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On the Links Between Real-Time Optimization, Neighboring-Extremal
Control, and Self-Optimizing Control

Alejandro G. Marchetti and David Zumoffen

Abstract—In the context of process optimization, several
techniques have been proposed in order to operate the plant
near the economically optimal steady-state operating point. This
paper discusses the links and differences between three of these
techniques: (i) real-time optimization using the classical two-
step approach, (ii) neighboring-extremal control with output
feedback, and (iii) self-optimizing control using the null space
method. It is argued that, under certain assumptions, the
technique (ii) can be viewed as a first-order approximation of
(i). Also, while (ii) and (iii) enforce similar optimal operations,
their dynamic implementation and design features are very
different.

I. INTRODUCTION

Most industrial chemical processes are characterized by
continuously operating plants, for which optimal steady-state
operation is of economic importance. Several techniques
have been proposed in order to achieve optimal operation.
In highly automated plants, optimal operation is typically
addressed by a decision hierarchy involving several layers
that include plant scheduling, real-time optimization (RTO),
and process control [1], [2]. At the RTO layer, the optimal
steady-state operating point is computed by solving a non-
linear programming (NLP) problem which uses a detailed
steady-state model of the plant. The RTO executions take
place when the plant is operating at (pseudo) steady-state
conditions, which requires a steady-state identification sub-
system [3], [4]. Several RTO approaches have been proposed
in the literature . The classical two-step approach implies an
iteration between parameter estimation and optimization [5],
[1], [2]. The idea is to estimate repeatedly the disturbance and
parameter values of the nonlinear steady-state model, and to
use the updated model in the model optimization to generate
new inputs. This way, the model is expected to represent
the plant at its current operating point more accurately. This
approach works well provided that there is little structural
plant-model mismatch, and the parameters are identifiable
from the available measurements [6].

Neighboring extremal control (NEC) with output feedback
[7], and self-optimizing control (SOC) [8],[9] are two process
optimization techniques that do not require solving an opti-
mization problem online. This paper analyzes the similarities
and differences between NEC with output feedback, SOC
using the null space method (see [10]), and the classical
two-step approach of RTO. The relation between the three
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techniques is mathematically formalized, and the underlying
assumptions are highlighted.

A comparison of how the gradients are estimated in
these three techniques, together with other three model-free
techniques, was performed in [11], [12]. In these papers, the
performance of an integral gradient controller is compared
using the different gradient estimates obtained by each
technique. This comparison is different from the comparison
done in this paper, since here the two-step approach is
implemented at the RTO layer, and the NEC technique given
in [7] is considered, which does not use a dynamic controller.

This paper is organized as follows. Section II formulates
the optimization problem and presents the first-order varia-
tions of the necessary conditions of optimality (NCO). The
three process optimization techniques analyzed in this work
are described in Section III. The links between these tech-
niques are discussed in Section IV, and their performances
are evaluated via the reactor of the Williams-Otto plant in
Section V . Finally, Section VI concludes the paper.

II. PROBLEM FORMULATION
A. Optimization Problem

The steady-state optimization problem consists of an NLP
problem where an economic cost function is minimized
subject to equality and inequality constraints. Some of the in-
equality constraints might be active at the optimum solution.
Neighboring-extremal control and self-optimizing control (in
its original form) are both based on the following invariant
active set assumption:

Assumption 1 (Invariant Active Set) The set of active
constraints is known and does not change with process
disturbances. All the active constraints are kept active using
feedback controllers.

Controlling the active constrained variables has been widely
adopted in implicit process optimization approaches such
as constraint control [13], optimizing control [14],[15], and
NCO-traking [16]. Using Assumption 1, and considering that
a number of degrees of freedom (inputs) are consumed in
controlling the active constraints, the steady-state optimiza-
tion problem for the plant can be formulated in terms of the
remaining inputs as follows:

u; = argmin - ¢, (xp,u,dy) (1)
st. F,(xp,u,d,) =0, 2)

where ¢, is the scalar cost function to be minimized, u €
R™* denotes the decision (or input) variables, x,, € R"*» are
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the state variables, d,, € R"“ is the set of plant parameters
and process disturbances, and F), € R"*» is the vector of
algebraic equations that describe the steady-state operation
of the plant. The notation (-), is used for the variables
associated with the plant.

Remark 1 Notice that, in practice there is no mode repre-
senting exactly the plant, which should be seen as a map
between the inputs and plant outputs. Hence, equation (2)
should be viewed as an hypothetical representation that will
be used here for the purpose of proving certain properties.

Using an approximate model, the solution of the original
problem (1, 2) can be approached by solving the following
NLP problem:

u*(d) = argmin ¢(x,u,d) 3)
u
st. F(x,u,d) =0, 4)
where ¢ is the scalar cost function predicted by the model,
x € R"* are the model state variables, d € R"¢ is the set

of model parameters and disturbances, and F € R" is the
set of model equations.

B. Necessary Conditions of Optimality

For a fixed value of the disturbances d, the NCO for
Problem (3, 4) read:!

Lo=¢u+p'Fy=0, Q)
Ly =+ Fy =0, (6)
L,=F =o. (7)

with £(x,u,d, ) = ¢(x,u,d) + pu"F(x,u,d) being the
Lagrangian function, and p € R"* the Lagrange multipliers.
C. Sensitivity Analysis
Let dpom be the nominal parameter values, and consider
the parametric disturbance dd = d — dyom. The deviation
of the optimal inputs induced by dd is du* = u*(d) —
u*(dpom), and the corresponding deviations of the states and
Lagrange multipliers are dx* and du*, respectively. The first-
order variations of the NCO (5-7) read:
Lux0x + Luyudu + FlLop + Luadd =0, (8)
Lox0X 4 Lywou +FLop + Lygdd = 0, )
Fyox + Fyou+ Fgqéd = 0, (10)
where 6x, du, and dp are first-order approximations of Jx*,

ou*, and dp*, respectively. From (8-10) one can obtain the
first-order variation of the optimal inputs [7]:

ou = Kéd, (1)
with

K=— (,cuu — LuxFI'Fu —FIF Lo
—1
+ FlF;chxxF,:lFu) (Lud — LuxFy'Fa
~ FIF Lo + FLFL Y LoFL Fa)

'The notation ay, = g—,g is used.

ITII. DESCRIPTION OF THE TECHNIQUES

All the techniques use feedback information from the
plant in order to deal with plant-model mismatch. The
measurement equation for the plant reads

Yy = Hp(xp), 12)

where y,, € R™¥ are the (measured) plant outputs. Combin-
ing equations (12) and (2), the plant outputs can be expressed
as a functional of u and d,, that is, yp(u7 dp). On the other
hand, the outputs predicted by the model are

y = H(x).
The predicted outputs y € R™ can be expressed as the
functional y(u,d) by combining (13) and (4).

Neighboring-extremal control and self-optimizing control
are both based on the following model accuracy assumption:

13)

Assumption 2 (No Structural Plant-Model Mismatch)
The cost function and model equations are structurally
correct, i.e., p = ¢p, F =Fy,, and H = H,,. In other words,
it is assumed that plant-model mismatch is only originated
by differences in the values of the model parameters d.

A. Real-Time Optimization using the Classical Two-Step
Approach

Let u be the input applied to the plant at the RTO
iteration k. Using Assumption 1, the inequality constraints
can be eliminated from the NLP problem. Hence, the param-
eter estimation and optimization problems at the kth RTO
execution read:

Parameter Estimation Step*

di =argmin ||y, (uf,d,) - y(ui d)lls,  (14)
where R is a positive definite weighting matrix.
Optimization Step

up,, = arg min $(x,u,dy) (15)
st. F(x,u,d;)=0 (16)

Input Update
Upyl = Ujy (17)

Remark 2 Assumption 1 is used in (14)-(16) because the
purpose here is to establish the relation between the two-step
approach of RTO and the other two techniques. In practice,
the active set can change with the disturbance values, and
by incorporating inequality constraints in the optimization
problem the RTO optimizer has the ability to detect these
changes.

Remark 3 [f Assumption 2 holds, and the parameters are
identifiable from the output measurements, then the two-step
approach can converge to the plant optimum in a single
iteration [6].

2The notation ||v||?, := v Mv is used henceforth.
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B. Neighboring-Extremal Control with Output Feedback

Gros et al. (2009) [7] proposed a linear input update law
based on the first-order variation of the NCO. Let us assume
that at iteration k the process is subject to the constant
parametric disturbance dd. From (11), the corrective action
proposed in order to bring the process back to optimality at
iteration £ + 1 is:

dupy 1 = Kéd. (18)
The linearized form of (13) at the kth iteration is:
0y, = Hxdxy (19)
From (10) at the kth iteration we have
ox), = —F ! (Fudug + Fgdéd) (20)
Using (20) in (19),
Oy, = —H,F ! (Fuuy + Fadd) 1)

Let M = —HxF;IFd. Using (21), an estimate of the
parameter deviations can be obtained from the output mea-
surements as:

5dy, = M (3y,, . + HyF 'Fyouy) (22)

where M stands for the pseudoinverse of M, and 0Ypr =
yp(uk, d,) — y(ug, dnom). Replacing (22) in (18) gives the
input update law [7]:

6Uk+1 = Ky(Sypk + Kuél,l.k (23)

with the gains

KY = KM, K'Y = KYH,F'F,. (24)
Remark 4 The correct parameter values can be uniquely
identified from (22) if ny, > ng, and M has full column

rank, or equivalently, if MTM =1,,,,.

Remark 5 Notice that the control law (23) is derived from
a static optimization problem that uses a steady-state model.
Hence, the plant measurements and the control iterations
should (in principle) take place when the plant is at steady
state. Therefore, NEC for static optimization problems occu-
pies the same layer in the control hierarchy as RTO.

Remark 6 In [7] it is demonstrated that if: (i) Assumption 2
holds, (ii) the model equations are linear (meaning that (10)
and (19) are exact), and (iii) MYM = 1, then the input
update law (23) converges to the optimum given by (11) in
at most two iterations. This result is correct since indeed
after two iterations the approach has converged to the opti-
mum. However, it turns out that under these conditions the
approach converges to the optimum in a single iteration. The
condition (ii) implies that equation (21) is exact. Therefore,
convergence in a single iteration results from the fact that
the correct parameter deviations dd can be estimated from
(22) at any operating point duy,.

C. Self-Optimizing Control using the Null Space Method

The idea of self-optimizing control is to select a set of
n, controlled variables ¢ € R™ as functions of the output
and input variables, i.e., ¢ = C(y, u), such that near optimal
operation is achieved by keeping c at the constant setpoints
cs [81,[9].

The null space method is based on the sensitivity matrix
of the optimal outputs with respect to the disturbances [10].
Two alternative designs will be discussed.

Design A: Using (11) in (21) we obtain:

oy = —H,F' (FyK + F4)dd = S¥sd (25)

Let the columns in N € R™ *™ be a set of n,, orthonormal
vectors that lie in the left null space of SY. Hence NTSY = 0,
and from (25) we have,

N'sy = N's¥sd = 0. (26)

Based on this result, the null space method consists in
selecting ¢ = NTy and ¢, = NTy(u*(dnom),dnom) [10].
The dimension of the left null space of SY should be greater
than or equal to n,, which requires that n, > n, + ng.
This way, the controlled variables c are selected as linear
combinations of the measured output variables y.

Design B: Alternatively, as proposed in [10], one can select
c as linear combinations of the output and input variables.
From (25) and (11) we have

[ Sy } _ [ ~H,F. ' (F,K+Fy)

— gyu
su K ] od = SY*6d. (27)

In this case, we select N € R ™)X quch that NTSYY =
0, which requires that n,, > n4. The controlled variables and
setpoint values are:

c—NT { z } 7 c. = NT { y(u*lgijzg:i;()inom) } .

Remark 7 Notice that in [10],[17] the null space method
is presented including the degrees of freedom u in the linear
combinations, as in Design B. Nevertheless, the illustrative
examples presented in these papers make use of Design A,
where the controlled variables c are linear combinations of
the output variables y only.

IV. LINKS BETWEEN THE TECHNIQUES

A. Link between RTO and Neighboring-Extemal Control
with Output Feedback

It will be shown that the NEC scheme (23) is a first-order
approximation of the classical two-step approach of RTO.

Proposition 1 If Assumptions 1 and 2 hold and MM =1,
then the NEC scheme (23) can be viewed as a first-order
approximation of the classical two-step approach of RTO.

Proof: The NEC scheme (23) is obtained by combining
equations (18) and (22). From the sensitivity analysis in
Section II, we know that (18) gives the first-order variation
to the solution of the optimization step (15),(16). Hence, we

4468



only need to show that (22) can be viewed as a first-order
approximation to the solution of the parameter estimation
step (14). Using Assumption 2, the parameter estimation
problem (14) can be rewritten as:

mc}n [H(xpx) — H(x)H; (28)

S.t. F(Xp,kaukvdp) = 0’
:F(X7 Uy, d) - 07

where d,, are the real disturbances for the plant. Assuming
that F(x,u,d) = 0 has a unique solution x for u; and
d given (which is consistent with Fx being invertible), it is
clear that d = d,, is a minimizing solution to problem (28).
This solution can be made unique by an appropriate choice
of the positive definite matrix R. Hence, solving (28) is
equivalent to solving the equations H(x, ;) = H(x) and
F(x,uy,d) = 0. Equation (22) gives a first-order approxi-
mation to the solution of these equations, and therefore, (22)
can be viewed as a first-order approximation to the solution
of problem (28). [ |
Similarly to the two-step approach of RTO, the performance
of the NEC scheme strongly relies on the accuracy of the pro-
cess model and the identifiability of the model parameters,
with the additional limitation of being a local approximation
method. Since the control iterations take place when the
plant is at (pseudo) steady state, a steady-state identification
scheme should be implemented, the same as with RTO.

B. Links between Neighboring-Extemal Control with Output
Feedback and Self-Optimizing Control using the Null Space
Method

NEC with output feedback and the null space method are
both based on the same sensitivity analysis of the optimal
inputs and outputs with respect to deviations in the parameter
values. NEC directly determines (estimates of) the optimal
input corrections, which are applied to the plant in open-loop
fashion, whereas the null space method consists in designing
a square multivariable controller such that the optimal input
corrections are reached by the controlled plant at steady state.
This link was already recognized in [17]. Here, the relation
between both approaches is mathematically formalized.

Consider first SOC using Design A. The equation NTsY =
0 can be rewritten as:

N'H,F,'F K = -N"H,F_'Fq. (29)
Using (21) in (26) we have:
0 = N'H,F;'F,6u+ N'H,F, 'Fqod. (30
Combining (29) and (30) we have
NT[H,F,'F,]éu = N'[H,F_'F,Kid. (31)

The linear system (31) has the unique solution du = Kod if
matrix N [H,F5 'F,] is nonsingular. This requires matrix
H.F, 1Fu to be full column rank, which requires n, > n,,.

Next, consider SOC using Design B. In this case, after
operating we arrive to the system:

N'Z u=N'"Z Kéd, (32)

with

The linear system (32) has the unique solution Ju = Kdid
if matrix N'Z is nonsingular. Notice that Z is full column
rank.

V. ILLUSTRATIVE CASE STUDY

The reactor in the Williams-Otto plant is considered [18].
It consists of an ideal CSTR in which the following reactions
occur:

A+B—C, k1 = 1.6599 x 100 —6066.7/(Tr+273)
B+C —P+E, ky=712117 x 103¢8333:3/(Tr+273)
C+P—G, ks = 2.6745 x 1012~ 11111/ (Tr+273)

where the reactants A and B are fed with the mass flow rates
F4 and F, respectively. The desired products are P and E.
C' is an intermediate product and G is an undesired product.
The reaction rates are

r1 =k XaXp, ro = ko XpXc, r3 = k3 XcXp,

where X; is the mass fraction of species ¢, and k; is
the kinetic coefficient of reaction j, which is dependent
on the reactor temperature. Operation is isothermal at the
temperature Tr. Assuming that the level control is perfect
(i.e., F' = F4 + Fp), the dynamic behavior of the reactor is
described by the following set of differential equations:

Fyn (Fa+ Fp)

Xa= XA (33)
. F Fi+F
XBZWB—(AwiB)XB—ﬁ—Tz, (34
. Fi+F
%o = - FatFa) A;“/ B) X4 om0 — 2r — 13, (35)
. Fy+F 1
XP:_i( AW B)XP+T2_§7°37 (36)
: Fu+F 3
Xg = —(ATB)XG + 57, (37)
: Fy+F
Xp— —(A;rfiB)XE 4 21y, (38)
WC,Tr = FpCpTing + FaAC,Tina — AH, Wt (39)
WA,
— AH — AH L oy —T
2Wrs sWrs = 1000 7, U(Tr = Ty)
— (Fa + FB)CpTh,
W;CpiTy = F;Cps(Trin —Ty) (40)
W A,
+ NVOU(TR = Ty).

where (33)-(38) are the species mass balances; (39) is the
heat balance in the reactor, and (40) is the heat balance in
the jacket. A PI controller regulates the reactor temperature
by adjusting the jacket inlet temperature 7y;,.

Variables and parameters: Tj,4,1;np: inlet temperatures
of A and B, T: jacket temperature, T'y;,: inlet temperature
of the fluid entering the jacket, F;: flow rate of the fluid
entering the jacket, W: reactor mass holdup, W ;: jacket mass
holdup, C},: heat capacity of the reactants, C), ;: heat capacity
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of the fluid in the jacket, AH;: enthalpy of reaction i, U:
heat transfer coefficient, A,/V,: specific heat exchange area.

TABLE I
MODEL VARIABLES AND PARAMETERS

TinA 60 °C TinB 60 °C

Fy 1.4 kgls Fy 3 kg/s

w 2105 kg Wy 200 kg

Cp 4.184 Klkg °C) | Cpy;  4.184 kJ/(kg °C)
AH; -2638 kl/kg AH, -1583 kl/kg
AH3z -2263 kJ/kg A, 12.2 m?

Vo 2.1052 m3 U 0.72  kJ/(m2 °C s)

The decision variables are Fp and the setpoint of the
reactor temperature, 777, ie., u = [Fp TEP]T. The dis-
turbance variable considered is Fla, ie., d, = Fa. The
set of equations (33)-(38) is %, = Fp(xp,u,d,), with
x, = [Xa Xp Xo Xp X¢ Xpg]T. Since the temperature
controller is designed with zero offset, we have T}/ = Tg
at steady state. Hence, the steady-state model is given by
0 = F,(xp,u,d,). The objective is to maximize profit
at steady state operation, which is expressed as the price
difference between the products and the reactants:

¢ =1143.38XpF + 25.92XpF — 76.23F 4 — 114.34Fp

The nominal value of Fy iS Fg nom = 1.8275 kg/s. The
nominal optimum point is u*(Fanom) = [4.7874 89.7]T.
At this point, the gain matrix K in (11) is computed as
K = [2.3329 6.1436]". In this case study, Assumptions
1 and 2 hold. The performances of NEC and SOC are
evaluated for the case of a step-wise disturbance on Fly,
which varies from the nominal value F'4 nom to the perturbed
value F)y = 2.3 kg/s at time ¢ = 20 min. The measured
output variables are selected as y = [X4 Xp Xp] .

A. Two-step Approach of RTO

The implementation is not shown. Since Assumption 2
holds, it is possible to identify the correct value of Fy
(provided the measurements are taken at the new steady
state reached after the disturbance in F4 takes place), and
to converge to the plant optimum in a single RTO iteration.

B. Neighboring-Extremal Control

The implementation of the NEC technique requires the
online identification of steady state. There are various tech-
niques available for steady-state identification (see [3], [4]
and references therein). Most of these are based on using a
given statistical test on a set of data that belongs to a selected
data window. Here, a simplified approach is adopted. The
reactor will be considered to be at (near) steady state if,
in a data window of 10 min, the data ranges of X4 and
Xp are lower than or equal to 0.001, and the data range of
T, is lower than or equal to 0.5. This steady state test is
performed with a frequency of 1 min, and if it is positive,
the input update law (23) is applied. The gain matrices in
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Fig. 1. Decision variables. Dashed line: steady state optimum; Blue line:
NEC; Red line: SOC.
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Fig. 2. Profit function. Dashed line: steady state optimal profit; Blue line:
NEC; Red line: SOC.

(23) are computed as:

ko [ 4985 1197 —0.1595
~ | 1313 —31.53 —0.4200 |’
o _ [ 4985 1197
~ 1313 —3153 |

The time responses of the decision variables Fp and T
are shown in Fig. 1 (blue lines). After the disturbance in Fy
takes place at time ¢ = 20 min, the initial response is delayed
until the (near) steady state condition is satisfied. The steady
state values reached upon convergence are very close to the
plant optimum (dashed lines). The time response of the profit
function is shown in Fig. 2 (blue line).
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TABLE II
CONTROLLER TUNING - SOC

Loop Type Parameters
c1-Fp PI Kp; = 15, T;n. = 7 (min)
co TP PI Kpi = —1000, T;'l. = 7 (min)

C. Self-Optimizing Control

The null space method using design A is applied here.
In this case, the condition n, > n, + ng is satisfied and
(25)-(26) provide the left null space of SY as

0.1507  0.3961
N = 0.9881 —0.0313 41)
—-0.0313  0.9177

The above matrix allows selecting the set of controlled
variables as linear combinations of the measured ones, ¢ =
NTy. This way, the self-optimizing CVs are given by

[er ] [ 0150724 + 0.988125 — 0.0313zp
Tl e | T | 0396124 — 0.031325 +0.9177zp |’

and they require to be controlled at fixed (nominal) setpoints
via the decision variables u = [Fp T;"]". Hence, this sce-
nario defines a multivariable control problem with dimension
2 x 2. An useful tool to perform the input-output interaction
analysis is the well-known “relative gain array (RGA)” [19].
Let us consider that ¢ = Gu at steady-state, then the RGA
is givenby A = G® (G )T with ® the element-by-element
product. In this case, these matrices are:

G- 0.0752  —0.0039 A 0.6389 0.3611
| =0.0109 —0.0010 |> " | 0.3611 0.6389 |’

indicating that a diagonal decentralized input-output pairing
is the best choice, i.e. Fjp for controlling ¢, and T} for
co. On the other hand, the off-diagonal interaction in A is
negligible, which suggests that a multivariable controller is
not required here. Table I summarizes the tuning parameters
for the suggested PI controllers.

The time responses of the decision variables are shown in
Fig. 1 (red lines). The controller takes action immediately
after the disturbance takes place. The steady state values
reached are very close to the plant optimum. The time
response of the profit function is shown in Fig. 2 (red line). In
this implementation, the optimal steady state point is reached
some minutes earlier with SOC than with NEC.

VI. DISCUSSION AND CONCLUSIONS

Both NEC with output feedback and SOC using the null
space method are based on the first-order variations of the
NCO. From an optimality point of view, they both represent
first-order approximations to the classical two-step approach
of RTO for the case when Assumptions 1 and 2 hold. The
difference between both techniques is not in their optimality,
but rather in their dynamic implementation. The advantage
of NEC is that it uses a simple and direct control law. In
contrast, it requires a steady-state identification subsystem,
which represents a nontrivial design stage. On the other

hand, SOC has the advantage of running at the process
control layer, which may shorten the transition time between
optimal steady-state operating points with respect to NEC.
However, it requires solving a multivariable dynamic control
problem. In other words, SOC requires the definition of:
simplified dynamical models; pairing between manipulated
and controlled variables; controller structure: full, sparse, or
diagonal; controller technology: decentralized (e.g. via PIDs)
or centralized (e.g. via MPC); and controller tuning.

Both techniques seem to be effective, and we believe the
choice of one or the other will be dependent on the transient
dynamical behavior of the process at hand.
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