 | 15.97 3.21 3.01 3.78
100 0 14.71 17.5 7.4 6.50 6.93 1.70
100 5 3.25 3.97 4.72 2.81 3.10 3.55
100 10 9.70 8.93 11.50 4.60 5.20 4.00
Average error 9.3 10.6 10.6 3.7 3.9 4.3
TABLE 1

PERCENTAGE ERROR COMPARISON OF THE LINEAR AND NON-LINEAR
MODELS FOR EACH SET OF PD GAINS USING THREE DIFFERENT MODEL
CHARACTERIZING SETS.

D. Controller design

To further prove the importance of the non-linear model in
control design, a simple PD controller is constructed based
on the following specifications:

Given K, = 100, minimize K, such that settling time (1%) < 0.5s
(36)
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Fig. 10. (a) Predicted responses for the case of K, = 80, K; = 10 using Lm»
of Equation (31) and NLm; of Equation (34) and (b) Predicted responses
for the case of K, =100, K; =5 using Lm3 and NLmj.

These specifications in Equation (36) are met with both the
linear model Lm3 of Equation (32) and the non-linear model
NLms3 of Equation (35).

For the linear model the K; gain was computed to be 7.35
and for the non-linear model, the K; gain was 3.55 . Hence,
for this example, the derivative gain for the linear approach
was more than twice the non-linear. In practice, a higher
derivative gain would require significantly more smoothing
on the data to avoid the derivative control over-responding
to noise, which would in turn create more time lag further
affecting control. In other words, the smaller the K; gain
designed to meet the specifications, the more effective and
easier to implement, the controller will be. Hence these
results demonstrate the importance of characterizing the non-
linear dynamics of the system.

IV. CONCLUSIONS

A simplified modelling approach and integral based pa-
rameter identification method was used to identify and
analyze a number of non-linear mechanical cart system
responses. Two cases of constant and time-varying param-
eter models of damping were considered. For the time-
varying damping model, coefficients were identified across
time intervals equally spaced across the data. The damping
values were related to the absolute value of velocity by a
decaying exponential function, revealing increased friction
or “stiction” that occurs at small velocities and includes the
dynamics of gear backlash. This new model was then applied
to PD control responses with a step input over a range of
gains. For each of these predictions, only one data set was
used to identify the model. The model predicted a smaller
mean absolute error cart displacement of a PD controlled step
response for eight sets of PD gains. Hence the model and
method proved very accurate for a wide range of dynamics
and input voltages for this electromechanical cart system.

There are many quite complex models in the literature
for capturing this behaviour of the static friction, gear back-
lash and other non-linearities in electro-mechanical systems.
These typically make strong initial assumptions on the model
then match this model to the data. The approach in this paper
is to initially have no assumption on the precise model for
friction but to let the damping vary over time in a relatively
simple model, then correlate the resulting damping values
to measured quantities like velocity or displacement. The

resulting model is a lumped parameter model that captures
the observed non-linear behaviour. Hence, the philosophy
is to start with simplified models and add complexity as
required to better predict experimental responses.

In addition, a simple PD controller was constructed based
on a set of specifications, including overshoot and settling
times. Overall it demonstrates the concept of using a non-
linear model to significantly minimize the number of experi-
ments required in PD tuning as compared to a standard linear
modeling approach. This differs from the usual approach,
which is to let the complex controller itself deal with the
modeling error. Hence this research puts the emphasis on
developing a systematic approach that can build complex
non-linear models from simplified models and give greater
confidence in the performance of control methods.

Finally, the identification algorithm was shown to be up
to 7800 times faster than standard non-linear regression
showing that it has very minimal computation requirements
and is thus a useful tool for modelling second order systems.
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