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Abstract— The analysis of classical consensus algorithms
relies on contraction properties of Markov matrices with respect
to the Hilbert semi-norm (infinitesimal version of Hilbert’s
projective metric) and to the total variation norm. We gen-
eralize these properties to the case of operators on cones. This
is motivated by the study of “non-commutative consensus”,
i.e., of the dynamics of linear maps leaving invariant cones of
positive semi-definite matrices. Such maps appear in quantum
information (Kraus maps), and in the study of matrix means.
We give a characterization of the contraction rate of an abstract
Markov operator on a cone, which extends classical formulæ
obtained by Dœblin and Dobrushin in the case of Markov
matrices. In the special case of Kraus maps, we relate the
absence of contraction to the positivity of the “zero-error
capacity” of a quantum channel. We finally show that a number
of decision problems concerning the contraction rate of Kraus
maps reduce to finding a rank one matrix in linear spaces
satisfying certain conditions and discuss complexity issues.

I. INTRODUCTION

Given a multi-agent system, the design of distributed
algorithms allowing agents to reach consensus by exchanging
locally computed results has been studied extensively in
the field of communication networks, control theory and
parallel computation, [Hir89], [BT89], [BGPS06]. Due to
its wide area of applications, the convergence analysis of
consensus algorithms has attracted much interest. Classical
linear consensus algorithms can be written as time depen-
dent dynamical systems, involving sequences of stochastic
matrices. Their convergence has been shown to be con-
trolled by connectivity properties of the adjacency graph of
these matrices [Mor05], [VJAJ05], [OT09], [AB09]. These
properties are closely related to estimates arising in the
study of the coupling time of nonhomogeneous Markov
chains. In particular, a basic tool is the characterization,
which goes back to Doeblin and Dobrushin, of the Lipschitz
constant of a Markov operator with respect to the total
variation norm on the space of probability measures (Do-
brushin ergodicity coefficient). In [MDA05], the Dobrushin’s
ergodicity coefficient was used to determine the contraction
rate of the Lyapunov function ∆(x) := maxi xi − mini xi
for a consensus operator. Various convergence results on
classical consensus algorithms, obtained by different means,
can also be related to Dobrushin’s characterization [Mor05],
[VJAJ05], [AB09].

∗The authors were partially supported by the PGMO programme of
Fédération Mathématique Jacques Hadamard and EDF.

In [SSR10], the authors developed a noncommutative
generalization of consensus theory, in which the space of the
system is represented by a Hermitian matrix, instead of a vec-
tor in Rn. This is motivated in particular by quantum infor-
mation theory, in which one is interested to the convergence
of “noncommutative Markov chains” to equilibrium. In this
setting, generalized consensus algorithms update the system
state by a stochastic quantum map, which is the adjoint of a
Kraus map, or quantum channel. Other important motivations
to study consensus over spaces of matrices arise from the
study of non-linear order-preserving positively homogeneous
maps on cones, including generalized matrix means. The
differentials of these maps are precisely noncommutative
consensus operators. It is known that the global convergence
to a fixed point, for such non-linear maps, can be inferred
from the contraction properties of their differentials [Nus88].
Thus, computing, or giving tight effective bound, of the
contraction rate of linear consensus operators, appear to be
a key issue.

To study the convergence of noncommutative consensus,
the authors of [SSR10] proposed to use as a Lyapunov func-
tion the Hilbert’s projective metric between the state matrix
and the identity matrix. In particular, they applied Birkhoff’s
contraction formula to give a bound on the contraction rate
on this Lyapunov function.

One of the main goals of this paper is a generalization of
the approach in [MDA05] to the study of noncommutative
consensus [SSR10]. To this end, we use the Hilbert’s semi-
norm ‖X‖H = λmax(X) − λmin(X) as a generalization
of the Lyapunov function ∆. In particular, we clarify the
connection between the contraction rate of a consensus
operator with respect to the Hilbert’s semi-norm and the
Lipschitz constant of the dual density operator with respect
to the trace distance (nuclear norm). We shall see that the
contraction rate with respect to the Hilbert’s seminorm is
always less than the contraction rate with respect to the
Lyapunov function proposed in [SSR10]. This is because
Hilbert’s projective metric is precisely the weak Finsler
structure in which the infinitesimal lenghts are given by a
family of rescaled Hilbert’s seminorms [Nus94].

The convex duality nature of some of our results will be
more apparent by working in a higher generality. Hence, we
shall consider consensus dynamics in which the state belongs
to an arbitrary normal cone. The Hilbert’s seminorm is still
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well-defined and can serve as a Lyapunov function. Then,
the consensus algorithms are defined by abstract Markov
operators, which generalize both stochastic matrices and
stochastic quantum maps. This generality is also convenient
in various applications (for instance, generalized means often
involve operators defined on Cartesian products of symmetric
cones).

We first observe that the contraction rate of an abstract
Markov operator with respect to Hilbert’s semi-norm can
be thought of as an operator norm on a quotient space
(Lemma 2.5). Then, the Lipschitz constant of the dual oper-
ator with respect to the total variation distance is exactly the
dual operator norm. Our first main result, Theorem 3.6, gives
a formula for the two (primal and dual) operator norms using
a characterization of the extreme points representation of
the dual unit ball. When specialized to the noncommutative
consensus, this leads to a noncommutative version of the
Dobrushin’s formula, Corollary 4.1, as well to a characteriza-
tion of the absence of contraction (i.e., contraction rate equal
to 1), Corollary 4.3. It follows that the zero-error capacity
of a memoryless quantum channel is positive if and only
if the contraction rate of the associated consensus operator
is equal to 1. Finally we show that deciding if a time-
invariant noncommutative system is globally convergent can
be reduced to finding a rank one matrix in a certain matrix
subspace, Theorem 4.5.

A Markov matrix is primitive if and only if it is irreducible
and aperiodic. A primitive stochastic matrix always leads to
a global convergence of the consensus system. The notions
of irreducibility and primitivity have been extended to a
completely positive map. We apply Theorem 3.6 and prove
that an irreducible completely positive map is primitive if
and only if the time-invariant consensus system is globally
convergent, Proposition 5.6. By applying Burnside’s theo-
rem, we get that checking irreducibility reduces to deciding
if a certain matrix algebra is the whole matrix algebra,
Proposition 5.3. Therefore, irreducibility can be checked in
polynomial time. By using a characterization of primitiv-
ity [SPGWC10], we deduce that for an irreducible matrix,
global convergence to consensus can also be checked in
polynomial time, Corollary 5.8.

The paper is organized as follows. In Section II we
give the necessary preliminaries to study abstract Markov
operators on arbitrary normal cones. We give in particular
a representation of the extreme points of the dual unit ball
with respect to the Hilbert’s semi-norm. In Section III we
show a convergence result on the iterates of a Markov
operator given that the contraction rate of it is less than
1. We use the representation in Section II to characterize
the contraction rate. Section IV is devoted to applications of
the general results established in the previous sections to the
non-commutative case. Some complexity results, relying on
properties of irreducibility and primitivity, are presented in
Section V.

II. PRELIMINARIES

A. Thompson’s norm and Hilbert’s semi-norm

Throughout the paper, (X , ‖ · ‖) is a real Banach space.
Let C ⊂ X be a closed pointed convex cone with non empty
interior C0, i.e., αC ⊂ C for α ∈ R+, C + C ⊂ C and
C ∩ (−C) = 0. We define the partial order 6 induced by C
on X by x 6 y ⇔ y − x ∈ C. We assume that the cone
is normal, meaning that there exists a constant K > 0 such
that 0 6 x 6 y ⇒ ‖x‖ 6 K‖y‖. For x 6 y we define the
order intervals:

[x, y] := {z ∈ X |x 6 z 6 y}.

For x ∈ X and y ∈ C0, following [Nus88], we define

M(x/y) := inf{t ∈ R : x 6 ty},
m(x/y) := sup{t ∈ R : x > ty},
ω(x/y) := M(x/y)−m(x/y).

(1)

Observe that since y ∈ C0, and since C is closed and pointed,
the two sets in (1) are non-empty, closed, and bounded from
below and from above, respectively. In particular, m and M
take finite values. In the sequel, e denotes a distinguished
element in the interior of C (a “unit”). We define

‖x‖T := max(M(x/e),−m(x/e))

which we call Thompson’s norm, and

‖x‖H := ω(x/e)

which we call Hilbert’s semi-norm. It is shown in [Nus94]
that the two norms ‖ · ‖ and ‖ · ‖T are equivalent.

Remark 2.1: These terminologies are motivated by the
fact that the Thompson’s part metric and the Hilbert’s pro-
jective metric are Finsler’s metrics (see [Nus94]) for which
the infinitesimal distance at a point e ∈ C0 are respectively
given by ‖ · ‖T and ‖ · ‖H . The semi-norm ‖ · ‖H is also
called Hopf oscillation.

Example 2.2: We consider the space X = Rn, the closed
convex cone C = Rn+ and the unit element e = 1 :=
(1, . . . , 1)T . It can be checked that the Thompson’s norm
is nothing but the sup norm

‖x‖T = max
i
|xi| = ‖x‖∞,

whereas Hilbert’s semi-norm is given by:

‖x‖H = max
i,j

xi − xj = ∆(x).

B. Simplex in the dual space and dual unit ball

We define the dual space X ? of X with respect to the norm
‖ · ‖T as the space of continuous linear functionals defined
on the normed space (X , ‖ · ‖T ). The dual norm ‖ · ‖?T of a
continuous linear functional z ∈ X ? is defined by:

‖z‖?T := sup
‖x‖T=1

〈z, x〉.

The cone C is still a closed cone in (X , ‖ · ‖T ). We define
the dual cone of C by:

C? := {z ∈ X ?|〈z, x〉 > 0, ∀x ∈ C}.
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Since C is a closed convex cone, we know that C = C??,
thus

x ∈ C ⇔ 〈z, x〉 > 0, ∀z ∈ C?.

Then the Thompson’s norm can be calculated by:

‖x‖T = sup
z∈C?

|〈z, x〉|
〈z, e〉

. (2)

We denote by

P = {µ ∈ C? | 〈µ, e〉 = 1} (3)

the “simplex” of the dual Banach space (X ?, ‖ · ‖?T ).
Remark 2.3: In the case of Example 2.2, the dual space

X ? is X itself and the dual norm ‖ · ‖?T is the l1 norm:

‖x‖?T =
∑
i

|xi| = ‖x‖1.

The simplex P defined in (3) is the simplex in Rn in the
usual sense:

P = Pn := {x ∈ Rn+ :
∑
i

xi = 1}.

The next lemma shows the connection between P and the
unit ball B?T of the space (X ?, ‖·‖?T ). We denote by conv(·)
the convex hull of a set.

Lemma 2.4: The unit ball B?T of the space (X ?, ‖ · ‖?T )
satisfies

B?T = conv(P ∪ −P) (4)
Proof: It easily follows from (2) that

‖x‖T = sup
µ∈P
|〈µ, x〉| = sup

µ∈P∪−P
〈µ, x〉 . (5)

Hence ‖z‖?T 6 1 if and only if, for all x ∈ X ,

〈z, x〉 6 ‖x‖T = sup
µ∈P∪−P

〈µ, x〉 . (6)

By the strong separation theorem [FHH+01, Thm 3.18], if z
did not belong to the closed convex hull conv(P ∪−P) (the
closure is in the weak star topology of X ?), there would exist
a vector x ∈ X and a scalar γ such that 〈z, x〉 > γ > 〈µ, x〉,
for all µ ∈ P ∪ −P , contradicting (6).

B?T = conv(P ∪ −P) .

We claim that the latter closure operation can be dispensed
with. Indeed, by the Banach Alaoglu theorem, B?T is weak-
star compact. Hence, its subset P , which is weak-star closed,
is also weak-star compact. If µ ∈ B?T , by the characteriza-
tion of B?T above, µ is a limit in the weak star topology,
of a net µa = saνa − taπa with sa + ta = 1, sa, ta > 0
and νa, πa ∈ P for a ∈ A. By passing to a subnet we
can assume that sa, ta : a ∈ A converge respectively to
s, t ∈ [0, 1] such that s+ t = 1 and νa, πa : a ∈ A converge
respectively in the weak-star topology to ν, π ∈ P . It follows
that µ = sν − tπ ∈ conv(P ∪ −P).

C. Extreme points of the dual unit ball in Hilbert’s metric

We first show that the Hilbert semi-norm coincides with
the norm on the quotient Banach space of (X , 2‖ · ‖T ) by
the closed subspace Re.

Lemma 2.5: For all x ∈ X , we have:

‖x‖H = 2 inf
λ∈R
‖x+ λe‖T

Proof: ‖x+λe‖T = max((M(x/e)+λ), (−m(x/e)−
λ)) is minimal when (M(x/e) + λ) = (−m(x/e)− λ).
A standard result of functional analysis shows that if W is a
closed subspace of a Banach space X , then, the dual of the
quotient space X/W can be identified isometrically to the
space of continuous linear forms on X that vanish on W ,
equipped with the dual norm of X ?. Specializing this result
to W = Re, we get:

Lemma 2.6: The dual space of (X/Re, ‖ · ‖H) is (M, ‖ ·
‖?H) where M := {µ ∈ X ?|〈µ, e〉 = 0} and

‖µ‖?H :=
1

2
‖µ‖?T , ∀µ ∈M. (7)

The above lemma implies that the unit ball B?H of the
space (M, ‖ · ‖?H) satisfies:

B?H = 2B?T ∩M.

Remark 2.7: In the case of Rn equipped with its standard
unit vector (Example 2.2), Lemma 2.6 implies that for any
two probability measures µ, ν ∈ Pn, the dual norm ‖µ−ν‖?H
is the total variation distance between µ and ν.

‖µ− ν‖?H =
1

2
‖µ− ν‖1 = ‖µ− ν‖TV

We are now ready to give a representation of the extreme
points of B?H . For all ν, π ∈ C? we write ν ⊥ π if ‖ν −
π‖?H = 1. Let us give more insight on this notion in the
finite dimensional case. Then, by compactness of the unit
ball of (X , ‖ · ‖T ), we know that ‖ν − π‖?T = 2 if and only
if there is −e 6 y 6 e such that

〈π − ν, y〉 = 2.

This is equivalent to that there is 0 6 x = y+e
2 6 e such

that:
〈π − ν, x〉 = 1.

Hence µ ⊥ ν if and only if there is 0 6 x 6 e such that:

〈ν, x〉+ 〈π, e− x〉 = 0.

We denote by extr(·) the set of extreme points of a convex
set.

Proposition 2.8: Any extreme point of B?H is of the form
ν − π, where ν, π ∈ extrP and ν ⊥ π .

Proof: It follows from (4) that every point µ ∈ B?T can
be written as µ = sν− tπ with s+ t = 1, s, t > 0, ν, π ∈ P .
Moreover, if µ ∈M, 0 = 〈µ, e〉 = s〈ν, e〉− t〈π, e〉 = s− t,
and so s = t = 1

2 . Thus every µ ∈ B?T ∩M can be written
as

µ =
ν − π

2
, ν, π ∈ P.

Assume now by contradiction that ν is not extreme in P (the
case in which π is not extreme can be dealt with similarly).
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Then, we can find ν1, ν2 ∈ P , ν1 6= ν2 and s1, s2 > 0,
s1 + s2 = 1, such that ν = s1ν1 + s2ν2. It follows that
µ = s1(ν1−π2 ) + s2(ν2−π2 ), where ν1−π

2 , ν2−π2 are distinct
elements of B?T ∩M, which is a contradiction.

III. CONTRACTION RATE OF MARKOV OPERATORS

A linear map T : X → X is a Markov operator with
respect to a unit vector e in the interior C0 of a closed
convex pointed cone C ⊂ X if it satisfies the two following
properties:
(i) T is positive, i.e., T (C) ⊂ C.

(ii) T preserves the unit element e, i.e., T (e) = e.
The adjoint operator T ? :M→M of T : X/Re→ X/Re
is by definition:

〈T ?(µ), x〉 = 〈µ, T (x)〉, ∀µ ∈M, x ∈ X .

Example 3.1: When X = Rn and C is the standard
positive cone (Example 2.2), a linear map T (x) = Ax is a
Markov operator if and only if A is a row stochastic matrix.

We next extend to the case of Markov operators on cones a
number of known properties in the case of Markov operators
on the standard positive cone of Rn (Markov matrices).

A. Duality between Hilbert’s semi-norm and the total vari-
ation norm

We make the following basic observations for a Markov
operator T : X → X :

M(T (x)/e) 6M(x/e), m(T (x)/e) > m(x/e), ∀x ∈ X .

It is easily seen from the above observation that a Markov
operator T is of Lipschitz constant less than 1 with respect
to the Thompson’s norm. Moreover, it induces a linear
continuous application on the normed space (X/Re, ‖ · ‖H),
also of Lipschitz constant less than 1.

We are interested in the operator norm of T : X/Re →
X/Re with respect to the norm ‖ · ‖H given by:

‖T‖H := sup
‖x‖H61

‖T (x)‖H

The operator norm ‖·‖?H of T ? with respect to the dual norm
‖ · ‖?H is then defined by:

‖T ?‖?H := sup
‖z‖?H61

‖T ?(z)‖?H

A classical duality result (see [AB99, § 6.8]) shows that
an operator and its adjoint have the same operator norm. In
particular,

Proposition 3.2: ‖T‖H = ‖T ?‖?H .
Remark 3.3: In the case of Example 3.1, the operator

norm is contraction rate of the matrix A with respect to the
function ∆:

‖T‖H = τ(A) := sup
x

∆(Ax)

∆(x)
,

and the dual operator norm is the Lipschitz constant of AT

on Pn with respect to the total variation distance:

‖T‖?H = δ(A) := sup
µ,ν∈P

‖ATµ−AT ν‖TV
‖µ− ν‖TV

B. Convergence of iterates to a rank one projector

We have seen that for a Markov operator T , the operator
norm ‖T‖H satisfies ‖T‖H 6 1. The case when ‖T‖H < 1
or equivalently ‖T ?‖?H < 1 is of special interest, as shown
by the following theorem, which shows that the iterates of
T convergence to a rank one projector with a rate bounded
by ‖T‖H .

Theorem 3.4: If ‖T‖H < 1 or equivalently ‖T ?‖?H < 1,
then there is π ∈ P such that for all x ∈ X

‖Tn(x)− 〈π, x〉e‖T 6 (‖T‖H)n‖x‖H ,

and for all µ ∈ P

‖(T ?)n(µ)− π‖?H 6 (‖T‖H)n.
Proof: The intersection

∩n[m(Tn(x)/e),M(Tn(x)/e)] ⊂ R

is nonempty (as a non-increasing intersection of nonempty
compact sets), and since ‖T‖H < 1 and

ω(Tn(x)/e) 6 (‖T‖H)nω(x/e),

this intersection must be reduced to a real {c(x)} ⊂ R
depending on x, i.e.,

c(x) = ∩n[m(Tn(x)/e),M(Tn(x)/e)].

Thus for all n ∈ N,

−ω(Tn(x)/e)e 6 Tn(x)− c(x)e 6 ω(Tn(x)/e)e.

Therefore by definition:

‖Tn(x)− c(x)e‖T 6 ω(Tn(x)/e).

Then we get:

‖Tn(x)− c(x)e‖T 6 (‖T‖H)n‖x‖H .

It is immediate that:

c(x)e = lim
n→∞

Tn(x)

from which we deduce that c : X → R is a continuous linear
functional. Thus there is π ∈ X ? such that c(x) = 〈π, x〉.
Besides it is immediate that 〈π, e〉 = 1 and π ∈ C? because

x ∈ C ⇒ c(x)e ∈ C ⇒ c(x) > 0⇒ 〈π, x〉 > 0.

Therefore π ∈ P . Finally for all µ ∈ P and all x ∈ X we
have

〈(T ?)n(µ)− π, x〉 = 〈µ, Tn(x)− 〈π, x〉e〉
6 ‖µ‖?T ‖Tn(x)− 〈π, x〉e‖T
6 (‖T‖H)n‖x‖H .

Hence
‖(T ?)n(µ)− π‖?H 6 (‖T‖H)n.

2696



Example 3.5: Specializing Theorem 3.4 to the case of
Example 3.1 we obtain that if τ(A) = δ(A) < 1, then

An → 1πT , n→ +∞

where π is the unique invariant measure of the stochastic
matrix A. This is a well-known result in the study of
ergodicity property and mixing time of Markov chains, see
for example [Sen91] and [LPW09].

C. Dœblin theorem for Markov operators on cones

A classical result, which goes back to Dœblin and Do-
brushin, characterizes the Lipschitz constant of a Markov
matrix acting on the space of measures, with respect to the
total variation norm (see the discussion in Example 3.7 be-
low). We next give a characterization in the case of operators
over an arbitrary cone, from which the classical results can
be recovered, and new results on non-commutative consensus
will follow.

Theorem 3.6: Let T be a Markov operator on X . Then,

‖T‖H = ‖T ?‖?H =
1

2
sup

ν,π∈extrP
ν⊥π

‖T ?(ν)− T ?(π)‖?T

Proof: We already noted that ‖T‖H = ‖T ?‖?H . More-
over,

‖T ?‖?H = sup
µ∈B?

H

‖T ?(µ)‖?H .

By the Banach-Alaoglu theorem, B?H is weak-star compact,
and it is obviously convex. The dual spaceM endowed with
the weak-star topology is a locally convex topological space.
Thus by the Krein-Milman theorem, the unit ball B?H , which
is a compact convex set in M with respect to the weak-star
topology, is the closed convex hull of its extreme points.
Moreover, the function

µ 7→ ‖T ?(µ)‖?H = sup
‖x‖H61

〈T ?(µ), x〉 = sup
‖x‖H61

〈µ, T (x)〉

which is a sup of weak-star continuous maps is convex and
weak-star lower semi-continuous. It follows that

sup
µ∈B?

H

‖T ?(µ)‖?H = sup
µ∈extr(B?

H)

‖T ?(µ)‖?H .

The announced formula now follows from the characteriza-
tion of the extreme points of B?H in Proposition 2.8 and of
the norm ‖ · ‖?H in Lemma 2.6.

Example 3.7: In the case of Example 3.1, Theorem 3.6
implies that:

τ(A) = δ(A) =
1

2
sup
i6=j
‖AT ei −AT ej‖1 (8)

since the extreme points of the simplex Pn are precisely the
standard basis vectors. This is also a known result in the
study of Markov chain [Sen91]. The value τ(A) is known
under the name of the Dobrushin’s ergodic coefficient of the
stochastic matrix A [Dob56]. It is explicitly given by:

τ(A) = 1−min
i,j

n∑
s=1

min(Ais, Ajs). (9)

A simple classical situation in which τ(A) < 1 is when there
is a Dœblin state, i.e., an element j ∈ {1, . . . , n} such that
Aij > 0 holds for all i ∈ {1, . . . , n}.

D. Hilbert’s projective metric

The Hilbert’s projective metric between two elements
x, y ∈ C0 is defined as:

dH(x, y) = log(M(x/y)/m(x/y)).

Consider a positive Markov operator T , i.e. a Markov
operator satisfying

T (C0) ⊂ C0,

and

α := sup
x∈C0

dH(T (x), e)/dH(x, e).

The following theorem is a direct corollary of Nuss-
baum [Nus94].

Theorem 3.8: (Corollary of [Nus94, Thm2.3])

‖T‖H = lim
ε→0+

(
sup{dH(T (x), e)

dH(x, e)
: 0 < dH(x, e) 6 ε}

)
,

By this theorem, it is clear that ‖T‖H 6 α.

In [SSR10], the authors applied Birkhoff’s contraction
formula to give an upper bound on α.

IV. CONVERGENCE ANALYSIS OF CONSENSUS

Linear consensus in the space X gives rise to the system:

x(t+ 1) = Tt(x(t)), x(t) ∈ X , t = 1, 2, . . . ,

where Tt is a Markov operator depending on t. The system
reaches the consensus if the limit of x(t) tends to a term
co-linear to the unit element e.

A. Consensus in Rn

A linear consensus system in Rn is given by a sequence
of stochastic matrices {At}t∈N, see [VJAJ05], [Mor05],
[SSR10]. There are a lot of results concerning the conver-
gence condition and the convergence speed of the system,
see [VJAJ05], [OT09], [Mor05], [AB09]. In particular, most
of these papers relate the convergence to the connectivity of
the union of graphs of {At} or the existence of a sequence
of spanning trees. The formula (9) explains why there is a
strong connection between the convergence of the consensus
system and the connectivity of graphs. Namely, if in the
graph corresponding to a stochastic matrix A, there is a node
connected to other nodes, then τ(A) < 1. And we have seen
in Example 3.5 that τ(A) < 1 implies a global exponential
convergence of the consensus system. For a more detailed
description of this point of view, see [MDA05].
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B. Consensus in noncommutative spaces

We now specialize the previous results to the non commu-
tative space X = Sn, the set of n × n Hermitian matrices.
We consider the closed convex cone of positive semi-definite
matrices C = S+

n . We chose the unit element e = In, the
identity matrix. It can be checked that the Thompson’s norm
coincides with the operator norm:

‖X‖T = ‖X‖∞ = max
i
λi(X),

and that the Hilbert’s semi-norm is:

‖X‖H = max
i,j

λi(X)− λj(X).

The dual space X ? is equal to the space Sn. The dual norm
‖ · ‖?T is the trace norm:

‖X‖?T = ‖X‖1 =
∑
i

|λi(X)|

The simplex defined in (3) is specified by the set of positive
semi-definite matrices with trace 1:

P = Qn := {X ∈ S+
n | trace(X) = 1}.

In this case the simplex is the set of all density matrices, the
analogue of the set of probability distributions in Rn. For
any two density matrices U, V ∈ Qn, the norm ‖U − V ‖?H
is the total variation distance between the two mixed states:

‖U − V ‖?H = ‖U − V ‖TV :=
1

2
‖U − V ‖1

In the sequel we consider a unital completely positive map:

Φ(X) =

m∑
i=1

V ∗i XVi, (10)

where the matrices Vi satisfy the condition
m∑
i=1

V ∗i Vi = In. (11)

This is a generalization of stochastic matrices to the case
of operators on the cone of symmetric matrices. The dual
operator Ψ is written as:

Ψ(Z) =

m∑
i=1

ViZV
∗
i

The dual operator Ψ is completely positive and trace-
preserving.

We apply Theorem 3.6 to this case and obtain the analogue
of the formula (8):

Corollary 4.1:

‖Φ‖H = ‖Ψ‖?H = 1
2 sup
u,v∈S,u⊥v

‖Ψ(uu∗)−Ψ(vv∗)‖1

= 1− min
X:XX∗=In
u,v∈Bn,u⊥v

n∑
i=1

min{X∗i Ψ(uu∗)Xi, X
∗
i Ψ(vv∗)Xi}

where Bn = {u ∈ Cn|‖u‖ = 1}, u ⊥ v means u∗v = 0 and
Xi is the i−th column vector of the unitary matrix X .

Remark 4.2: For the noncommutative case, it is not evi-
dent whether more effective characterizations of the contrac-
tion rate exists. Note that the contraction ratio of Ψ over the
set of density matrices P0 with respect to the trace norm
distance, was studied in quantum information theory, see
[RKW11] and references therein. They provided a Birkhoff
type upper bound (Corollary 9 in [RKW11]):

‖Ψ‖∗H 6 tanh(diam Ψ/4)

where

diam Ψ := sup{dH(Ψ(X),Ψ(Y )) : X,Y ∈ S+
n }

The value diam Ψ is not directly computable. Note that, this
upper bound is equal to 1 if and only if diam Ψ =∞, which
is satisfied if and only if there exists u, v ∈ S such that:

span{Viu : 1 6 i 6 m} 6= span{Viv : i 6 i 6 m}.

We next provide a much tighter, in fact necessary and
sufficient, condition for the Lipschitz constant to be 1.

Corollary 4.3: The following conditions are equivalent:
1. ‖Φ‖H = ‖Ψ‖?H = 1.
2. There is u, v ∈ Bn such that

〈Viu, Vjv〉 = 0, ∀i, j ∈ {1, . . . ,m}.

3. There is a n× n rank one matrix Y such that

trace(V ∗i VjY ) = 0, ∀i, j ∈ {1, · · · ,m}.
Proof: From Corollary 4.1 we know that ‖Φ|‖H = 1

if and only if there exists u, v ∈ Bn such that

‖
m∑
i=1

Viuu
∗V ∗i −

m∑
i=1

Vivv
∗V ∗i ‖TV = 1.

It can be checked that this holds if and only if for any i, j ∈
{1, . . . ,m},

〈Viu, Vjv〉 = 0.

Hence the rank one matrix is Y = vu∗.
Remark 4.4: The condition that there are two vectors

u, v ∈ Bn such that ‖Ψ(uu∗)−Ψ(vv∗)‖TV = 1, is equiva-
lent to say, in the quantum channel context, that there exists
two pure states which the quantum channel Ψ takes into two
orthogonal subspaces. This distinguishability of two quantum
states is a fundamental property of quantum systems [NC00].
In [MA05] the authors extended the definition of zero-error
capacity for memoryless quantum channel. In particular they
showed that the quantum zero-error capacity is greater than
0 if and only if there exist two pure states distinguishable.

C. Convergence of noncommutative consensus

We consider a time-invariant noncommutation consensus
dynamics [SSR10]:

Xt+1 = Φ(Xt), Xt ∈ Sn . (12)

where Φ is a completely positive map preserving the identity
matrix, given in (10). We provide an equivalent condition to
the global convergence to consensus of system (12).
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Let us consider the sequence of matrix subspaces over C:

Hk+1 = span{V ∗i XVj : X ∈ Hk, i, j = 1, . . . ,m}.

with H0 = span{In}. For all k, denote the orthogonal space
of Hk by Gk. By (11), we obtain that Hk+1 ⊇ Hk for all
k ∈ N. Therefore the dimension of Hk is at least 1 + k.
Hence there is k0 6 n2 − 1 such that

Hk0+s = Hk0 , ∀s ∈ N.

Hence we have:

Gk ⊇ Gk+1, Gk0 = Gk0+s, ∀k, s ∈ N (13)

Theorem 4.5: The following conditions are equivalent:
(1) There exists k such that ‖Φk‖H < 1.
(2) Every orbit of the system (12) converges to an equilib-

rium co-linear to In.
(3) The subspace ∩k∈NGk does not contain a rank one

matrix.
(4) There exists k0 6 n2 − 1 such that ‖Φk0‖H < 1.

Proof:
(1)⇒ (2): We apply Theorem 3.4 to the application Φk.
(2)⇒ (1): The Hilbert’s semi-norm defines a norm in the

orthogonal space to the identity matrix I . It follows from
Gelfand’s formula that

lim
k→+∞

‖Φk‖1/kH = max{|λ| : Φ(X) = λX,X ∈ Sn, X ⊥ I}

Thus if (1) is not true, then there is X ∈ Sn and λ ∈ C such
that |λ| = 1, X ⊥ I and Φn(X) = λnX . The system is
therefore not globally convergent to an equilibrium co-lnear
to In.

(3)⇔ (1): Note that for all k ∈ N,

Φk(X) =
∑

i1,...,ik

V ∗ik . . . V
∗
i1XVi1 . . . Vik .

By Corollary 4.3, we know that ‖Φk‖H = 1 if and only
if the subspace Gk contains a a rank one matrix. Therefore
by (13) ‖Φk‖H = 1 for all k ∈ N if and only if the subspace
∩k∈NGk contains a rank one matrix.

(3)⇒ (4): By (13), there is k0 6 n2− 1 such that Gk0 =
∩k∈NGk. It follows from Corollary 4.3 that ‖Φk0‖ < 1 if (3)
is true.

Remark 4.6: A sufficient condition for the global conver-
gence of the system (12) would be that there is k0 6 n2− 1
such that

Hk0 =Mn(C).

V. IRREDUCIBILITY, PRIMITIVITY AND A COMPLEXITY
RESULT

In the case of Markov operators on Rn, tight conditions
for the convergence to consensus can be expressed com-
binatorially in terms of adjacency graphs. In particular, a
well-known result shows that an irreducible positive matrix
is primitive (i.e., has a power sending the standard positive
cone to its interior) if and only if its adjacency graph is

aperiodic (meaning that the gcd of the lengths of circuits of
the adjacency graph is 1). In this section, we present several
analogous results in the noncommutative case, and analyze
the complexity of associated decision problems.

A. Irreducibility and Primitivity of a complete positive map

We consider a unital completely positive map written in
the form of (10). We denote by Sk(Φ) the linear space
spanned by all the products of k elements {Vi}i=1,...,m, and
by Dk(Φ) the linear space spanned by all the products of
at most k elements of {Vi}i=1,...,m. We denote by A(Φ) =
∪k>1Dk(Φ) the algebra generated by {Vi : i = 1, · · · ,m}.

Lemma 5.1: There is p 6 n2 such that A(Φ) = Dp(Φ).
Proof: Since Ds+1 ⊃ Ds for all s ∈ N. There is p 6 n2

such that Ds = Dp for all s > p.
We next give some definitions analogous to the Rn case.
Usually, they are given for the Kraus map Ψ. It is equivalent
to define them for the adjoint unital map Φ.

Definition 5.2 (Irreducibility [Far96]): The map Φ is ir-
reducible if there is no face of S+

n invariant by Φ, where a
face F of S+

n is a closed cone contained in S+
n such that if

P ∈ F then Q ∈ F for all Q 6 P .
Proposition 5.3: The map Φ is irreducible if and only if

the algebra A(Φ) is the whole n× n matrix algebra.
Proof: It was shown [Far96, Theorem 2] that the

reducibility is equivalent to the existence of a non-trivial
(other than {0} or Cn) common invariant subspace of all
{Vi}. By Burnside’s theorem, the latter property holds if and
only if the algebra A(Φ) is not the whole matrix space.

Definition 5.4 (Strict positivity): The map Φ is strictly
positive if for all X > 0, Φ(X) > 0.

Definition 5.5 (Primitivity [SPGWC10]): The map Φ is
primitive if there is p > 0 such that Φp is strictly positive.

B. Characterization of primitivity assuming irreducibility

The following proposition is analogous in the non-
commutative case to that a irreducible matrix is primitive
if and only if is aperiodic in the Rn case.

Proposition 5.6: If Φ is irreducible, then the system (12)
is globally convergent if and only if Φ is primitive.

Proof: If Φ is primitive then there is k such that
‖Φk‖H < 1. By Theorem 3.4 the system (12) converges
globally. If there is k > 0 such that α = ‖Φk‖H < 1 then by
Theorem 3.6 there is unique invariant density matrix Π ∈ Qn
of Ψk such that for all P ∈ Qn,

‖Ψnk(P )−Π‖?H 6 αn, ∀n > 0.

Therefore Π is also the unique invariant density matrix of
Ψ. We deduce that Π is of full rank by the irreducibility of
Ψ. Again by Theorem 3.6, for all x ∈ Cn with norm equal
to 1,

‖Φnk(xx∗)− (x∗Πx)In‖T 6 αn.

That is,

−αnIn 6 Φnk(xx∗)− (x∗Πx)In 6 αnIn
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Since Π is a density matrix of full rank, there is n0 such that
for all x ∈ Cn,

Φn0k(xx∗) >
(
λmin(Π)− αn0

)
In > 0.

Thus Φ is primitive.
We shall use a characterization of primitivity given

in [SPGWC10].
Theorem 5.7 ([SPGWC10]): A unital completely positive

map Φ is primitive if and only if there is q 6 (n2−m+1)n2

such that the space Sq(Φ) is of dimension n2.
Corollary 5.8: Let Φ be a unital completely positive map

given in (10), with rational components. Then checking
whether Φ is irreducible can be done in polynomial time.
If Φ is irreducible, then checking whether the system (12) is
globally convergent can be done in polynomial time.

Proof: To decide if Φ is irreducible, we shall compute
the increasing sequence of matrix subspaces Ds(Φ), s =
1, 2, . . . , and look for the first integer k such that Dk(Φ) =
Dk+1(Φ). For a given s, we shall represent Ds(Φ) by a basis,
Ds(Φ) = span{M1, · · · ,Ml} where Mi are all linearly
independent. Recall that extracting a basis from a family
of rational vectors can be done in polynomial time in the bit
model. It follows that a basis representation of

Ds+1(Φ) = span{Mj , ViMj : 1 6 i 6 m, 1 6 j 6 l}.

can be computed in polynomial time from a basis repre-
sentation of Ds(Φ). Moreover, k < n2. Hence, every basis
element arising in the representation of Ds(Φ) is obtained
by O(n2) matrix products. It follows that the number of
bits needed to code the basis elements remain polynomially
bounded in the length of the input. Hence, a basis represen-
tation of the algebra A(Φ) = ∪s>1Ds(Φ) can be obtained
in polynomial time.

Suppose now that Φ is irreducible. Then by Proposi-
tion 5.6, deciding if the system (12) is globally convergent
reduces to checking whether Φ is primitive. By Theorem 5.7,
Φ is primitive if and only if Sq(Φ) is of dimension n2

for some q 6 (n2 − m + 1)n2. Arguing as above, a basis
representation of Sq(Φ) can be computed in polynomial time.

Remark 5.9: A natural method to decide whether Φk is a
contraction for k large enough, would be to check whether
1 is the only eigenvalue of Φ on the unit circle and if it is
algebraically simple. However, doing so in exact arithmetics
appear to be not so tractable, whereas Corollary 5.8 leads
to a polynomial algorithm in the bit model, when the map
Φ is irreducible. When Φ is reducible, we do not know
the algorithmic complexity of checking the conditions of
Theorem 4.5. A referee pointed out that reducible maps
do occur in practical applications in which one needs to
drive a quantum system to a pure state. The application to
noncommutative consensus over infinite dimensional Hilbert
spaces also remains to be developed.
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