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Guaranteed Robust Optimal Experiment Design
for Nonlinear Dynamic Systems

Dries Telen, Boris Houska, Filip Logist, Moritz Diehl, and Jan Van Impe

Abstract— This paper is about optimal experiment design
for uncertain nonlinear dynamic processes. We are interested
in designing experiments which allow to identify the unknown
states and parameters of a differential equation from noisy
measurements. Here, unpredictable process noise or structural
model-plant mismatches can be an additional complication. In
this case, robustness aspects have to be taken into account as
the experiment has to be planned under incomplete informa-
tion. The paper discusses problem formulations and numerical
solution approaches for this type of robust optimal experiment
design problems under bounded uncertainties. The correspond-
ing techniques are illustrated in the design of experiments for
a fedbatch bioreactor.

I. INTRODUCTION

In the last decades, optimal experiment design (OED)
techniques have gained increasing attention. This is due to
the fact that it is often difficult to identify parameters in
nonlinear dynamic systems. Especially, for cost intensive
applications, it can be beneficial to design a control input in
such a way that the experiment yields as much information
as possible, see [3] for an overview.

An important challenge in OED is that the experiment
has to be planned under incomplete information due to the
presence of unknown parameters. This problem becomes
even more challenging if unpredictable process disturbances
occur during the experiment. In [9] it is suggested to take
robustness aspects into account by analyzing the influence
of the unknowns on the Fisher information matrix in a
linear approximation, other approaches have been suggested
in [14], [13] and the references therein. However, robust
experiment design appears to be an open reseach field [4].

In this paper, we compute the variance-covariance by using
a Riccati differential equation [15] which can also take time
varying uncertainties into account. We also propose a novel
approach for robust optimal experiment design. Here, our
aim is to provide guarantees on the information content of
an experiment using techniques from the field of ellipsoidal
calculus [5], [10] and guaranteed state estimation [1]. By ap-
plying this ellipsoidal set propagation, we obtain a rigorously
robust optimal experiment design. We show that the proposed
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technique is conservative and accounts for all nonlinearities.
In addition it only requires first order sensitivities whereas
existing methods [9] require second order sensitivities in the
problem formulation.

We start in Section II with an introduction to different for-
mulations of OED problems for nonlinear dynamic systems.
In Section III we extend this formulation for guaranteed
bounds on the uncertainty for the case of affine uncertainty
systems. We discuss how robustness aspects in OED can
be taken into account in Section IV. The corresponding
techniques are illustrated in Section V where we analyze
robust experiment designs for a fed-batch bioreactor. The
paper concludes in Section VI.

II. EXISTING OED ALGORITHMS

In this section we introduce first the classic formulation
of optimal experiment design. In the second part, we show
how to compute an approximation of the variance-covariance
matrix by using Riccati differential equations.

Let us consider the following uncertain dynamic system:

g(y(t),p,u(t),w(t)), (D

with y(0) = yp. Here, y(t) € R™ denotes the state, p €
R" an unknown but time-invariant parameter, u(t) € R™ a
control input which we want to optimize, and w(z) € R™ an
unknown and time-varying input. Note that for the theoretical
considerations in this paper, we will use an alternative
notation which stacks the parameters to the states. More
precisely, we define an augmented state x(¢) := (y(t)",p")"
such that:

i(1) = fx(0),u(t),w(t)) = (8(y(1), p,u(t), w(t) ",01) ", (@)

with x(0) = (yg,p")". Most of the traditional formulations
of optimal experiment design analyze how accurately the
unknown parameter p can be measured with the experiment
at hand. However, we suggest in the current paper a more
general framework which allows optionally to analyze the
joint information about the parameter p and the state y(r).
This motivates us to collect these variables in one vector
x(r) aiming at a more compact notation. Thus, the unknowns
which we want to estimate are now part of the initial value
x(0) and the time varying input w. Finally, we plan to
take measurements of the form n(¢) := z(t) +v(¢) € R™,
where the output relation z(r) = H(x(t)) may in general be
nonlinear, too. Here, v(¢) denotes the measurement error.

Ve [0,T]:y(t) =
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A. Classic OED problem formulation

In the following, we are interested in the case that the
uncertainty functions w and v are stochastic white noise
for which positive semi-definite matrices V(r) and W (z) are
given by:

E{w(n)} =0, E{fwow()} =Wnsc—r), o
Efv()} =0, E{v()v(:")} =V()8(t 1)

for all 7,7" € R. The initial value x(0) € .4 (19, Py) is assumed
to be a random variable with Gaussian distribution with
given variance-covariance matrix Py € R™*™ and given
expectation 19 € R,

Let us assume for a moment that we have already taken mea-
surements 1 (¢) for ¢ € [0, T] using a given control input u. In
this situation, we are interested in solving a nonlinear param-
eter estimation problem in order to compute the maximum
likelihood estimate of the state. As we consider nonlinear
dynamic systems, we do not have an explicit expression for
this maximum likelihood estimate. Consequently, we have
to compute the state estimate by solving a nonlinear optimal
control problem of the form:

(", w?) = a%m(i_r)ll[x(),vv()]
s.t. k(1) = f(x(2),u(r),w(t))

with ¢ € [0,T]. Here, the objective J is a least-squares term:

() w ()] = [1(0) = mollp1 + Jo WOy 1
+Jo 1H(x(t)) = n(@)[fy )1 de

while (x*,w*) denotes the maximum likehood estimate for
the state and noise, respectively. In this context and also in
the following sections we use the notation HxH,Z, = x'Yx
in order to denote weighted Euclidean norms for positive
definite weighting matrices Y. In the field of optimal exper-
iment design we are interested in computing and optimizing
the variance-covariance matrix of the maximum likelihood
estimate x*(7) for the final state without knowing the mea-
surements 1 yet.

One of the most broadly used formulations of optimal
experiment design for parameter estimation [3] is based on
the Fisher information matrix:

Flt,u] =Py +/f8H (1:)*
a axO

Note that F[f,u] is a symmetric and positive semi-definite
matrix but with different dimensions, i.e., n, X ny, as xg €
R™ collects all unknown initial values which we want to
estimate. In the following, we introduce the short hands:

C(7) = w and a;iz)

dH (x(1))
ITO dr.

“)

S(7) =

where S(¢) can also be computed from a variational differ-
ential equation of the form:

S(t) = A(1)S(t) with S(0) =

df(x(7),u(7),0)
ox
Now, the Fisher information matrix can also be written as:

Flt,u] = P(;l+/OtS(T)TC(T)TV(T)*IC(T)S(T)dr.

A7) = , B(7) :=

Under the assumption of unbiased and uncorrelated Gaussian
noise, the (approximate) Fisher information matrix (FIM) has
an interesting property: its inverse F[¢,u]~! approximates the
parameter estimation variance-covariance matrix [11].

B. Riccati-OED formulation

For the special case that we are looking for a maximum
likelihood estimate of the states &(¢) € R™, it is well-
known [8] that the optimal solution can be computed by
using an affine observer equation of the form:

E(t) A)E(t) +d(u(t)) +L(t) [n(t) - C(1)E@)] ,
§0) = &,

where L(r) € R™*" is the Kalman gain. The corresponding
variance-covariance matrix P(r) of this estimate can be
obtained by a forward simulation of the Ricatti equation,
which can be written as:
Plt,u] = Ac(t)P(t)+P(t)Ac(t) " + Qe(t)
P[O, I/l] PQ .

Here, we use the short hands:
Ac(t) = A(t)—L(1)C(),
Q.(1) B(O)W(t)B(t) T +L(t)V(t)L(t) " .

n [15], we show that this variance-covariance matrix is
related to the Fisher information matrix as defined in the
previous section. Also note that the above Riccati formula-
tion to obtain the variance-covariance matrix is exact for the
uncertainty affine case. In the nonlinear case this variance-
covariance matrix is a first order approximation. The main
point is now that the matrix functions A.(#) and Qc(¢), and
consequently also the function P, can be influenced by the
control input u. Thus, u can be regarded as a variable which
can be used to optimize some optimal experiment design
objective, e.g., the A-criterium ®(P(T)) = Tr(P(T)) ata
given time 7 > 0.

When we aim at designing an experiment in order to estimate
the uncertain parameters, we will only take a subset of the
matrix P into account by introducing the following positive
semi-definite scaling matrix:

5)

T = (0 1), (©)

with I € R"*"_ In other words, we are interested in a
nonlinear optimal control problem of the form:

inf ®(IP(T)Z")

P()u(),L()
P(t) = Ac(t)P(t)+P()Ac(t) T +Qe(t) %
s.t. P(O) = B
u(t) € U(¢r) forallte[0,T].
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In this context, the set U(r) C R™ can be used to represent
control constraints. Note that the optimal control problem (7)
can also be considered in combination with other choices of
the quality measure ® such as D-criterion (det(XPX")) and
E-criterion (Amax(ZPE")).

For a more elaborate discussion on OED-criteria, we refer
to [3]. Remark that these criteria can be formulated either
for the variance-covariance matrix or the Fisher information
matrix. Note that if V(¢) is invertible, the minimization over
the function L can explicitly be eliminated, as we can use
Kalman’s relation L(t) = P(t)C(t)TV(t)~'. However, it
should be kept in mind that the resulting formulation is in
general still a non-convex optimal control problem in u, i.e.,
the elimination of L does only help in the sense that we have
less optimization variables left. For the case when we have
affine state constraints, we refer to [12].

III. OED BASED ON GUARANTEED STATE
ESTIMATION

In this section, we first introduce the notions of guaran-
teed state estimation for uncertainty affine dynamic systems
by employing ellipsoidal calculus. In the second part we
illustrate how we can employ this formulation for optimal
experiment design.

Let us first consider an uncertainty affine dynamic system of
the form:

x(1)
x(0)

AG()x(0)+ Bu@)w) + ()

X0 -

Here, the system coefficients A,B and d may depend non-
linearly on the control input u(r). In the previous section,
we assumed the uncertainties v, w, and xy to be random
variables. When we have the following given uncertainty sets
V() CR™, W(r) CR™, and Xy C R™, i.e., our information
is of the form v(¢) € V(¢), w(t) € W(z), and x¢ € Xy, we
can construct a compact set that includes with guarantee
the states (and thus the parameters) of the system which
are consistent with the measurements and the bounded noise
which is the field of “Guaranteed State Estimation”.

Assuming for a moment that we have taken measurements
1n(¢) of the output y(¢) for all 7 € [0,T] and for a given u, the
aim is thus to find the smallest set X (7)) C R™ for which we
can guarantee that it contains the state x(7') at time T using
all the information that we have.

A possible method to compute this compact set is the
ellipsoidal bounding of the states [1] or use zonotope and
interval arithmetic to obtain the compact set [2].

A. Ellipsoidal Approach for Guaranteed State Estimation

Note that if the sets V(z),W(¢), and X, are convex while
the dynamic system is uncertainty affine, then the set X (7)
is convex, as an intersection of convex sets is convex.

Unfortunately, it is in general very expensive to compute
the set X (7). Thus, we directly concentrate on outer approx-
imations of X (7). This can for example be done by using

ellipsoids. Here, we assume that the sets V(¢) are ellipsoids
of the form:

V() = V(1)) = {V(t)

where V(1) € S ™™ is given. The sets W(r) = & (W(t)) and
Xo = &(Py) with W(r) € ST and Py € S are assumed
to be ellipsoidal, too. Now, we plan to employ the following
technical result, which has originally been proposed by [10]:

Lemma 1: Let L:[0,T] —R™*™ and k: [0,7] —R2 | be
any given functions. If there exist functions & : [0,7] — R
and P :[0,T] — R™*" which satisfy on the interval [0, 7]
the differential equations:

1
zV‘HVER"M vy < 1},

§(1) = Ae()E(1)+d(u(®)+Lt)N(1), §(0) = &,
P(t) = Ac(t)P(t) +P(1)Ac(r) " + (k1 (1) + k2 (1)) P(1)

s BOWMB@) " + gLV (L)
PO) = PR,

then we can guarantee that we have:

x(t) € E(E(1),P(r)) = {5(;)+P(r)%v Wy < 1}

forall 7 € [0, 7], i.e., &(¢) can be regarded as a state estimate
whose error is bounded by the ellipsoid & (P(z)). Here,

Ae(t) = A(u(t)) — L()C(1)
is defined as in the previous section.
Remarkably, it can even be shown that we have:

N €E(T).P(T) = X(T), ©)

L(-);k(-)>0

i.e., the intersection of all outer approximations which can
be generated with Lemma 1 is coinciding with the exact set
valued solution of the guaranteed state estimation problem.
The proof of this statement and the above Lemma can both
be found in [10].

B. OED formulation based on Guaranteed Estimation

In this paper, we employ the achievements in ellipsoidal
calculus of the previous section and transfer them to the
context of optimal experiment design. Here, we are interested
in optimal control problems of the form:

: T

. }E{)>O,L(-) @ (ZP(T)E") s.t.

P(1) = Ac(1)P(1) + P(t)Ae(r) " + (k1 (1) + K2 (1)) (1) +

S@BOWOB@ T+ 5 LOVOLE)T

P(0) =Py

u(t) € U(r)
Formulation (10) allows us to design an experiment for which
we can guarantee that the difference between the real state
x*(T) (and thus also the real parameter value) at time T
and the corresponding identification result £(7) (and thus the
estimated parameter value) satisfies £(7) —x*(T) € &(P(T)).

Let us assume for a moment that we can compute the
corresponding set X(7), then we would like to optimize a

for allz €[0,7].
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generalized design criterion CYD(X (T)) which depends on the
set X (7). Here, we assume that the function @ satisfies the
following fundamental properties:

1) The function @ is translationally invariant, i.e., we have

®({a} ®X(T))

for all vectors a € R, Here, ¢ denotes the Minkowski
sum of two sets.

2) The function & is monotonically increasing, i.e., we
have for all sets X, Y C R™ with X CY a relation of
the form CID(X) < <I>(Y).

Here, we could for example regard choices of the form:

— ®(X(T))

®p(X(T)) = (nx+2)/X(T)
woxry) = T,
@ (X(T)) = Qg}%—lla— Il

which we propose to call the generalized A-, D-, and E-
criterion, respectively. As any feasible solution P of the
problem (10) satisfies by construction X(7') C &(P(T)), we
know that we have:

DE(X(T)) < Pu(E(P(T))) = Amax (P(T)) = Bx(P(T)).

In other words, if we optimize the E-criterion using formu-
lation (10), the objective value will be an upper bound on
the generalized E-criterion. Similar statements hold for the
generalized A- or D-criterion, as we have relations of the

form ®a(X(T)) < da(P(T)) and Op(X (T)) < p(P(T)).
Note that the problem formulation (10) finds in general
only upper bounds on the above generalized design criteria.

IV. ANOVEL ROBUST OED ALGORITHM

In this section we extend the guaranteed state estimation
idea for nonlinear dynamic system. This formulation will
connect with the OED formulations based on Riccati dif-
ferential equations from Section II-B. In the second part of
this section, we introduce a conservative estimation of the
nonlinearities which will yield the guaranteed robust OED
formulation.

A. Linear Approximation Techniques

In general models in (bio)chemical engineering tend to
be nonlinear, so we have to extend the approach outlined
in the previous section. A possible practical solution to this
problem is to analyze the influence of the uncertain inputs v,
w, and xo on the estimate x*(7') in a linear approximation.
The corresponding technique leads to a reasonably tractable
approximate optimal experiment design formulation. If we

transfer this idea to our notation, the linear approximation
approach leads to an optimal control problem of the form:

inf @ (2P(T)L")

S().P(),k()>0,u(-).L(-)

P(t) = Ae(t)P(t)+P(I)AC(I)T+Q6(I)

PO) = P (11)
st. 4 &) = fE(0),u(),0)

g0 = &

u(t) € U(r) forallr€(0,T].

Here, the functions:

Ac(t) == 3f(5(fa);l(f)70) —L(t )3H59i( ) and
0 d u(t), T
0e(1) == 1@ f(fﬁ(a)w()O)W(t) ( f(fﬁ(g)w (1),0)

+(x1 (1) + 12(1))P(1) + g L)V (1)L() T

require the computation of derivatives of f and H with
respect to x and w. The only difference is that the matrix
functions A, B, C are replaced with the corresponding deriva-
tives of the functions f and H as we do in the Riccati OED
formulation of Section II-B.

B. Robust Approximation Techniques

We are interested in solving generalized optimal experi-
ment design problems which may formally be written as:

min ®(X(T)) s.t. u(t) € U(r)

u(*)

where X (T) is the smallest set in which the state x(7) can be
guaranteed to be by using all available information. We are
interested in computing conservative outer approximations of
the set X(7).

Let us regard the following nonlinear filter equation with
linear learning gain:

40 f(&(0),u
§0) = &-
As the unknown real state satisfies the differential equation
x(t) = f(x(t),u(t),w(r)), we may write the dynamic equa-
tion for the measurement error ¢ := x — & in the form:

é(t) = [A(t) = L()C(t)]e(r) + B(t)w(r) + L(1)v(t)
TN (x(0), 6 (), w(1))
where we use the short hands:
At) = 3f(5(3;t(t)70) B(t) —
In (x(1), (1), wlt )) =
)[ (t ) S0l — (t)W(t)
L) [H (S (1) = Ct)[x(1) = E@)]] -

Now, we assume that we manage to find an explicit nonlin-
earity estimate Qn(u(r),&(r),P(r)) € S such that we have
for all w(t) € &(W(r)) and all e(r) € &(P(t)) an inclusion
of the form

Sn(x(0),5 (1),

vt €[0,7]:

(1),0)+L(1) [n(r) —H(E(1))] ,

w(t)) € €(Qn(u(r), & (1), P(1))) -
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If the nonlinear terms fn are regarded as if they were
independent uncertainties, the dynamic equation for e is
uncertainty affine. Thus, we can transfer the problem for-
mulation (10):

inf @ (xP(T)L")
S()P() () L(-) k(1)
P(1) Ac(1)P(t) +P(1)Ac(r) " +Q(P(r), (1))
P(O) = P (12)
st.q &) = f(8(1),u(),0)
5(0) S
u(t) € U() forallz €0,T].

Here, A.(t) is defined as in the previous section while
Q(P(t),x(t)) is defined as:

QP(). k(1) 1= L1 mi(1)P(r) + PR

Ky ()
LOvOLn’ + On(O.L0).PW)

1(1) K3 (1)

_|_

Now, if P is a feasible solution of the problem (12) then we
must have X (T') C &(P(T)), as the nonlinear terms have been
overestimated while the assumption that the learning gain
is linear introduces additional conservatism. Consequently,
the formulation (12) allows us to design experiments for
nonlinear dynamic systems with a-priori guarantees on the
accuracy. Similar ideas for optimal control are in [7].

V. APPLICATION TO A FED-BATCH BIOREACTOR

In this section, we apply our robust optimal experiment
design techniques to a fed-batch bioreactor. The described
methods lead to tractable optimal control problems which
are solved using the freely available ACADO-tookit [6].

A. The Fed-Batch Bioreactor Model

The dynamic model equations for our fed-batch reactor
are taken from [16]:

% = —GCX—F%Cs,in—L_‘sz"'WO ,
% = ﬂcx_%cx'f'wl ) (13)
dK; = 0 s and ﬂ = u.

d dt

Here, C; is the concentration of the limiting substrate, Cy the
biomass concentration, and v the bioreactor volume. Note
that we control the volumetric feed rate u containing a given
substrate concentration C; ;,. The specific growth rate studied

in this case is the monotonic Monod type which is given by:

Cs
K +Cy

Finally, the substrate consumption rate is given by:

= Mpax—7—~

6 = nu/YX‘S—i_mu

where Yy|g is the yield and m the maintenance factor.

In the following we assume that the time-invariant pa-
rameter K is unknown while also the model-plant mismatch
w(t) € R? is an unknown function in time. The aim is to
design a measurement which is suited to identify K. All the
remaining parameters are assumed to be given (see Table I).

TABLE I
THE KNOWN PARAMETER VALUES FOR THE FED-BATCH BIOREACTOR.

Momax 0.1h~T o 1500g
Vimax 10L ﬁ 105g
m 0.29 Yy|s 0.47
of, | 10727/l | oz | 625x10°F g%/L?
o7 57 &2 cg 14.3 g7

The initial amount of biomass available is f = 10.5g. As
the maximum volume is given by v;,,, = 10L while the total
amount of limiting substrate available is denoted by « (see
Table I), the initial condition for the substrate and the volume
are connected via the initial value condition:

Cs(0)v(0) + Cyin(Vimax —v(0)) = a, C(0)v(0) = B.
Moreover, we impose the path constraints

0F <u(t)<1f and 7L <v(r) <10L.

In the following, we will always assume that the output
function z(t) = (Cs,Cx)" can be measured. The duration
of the experiment to be designed is fixed to T :=35h.

B. Nominal Optimal Experiment Design

In our first case study, we assume that we have stochastic
measurements of the states, where the associated variance
matrix is given by V(¢) := dlag(oc ,GC )T We assume
that our initial guess of K is of the form E{K,} = 1.0§
where the associated initial variance is

Py2(0) = ]E{(KY_E{K"})Z} =03 (%)2

The variances of the initial values for Cs and Cy satisfy
Poo(0)v(0)* = o7 and P;(0)v(0)> = of . The non-
diagonal components of the matrix P(0) are all 0.

For this first case study we assume w = 0. Now, we employ
the approximate optimal experiment design formulation (7)
based on linearization. Here, our design objective is to
minimize the predicted variance of the unknown parameter
K, i.e., we define ®(P) := P»,(T). The corresponding
result is shown in Figure 1 in the form of the dotted lines.
The optimized standard deviation of K at the end of the
experiment is in a linear approximation given by

Pyo(T) = 0.15% .

This corresponds to the square-root of the objective value.
C. Robust Optimal Experiment Design

Our second case study is about robust optimal experiment
design. This time we assume that we have hard bounds
on the uncertainties, i.e., the measurement error satisfies
v(t) € &V (t)) for all r € [0,T], where V(¢) is given as
in the previous section. Additionally, we assume that the
uncertainty in the initial states and parameters satisfies the
condition xo — & € &(P(0)), where P(0) is given as above.
Finally, we regard an additional model-plant mismatch:

w(t) € EW () with W() = dlag(Ol g 01 gs)
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C_s[glL] C_x[g/L] u L]
g, 307 02 -
0.4
tih] tih] ; tih]
0 T 0.0 2 T
0 T 0 T

Fig. 1.
well as in the case of robust optimal experiment design (solid lines).

A nonlinearity estimate for our particular right-hand side
function is given by:

.
On(K,P) = diag(M ”‘“—a*v,o> (14

Yyisks' g

where we use the short hands:

VP,o+2Py 2+ P

X = )
(KS + CS)(KS +Cs—/Poo+2Py+ Pz)z)
CsCirn/Poo+2Py2+ P
v = sx 0,0 0,2 2,2+Cs\/[TJ+CX\/PTp '

KS+CS

Finally, we solve the associated robust optimal experiment
design problem using formulation (12) with ®(P) = P, »(T)
as the design objective. The corresponding optimal solution
is shown in Figure 1 in the form of the solid lines. The
VPa(T) =
0.29%. Thus, we know that if we perform the robustly
optimized experiment we will definitely find an estimate for
K¢ which satisfies the following property. The difference
|KS — K| between the estimate K and the unknown real
value of K, cannot possibly be more than 0.29% - indepen-
dent of how the uncertainty and unknowns are realized.

square-root of the objective value is in this case

VI. CONCLUSIONS AND OUTLOOK

In this paper we have proposed a technique for robust
optimal experiment design. Here, we have employed a Ric-
cati differential equation formulation that can also take time
varying uncertainties into account. We have extended the
ideas of guaranteed state estimation by using ellipsoidal
calculus to optimal experiment design. In the proposed
technique we are able to compute rigorously a robust optimal
experiment design based on this ellipsoidal set propagation.
The applicability of the corresponding techniques has been
illustrated with a benchmark application from the field of
(bio)chemical engineering.
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