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Abstract— Max-plus based methods have been recently ex-
plored for solution of first-order Hamilton-Jacobi-Bellman
equations by several authors. In particular, McEneaney’s curse-
of-dimensionality free method applies to the equations where
the Hamiltonian takes the form of a (pointwise) maximum of
linear/quadratic forms. In previous works of McEneaney and
Kluberg, the approximation error of the method was shown to
be O(1/(NT7))+O(y/7) where 7 is the time discretization step
and N is the number of iterations. Here we use a recently
established contraction result of the indefinite Riccati flow
in Thompson’s metric to show that under different technical
assumptions, still covering an important class of problems, the
total error incorporating a pruning procedure of error order 7>
is O(e™*N7) + O(7) for some o > 0 related to the contraction
rate of the indefinite Riccati flow.

I. INTRODUCTION

A. Max-plus methods in optimal control

Dynamic Programming (DP) is a general approach to the
solution of optimal control problems. In the case of determin-
istic optimal control, this approach leads to solving a first-
order, nonlinear partial differential equation, the Hamilton-
Jacobi-Bellman equation(HJB PDE). Various methods have
been proposed for solving the HJB PDE, including finite
difference schemes, the method of the vanishing viscosity
[CL84], the antidiffusive schemes for advection [BZ07],
and the so-called discrete dynamic programming method or
semi-Lagrangian method [CDS83], [Fal87], [CFF04]. These
methods are all grid-based methods, i.e., they require a
generation of a grid over some bounded region of the state
space. These methods are known to suffer from the so called
curse-of-dimensionality since the computational growth in
the state-space dimension is exponential.

Recently a new class of methods has been developed
after the work of Fleming and McEneaney [FMOO], see in
particular [McEO7], [AGLO08], [MDGO8]. These methods are
referred to as max-plus basis methods since they all rely
on max-plus algebra. Their common idea is to approximate
the value function by a supremum of finitely many “basis
functions” and to propagate forward in time by exploiting
the max-plus linearity of the Lax-Oleinik semi-group. Recall
that the Lax-Oleinik semi-group (S:):>o associated to a
Hamiltonian H(-,-) : R™ x R"™ — R is the evolution semi-
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group of the following HIB PDE

Ov
—E'FH(,T,VU)—O,

with initial condition

’U((ﬂ, O) - QS(‘T)v

Thus, S; maps the initial function ¢(-) to the function
v(-,t). Among several max-plus basis methods which have
been proposed, the curse-of-dimensionality-free method in-
troduced by McEneaney [McEQ7] is of special interest. This
method applies to the special class of HIB PDE where the
Hamiltonian H is given or approximated as a pointwise
maximum of computationally simpler Hamiltonians:

(xz,t) e R" x (0,T], (1)

z € R™. )

H(z,VV) = max {H"(z,VV)} 3)

with M = {1,2,--- , M}. In particular, the author stud-
ied H™ of linear/quadratic forms, corresponding to linear
quadratic optimal control problems:

1 1
Hm(x’p) — (A’H’Lx)/p_i_ 5l}/-D’"L.,L,_’_ 5p/E’fﬂp’

where (A™, D™, %™) are all matrices meeting certain con-
ditions. We denote by (S;)¢>0 and (S7™);>¢ for all m € M
respectively the semi-group corresponding to H and H™ for
all m € M. The essential idea (Section II) is to approximate
the solution V' of (3) by S [Vp] for some initial function Vj
and a large T > 0. The error at point x of this finite horizon
approximation is denoted by

eo(z, T, Vo) := V(x) — Sr[Vol(x).

Next we approximate St (Vo] by {sup,,cr ST} [Vo] for
a time discretization step 7 > 0 and an iteration number
N € N such that ' = N7. The error at point x of this time
discretization approximation is denoted by:

e(z,7,N, Vo) := Sr[Vo](z) — { sup S7"}¥[Vo](2).
meM
The total error at a point x is then simply eo(z, T, Vo) +
€(z,7,N,Vp). Each S corresponds to solving a Riccati
equation, requiring O(n?) arithmetic operations. The total
number of computational cost is O(|M|¥n?), with a cubic
growth in the state dimension n. In this sense it is considered
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as a curse of dimensionality free method. However, we
see that the computational cost is bounded by a number
exponential to the number of iterations, which is referred to
as the curse of complexity. In practice, a pruning procedure
denoted by P, removing at each iteration a number of
functions less useful than others is needed in order to reduce
the curse of complexity. We denote the error at point x of the
time dicretization approximation incorporating the pruning
procedure by:

67)7—(]:77.7 N7V0) = ST[‘/O](x) - {PT o blel% ST}N[VO](Z‘)

B. Main contributions

In this paper, we analyze the growth rate of €o(z, T, Vp)
as T tends to infinity and that of €77 (x, 7, N, V;) as 7 tends
to 0, incorporating a pruning procedure P, of error O(7")
with 7 > 1. The growth rate of error ¢(x, 7, N, Vp) as 7 tends
to 0 is obtained as a corollary by letting r = +o0.

We show that under technical assumptions (Assump-
tion 2.1 and 3.2),

ez, T,Vy) = 0(e™T), as T — +oo

uniformly for all x € R™ and all initial function V} in a
certain compact (Theorem 4.1) and that given a pruning
procedure generating error O(7") with r > 1,

EPT (:Z?,T, N, %) _ 0(7_min{1,r71})7

as 7 —0

uniformly for all z € R*, N € N and 1} in a compact
(Theorem 4.2). As a direct corollary, we have

e(xz,7,N,Vy) = O(7),

as 7T —0
uniformly for all x € R", N € N and 1}, in a compact.

C. Comparison with earlier estimates

It has been shown in [MK10, Thm 7.1] that under As-
sumption 2.1, for a given V,

1
eo(x,T,Vo):O(T), as T — 400

uniformly for all x € R™. They also showed [MK10, Thm
6.1] that if in addition to Assumption 2.1, the matrices X™
are all identical for m € M, then for a given V},

e(z,7, N, Vo) = O(v/7),

uniformly for all z € R” and NV € N. Their estimates imply
that to get a sufficiently small approximation error € we can
use a horizon 7' = O(1/¢) and a discretization step 7 =
O(€?). Thus asymptotically the computational cost is:

O(|M\O(1/€3)n3),

as 7—0

as € — 0. %)

The same reasoning applied to our estimates shows a consid-
erably smaller asymptotic growth rate of the computational
cost:

O(|M|C(leg(@)/e) 3y

McEneaney and Kluberg [MK10] gave a technically diffi-
cult proof of the estimates (4) and (5), assuming that all the

as € —0 (®)]

3™ are the same. They conjecture that the latter assumption
can at least be released for a subclass of problems. This is
supported by our results, showing that for the subclass of
problems satisfying Assumption 3.2, this assumption can be
omitted. To this end, we use a totally different approach.
Our main ingredient is the strict local contraction property
of the indefinite Riccati flow [GQ12], under Assumptions 2.1
and 3.2.

Our approach derives a tighter estimation of €q(z, T, Vp)
and e(x, 7, N, V) compared to previous results as well as
an estimation of €7 (x, 7, N, V;) incorporating the pruning
procedure. This new result justifies the use of pruning
procedure of error O(72) without increasing the asymptotic
total approximation error order.

The paper is organized as follows. In section II we
recall the max-plus problem and the max-plus approximation
method. In section III we state the contraction results on the
indefinite Riccati flow, which is an essential ingredient to our
main results. In section IV we present the main results and
the sketch of proofs. And lastly in section V we give some
remarks and some numerical illustrations on the theoretical
estimates.

II. PROBLEM STATEMENT

For the sake of completeness, we restate briefly the prob-
lem class and present some basic concepts and necessary
assumptions in this section. The reader can find in [McEQ7]
the same description with more details.

A. Problem class

Let M = {1,--- ,M} be a finite index set. We are
interested in finding the value function of the following
switching optimal control problem:

T 1 72
V()= sup sup sup [ 3 (€D - T funa
wWEW u€Ds T Jo

where

Deoo :={p:[0,00) — M : i measurable},
T
W= {w:[0,00) — R*: / lwg|?dt < 00, VT < oo},
0

and ¢ is subject to:

§=AME+oMwy, G =w. (6)

As in [McEOQ7], we make the following assumptions through-
out the paper to guarantee the existence of V.
Assumption 2.1:

e There exists c4 > 0 such that:
P’ A™x < —calz|?, Vo eR",mc M

e There exists ¢, > 0 such that:

VYm e M

lo™| < ¢os

o All D™ are positive definite, symmetric, and there is
c¢p such that:

©’D™x < cplz?, Ve € R",m e M,
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and

B. Steady HJB equation
For any § € (0,7), define

_ 2
MMQ, V).

o

G = {Vp semiconvex ,0 < V() <

(N
Then the value function V' is the unique viscosity solution
of the following corresponding HIB PDE in the class G5 for
sufficiently small 9:
—H(z,VV)=—max H"(z,VV), V(0)=0 (8)

me

0=
where
m m / 1 / m 1 /m
H™(z,p) = (A ZL')eriID eripE P.

Denote by {S;}:>0 the evolution semi-group corresponding
to H. It has been proved in [McEOQ7] that for all V € G,

Thm ST[V()] =V (9)

uniformly on compact sets.

C. Max-plus based approximation

We review the basic steps of the algorithm proposed
in [McEO7] to approximate the value function V. Firstly
using (9) we are allowed to approximate V' by Sp[Vj]
for some sufficiently large 7. We then choose a time-
discretization step 7 > 0 and a number of iterations /N such
that T'= N7 to approximate St by

St ={S 1V ~ {S.}V

where S, = sup S and {S"};>¢ is the evolution semi-
meM
group corresponding to H™ for all m € M. At the end

of N iterations, we get our approximated value function
represented by:
Vi~ sup SV SVl
11, HIN

If we choose Vy(z) = 3a’Px as a quadratic function,
then the approximated value function will be the maxi-
mum of |M|" quadratic functions. This so-called curse-of-
complexity can be reduced by performing a pruning process

at each iteration of the algorithm to remove some quadratic
functions, see [MDGO08].

D. Error estimate

As pointed out in [MK10], the approximation error comes
from two parts. The first error source is

60($,T, V()) = V(l’) - ST[V()](LE)

This is due to approximate the infinite-horizon problem by
a finite-horizon problem. The second one is

e(z,7,N, Vo) = Sn-[Vol(x) — {S-}V Vo] (),

due to the approximation of the semi-group by a time-
discretization. If we take into account the pruning procedure,
then the second error source should be written as:

€7 (2,7, N, Vo) = Sn-[Vol () = {Pr 0 5}V Vo (),
(10)

where P, represents a pruning action. We mark the subscript
T since it is expected that the pruning procedure be adapted
with the time step 7. In particular, we say that P, is a pruning
procedure generating an error O(7") if there is L > 0 such
that for all function f,

P-lfl < f< (14 L7")P[f]. (11)

The special case without pruning procedure can be recovered
by considering r = +o00.

III. CONTRACTION PROPERTIES OF THE INDEFINITE
RICCATI FLOW

Before showing the main results, we present here the
essential ingredient to our proof: the contraction properties
of the indefinite Riccati flow.

A. Loewner order and the Thompson’s part metric

We recall some basic notions and terminologies. We refer
the readers to [Nus88] for more background.

We consider the space of m-dimensional symmetric ma-
trices S,, equipped with the operator norm || - ||. The space
of positive semi-definite (resp. positive definite) matrices is

denoted by S, (resp. S:) The Loewner order ”<” and the
strict Loewner order ”<” on S,, are defined by:

A<BoB-AcS), A<BsB-Ach,.
For A < B we define the order intervals:
[A,B):={P€8S,|A<P< B}
For P, P, € S: , following [Nus88], we define
M(Py/Py) :=inf{t >0: P, <tPs}

Definition 3.1: The Thompson part metric between two
At .
elements P; and P of S, is

dT(Pl, PQ) = IOg(IIIEiJX{.ZM-(Pl/.PQ)7 M(Pi/Pl)})
It is known [Nus88] that the metric space (S,,,dr(-,-)) is
complete.

B. Contraction rate of the indefinite Riccati flow

For each m € M, define the function ®™: S,, — S,,:

"™ (P) = (A™)'P + PA™ + PSP + D™ (12)

2
where ¥ := L-0™ (0™)’. Associated to each ®™ we define

the flow map by:

M{"(Py) = P(t), t€l0,T)
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where P(t) : [0,7) — S, is a maximal solution of the
following initial value problem on S,,:

P=9om(P), P(0)=F,. (13)
When Vy(z) = 3a’Pox with Py € S,, a classical re-
sult [YZ99] states that
1
S Vol(z) = 52’ M (Po)x, t€[0,T). (14

2
The standard Riccati equation refers to a vector field of the
form (12) with —X" and D™ positive semi-definite. Here
we are concerned with the indefinite Riccati equation since
the matrix coefficient 3™ is positive semi-definite.

The contraction property and the contraction rate calculus
of the standard Riccati flow in Thompson’s metric have
been given in [LW94] and [LLO7]. However, their approach
depends on the algebraic property of the associated symplec-
tic operator, which fails in the indefinite case. In [GQ12],
the authors use a tangent characterization of invariant sets
to show that under additional constraints on the matrix
coefficients the local strict contraction still holds in the
indefinite case. Below is the additional assumption needed
to apply this new contraction result:

Assumption 3.2: There is mp > 0 such that

'D™Mx > mplz?, Ve eR",meM

and )

c
—Zmp > (ca — /¢4 — cpc2 /y2)2.

In the seque? we denote

N Y*(ca — /¢4 —epct/y?) \, . MDY
1 — D) ) 2 = 2
CO' CO'

Remark 3.3: Under Assumption 3.2, there is ¢ > 0 such
that @™ (el) > 0 for all € € [0, ¢] and m € M. We can chose
an € < c sufficiently small such that for some ¢y > 0 and
m € M we have S}"'[0] > el. Besides, for any A € [A1, A2),
we have ®™(AI) < 0 for all m € M. Then it follows from
a standard result on the Riccati equation that:

M™(Py) € [eI,\], Ym € M,t > 0,P, € [eI,\]]. (15)
The main ingredient to make our proofs is the following
theorem:

Theorem 3.4 (Corollary in [GQ12]): Under
Assumptions 2.1 and 3.2, for any A € [A1,\2), there
is o > 0 such that for all Py, P, € (0, \I],

dT(th'(Pl),MtTn(Pg)) <e_ath(P1,P2), Vt}O,mEM

C. Extension of the contraction result to the space of func-
tions

Now we extend the definition of Thompson’s metric to
the space of functions. For two functions f, g : R” — R, we
define the Loewner order ”<” by:

f<ge f@) <gla), YoeR™.
Similarly, for f,g: R™ — R, we define
M(f/g) :=inf{t > 0: f < tg}

We say that f and g are comparable if M (f/g) and M(g/f)
are finite. In that case, we can define the "Thompson metric”
between f,g: R™ — R, by:

dr(f,g) = log(max{M(f/g), M(g/f)}).

The following result is a consequence of the order-preserving
character of the Riccati flow and of the contraction property
in Theorem 3.4.

Corollary 3.5: Under Assumptions 2.1 and 3.2, let A €
[A1,A2) and € > 0 such that (15) holds. Then there is o > 0
such that for any two functions V; and V5 of the form:

1
= ix/Qxa

(16)

1
Vi(x) = sup =2’ Pjz, Va(x)

jeJ 2
where J is an index set and @, P; € [el, \I] for all j € J,
we have

..9"

.. §h .

dr (S} t/N

t/N° [Vl]’SiN

et A
By Sl Val) < e log(2)

forall t >0, N € Nand {i1, - - ,in} € M.

IV. MAIN RESULTS

Here are the two main results of this paper:

Theorem 4.1: Under Assumptions 2.1 and 3.2, let A €
[A1,A2) and € > 0 such that (15) holds. There exist a > 0
and K > 0 such that,

co(x, T, V) < Ke *T|2|?, Va,

for all T > 0 and Vy(x) = 32’ Pox with Py € [el, A].
Theorem 4.2: Let r > 1. Suppose that for each 7 > 0 the
pruning operation P, generates an error O(7") (see (11)).
Under Assumptions 2.1 and 3.2, let A € [A\1,\2) and € > 0
such that (15) holds. Then there exist 79 > 0 and L > 0

such that
ePr (z,7,N,Vp) < erin{l’rfl}|x|2, vV,

forall N € N, 7 < 19 and Vy(z) =
[eI, M].

%I‘IPQLE with Py €

A. Key lemma

In addition to Theorem 3.4, another key lemma in our
proofs is:
Lemma 4.3: For all T > 0 and Vj € G locally Lipschitz,
SrVo] = Sup _sup S}?N e S%/N[Vb].
21, "IN
Lack of space, we briefly present the main idea of the proof

for this lemma. First we show by elementary tools that the
functional

T 2
1
J(2, T; VO p, w) ::/ 55213’“& - *72 lwe|*dt + VO (&r)
0

is continuous with respect to
€ Dr:={p:[0,T) — M|p measurable}.

Then we apply the Lusin’s theorem [Fol99] which states that
every measurable function is a continuous function on nearly
all its domain. This theorem allows to construct a piecewise
constant function in D which is arbitrarily close to a given
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measurable function in Dr. Thus an optimal control p € Dy
can be approximated arbitrarily well by a piecewise constant
functions in Dz, which is an interpretation of the above
lemma.

B. Sketch of proof of Theorem 4.1

We show that:
Lemma 4.4: For any A and € be as in Theorem 4.1. There
is a > 0 such that

A
dr(V, Sp[Vo]) <e T log(z)
for all Vy(z) = La’'Pyx with Py € [el, ).
Proof: By Remark 3.3 there is typ > 0 and m € M
such that S{"[0] € [el, AI]. Therefore,

V' = sup St[0] < sup Sr[S; [0]].
T>0 T>0
We also have,

sup S7[St,[0]] >
T>0

Vv 2 sup ST—H,O [O] =

sup St [S; [0]].
T>0

T>0

Therefore using Lemma 4.3, we can write:

V= stj{p Sr[S{[0] = sgp sup sup ST/N S’TI/N [Sir[0]].

N i1,iN

By (15), V is a supremum of quadratic functions given by
matrices in [eI, AI]. Now we apply Corollary 3.5 and get
a > 0 such that

dr(V, St[Vol) = dr(Sr[V], Sr[Vo])

<51]\1[p‘sup dr(Sy)y - S;“/N[ l S;“/N ' ST/N[VOD
i i
Le ol log(%).

|

We omit the few steps left to deduce Theorem 4.1 from
Lemma 4.4, essentially using the definition (16) and the
upper boundedness of the solution.

C. Sketch of proof of Theorem 4.2
Before all we give the one step error estimation:
Proposition 4.5: Let C C S, be a compact convex subset.
There exists 7y > 0 and L > 0 such that
S-[Vol(x) < 8:[Vol(x) + L7?[a?, ¥,

for all 7 € [0, 79] and Vp(z) = %m’Po:(: with Py € K.
Proof: [sketch] The key step is to prove the existence
of some L > 0 and 79 > 0 such that:

Sty SU VOl (@) < sup STV () + Le?[af?, Vi,

T/N° T/N[
forall N € N, {iy,...,ixy} € MY and 7 < 7p. This is done
by proving with induction on k € {1,--- , N} the following

inequalities:
Mo M [P

27,2
SPo+ £ (P) 4+ %0, (Po) + L(1+ F)F kT

where [ is the identity matrix. The case k¥ = 1 can be proved
by showing the existence of L > 0 and 7y > 0 such that:

|M™[P] — P — 1®™(P,)|| < L7* + L7||P — P,

for all 7 < 19, P, Py € K and m € M. This is obtained by
using the Mean value Theorem. [ ]
Now we take into account the pruning procedure and analyze
the error of

S, ~P.0o8,.

Below is a direct consequence of Proposition 4.5.
Corollary 4.6: Let €, A, 7 and P, be as in Theorem 4.2.
Then there exists 79 > 0 and L > 0 such that:

S-[Vol(z) < 1+ Lr™™2 1P o S (Vo) (z), Va,

for all 7 € [0,70] and Vy(z) = 3’ Pyx with Py € [el, M.
Let s = min{2,r}. Finally, Theorem 4.2 can be proved via
the following inequalities:

dr (Sk-[Vol, {Pr o S; (Vo))

1
<(A+e @ - gebDanLrs VE €N, (17

where the constant o follows from Theorem 3.4. This is
proved by induction on £ € N. The case K = 1 is given
by Corollary 4.6. For k > 1 we use the following induction
relations:

dr(S(ks1)r Vo], {Pr 0 S} Vo))
< dT(S(kH [Vol, Pr o S- [Skr[Vol]) ~
+ dT(PT o S [SZCT [VO]] Pro S [{PT © ST}k~VO])
< L7° + dr(Pr 0 S:[Skr [Vo], Pr 0 S:[{Pr 0 S- 1 Vo))
< L8+ eiaTdT(SkT [VOL {PT © ST}kVO])
(18)

where the second inequality follows from Corollary 4.6 and
the invariance of the interval [el, AI] under each flow M]".
Lack of space, we omit the details for the last inequality
which is a nontrivial consequence of the contraction result
in Theorem 3.4. The difficulty lies in the fact that the uniform
contraction only occurs on a compact set. From above we
have shown that for all N € N

dr (Sn+[Vol, {Pr 0 S:}N[Vo]) < Lro(1 — e 7).
Finally note that

Lré(1—e @) L~ O(r*7h)

as 7 — 0.
Therefore we obtain the existence of L > 0 such that:

dr(Sn-[Vol,{Pr 0 S}V [Vo]) < Lr°7', VN €N,

for all sufficiently small 7 and Vy(z) = 1a/Pyz with

Py € [el, \I]. As in the sketch of proof of Theorem 4.1,

the remains steps can be easily obtained by the definition of

dr (16) and the upper boundedness of the value function.
Remark 4.7: Tt should be pointed out that the crucial point

is having a > 0. If this is not the case (o = 0), then the

iteration (18) only leads to:

VN e N.

dr(Sn+[Vol, {Pr 0 S, }N[W]) < LNT*,
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V. FURTHER DISCUSSIONS
A. Linear quadratic Hamiltonians

The contraction result being crucial to our analysis (see
Remark 4.7), it is impossible to extend the result to the
general case with linear terms as in [McEQ09]. However, the
one step error analysis (Proposition 4.5) is not restricted
to the pure quadratic Hamiltonian. Interested reader can
verify that the one step error O(7?) still holds in the case
of [McEQ09] following the same lines of proof. Then by
simply adding up the errors to time 7', we get that:

e(x,7,N, Vo) < L(1 + |z[))N7% = L(1 + |z|*)T'r.

This estimation is of the same order as in [McE09] with
much weaker assumption, especially the assumption on X™.

B. Convergence time

By Theorem 4.1, the finite horizon approximation error
eo(x, T, V) decreases exponentially with the time horizon
T. Theorem 4.2 shows that for a sufficiently small 7 and
a pruning procedure of error 72, the discrete-time approx-
imation error "7 (x, 7, N,Vy) is O(7) uniformly for all
N > 0. Therefore, for a fixed sufficiently small 7, the
total error decreases at each propagation step and becomes
stationary after a time horizon T' such that eq(z, T, V) <
el (z, 7, N, Vp).

To give an illustration, we implemented this max-plus
approximation method, incorporating a pruning algorithm
in [GMQI11] to a problem instance satisfying Assumption 2.1
and 3.2 in dimension n = 2 and with | M| = 3 switches. The
pruning algorithm generates at most 72 error at each step.
We use the value of |H|o, on the region [—2,2] x [—2,2]
to measure the approximation. We observe that for each 7,
the backsubstitution error |H |, becomes stationary after a
number of iterations, see Figure 1 for 7 = 0.0006. We run

NN ’

. S—_—
4 500 1000 15’{?0 2000 2500 3000

Fig. 1: Plot of log |H |~ w.r.t. the iteration number N

the instance for different 7 and for each 7 we collect the
time horizon T' when the backsubstitution error becomes
stationary. The plot shows a linear growth of 7" with respect
to —log(7), which is an illustration of the exponential
decreasing rate in Theorem 4.1.
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