2013 European Control Conference (ECC)
July 17-19, 2013, Ziirich, Switzerland.

A universal class of non-homogeneous control Lyapunov functions for linear
differential inclusions
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Abstract— The constrained stabilization of Linear Differen-
tial Inclusions (LDIs) via non-homogeneous control Lyapunov
functions (CLFs) is addressed in this paper. We consider the
class of “merging” CLFs, which are composite functions whose
gradient is a positive combination of the gradients of two
given parents CLFs. In particular, we consider the constructive
merging procedure based on recently-introduced composition
via R-functions, which represents a parametrized trade-off
between the two given CLFs. We show that this novel class
of non-homogeneous Lyapunov functions is ‘“universal” for the
stabilization of LDIs, besides some equivalence results between
the control-sharing property under constraints, i.e. the existence
of a single control law which makes simultaneously negative the
Lyapunov derivatives of the two given CLFs, and the existence
of merging CLFs. We also provide an explicit stabilizing control
law based on the proposed merging CLF. The theoretical results
are finally applied to a perturbed constrained double integrator
system.

I. INTRODUCTION

Lyapunov-based techniques [1] represent an effective tool
for constrained and robust control design. It is well known
within the control community that control-design solutions
based on quadratic functions [2] are quite conservative in
terms of both Domain of Attraction (DoA) [3], [4] and
robustness margin [5]. Therefore many non-quadratic con-
trol Lyapunov functions (CLFs) have been suggested, for
instance polyhedral functions [3], [4], smoothed-polyhedral
[6], [7] and composite quadratics [8], [9]. See [10], [11], [12]
for surveys.

However, there still is a fundamental issue in Lyapunov-
based controllers whenever constraints, robustness and opti-
mality are of considered simultaneously: a single Lyapunov
function is usually designed for one of these goals, and hence
often ineffective for the others. For instance, the size of the
DoA (under constraints), can be quite large if we consider
a particular CLF. On the contrary, a CLF designed only to
assure local “optimality” may provide a significantly smaller
DoA.

This trade-off problem can be solved via a switching
control law. Namely two controllers are designed and the
control system switches from the “external controller” to the
locally-optimal one as long as the state reaches the “smaller”
DoA of the latter controller [13], [14].

However, the control-system discontinuity can be “danger-
ous”, since the system state and the control input could be
subject to jumps which can be even persistent in the presence
of noise.

It would be indeed convenient to have a “smooth” transient
from the level set of the “external” CLF to the “internal” one.
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A CLF with this property is one possible example of merging
CLE

Our work is inspired by [15], where the possibility to
merge two given CLFs is investigated in a setting actually
related to the problem of uniting local and global controllers
[16], [17]. The technique in [15] works under the assumption
that there exists a suitable domain in which the two control
Lyapunov function share a common control [15, Proposition
2.2]. We have indeed investigated in [18] this latter assump-
tion, which we call “control-sharing property”, namely the
existence of a single control law which makes simultaneously
negative the Lyapunov derivatives of two given Lyapunov
functions, making connections to the existence of merging
CLFs.

In this paper, we focus on the class of constrained Linear
Differential Inclusions (LDIs) and on the recently-introduced
composition via R-functions [19], [20], see also [21], [22],
[23] for the basic definitions. We notice that R-functions
are non-polynomial functions, the latter being a key tool for
accurate estimates of the domain of attraction [24], [25], [26].

We show that CLRFs represents a universal class of (non-
homogeneous) functions for the stabilization of LDIs, namely
that stabilizability is equivalent to stabilizability by means of
a CLF in that class [27]. Moreover, since the control-sharing
does not always hold globally [18], we address the problem
of finding a differentiable CLF, which we here call “merging-
inside” CLF, whenever the control-sharing property under
constraints only holds on some compact domain of the state
space.

The paper is organized as follows. Sections II, III present
the technical background on CLFs for constrained LDIs, on
the control-sharing property under constraints and on CLRFs.
Sections IV, V show the main theoretical results. Section
VI presents a differential CLF together with an associated
Lyapunov-based control law. In Section VII we consider the
control-design problem for the perturbed constrained double
integrator system as an illustrative example. We conclude the
paper in Section VIII.

A. Notation

I,, denotes the n x n identity matrix. T, := (1,1,....,1)T €
R®. The notation co(-) denotes the convex hull [9]. intS
denotes the interior of a set S and JS denotes its boundary.
For any positive (semi)definite function V' : R® — Ry,
the notation Ly denotes its 1-level set, i.e. Ly := {x €
R™ | V(x) < 1}. Hence, for o0 € R>q, we have Ly /q) 1=
{r € R" | V(z) < o}. A square matrix W € R*** is an
M-matrix if W; ; > 0 Vi # j. [18].
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II. TECHNICAL BACKGROUND

Let us consider the class of linear differential inclusions
te€co{A;z+ Bu|ie[l,N]}, (1)

where x € X C R”, uw € U C R™, being X and U closed
and convex, and, for some integer N > 0, A; € R"*",
B; € R"™*™ for all i € [1, N].

We also consider the following notion of control Lyapunov
function.

Definition 1 (CLF): A positive definite, radially un-
bounded, smooth away from zero, function V' : X — R is
a Control Lyapunov Function for (1) if there exists a locally-
bounded control law « : X — U such that for all z € X\ {0}
we have
< 0.

max VV(z)(A4;x + Biu) 2

i€[1,N]

In the rest of the paper, V; and V5 will always denote two
CLFs for (1). Without loss of generality, let us assume that
V1 shapes the desired controlled DoA (under constraints)
X CX, namely that X:= ﬁvll. Therefore we formulate the
following standing assumption.

Standing Assumption 1: Functions V1,V : X — Ryg
are two homogeneous CLFs of order 2, respectively with
controlled DoA Ly, =X and Ly,.

We notice that choosing a degree 2 is without loss of
generality because, if V(z) < —nV(z), then (VP)(z) <
—npVP(x) for any p > 0.

The following definition will be also addressed later on.

Definition 2 (Control-Sharing Property): Two CLFs V)
and V5 for (1) have the Control-Sharing Property (under
constraints z € X, u € U) if there exists a locally-bounded
control law u : X — U such that for all z € X\ {0} we have
the following inequalities simultaneously satisfied.

max VVi(z)(A;z + Bu(x)) < 0. (3a)
i1€[1,N]
max VVa(z)(Aiz + Bu(x)) < 0. (3b)
i€[1,N]

III. R-COMPOSITION OF CONTROL LYAPUNOV
FUNCTIONS

In this section we present the merging procedure between
two homogeneous CLFs proposed in [19].

The “R-composition” of two CLFs consists of the follow-
ing steps.

1) Define? Ry, Ry : R® — R as Ri(z) = 1 — Vi(x),
1=1,2.

2) For fixed ¢ > 0, define R : R® — R as®

p(6) (9F1(2) + Ralw) — V@ Ra (@) + Ra(@)?)
4

Ra(x) :

IThe level set 1 is taken without loss of generality.

2The level set 1 is taken without loss of generality. With this choice we
have R;(z) > 0 &z € Ly;,.

3For ease of reading, the dependence of R from ¢ is not made explicit
in the notation.

—1
where p(¢) := ((b +1—+/¢?+ 1) is the normalization
factor [19, Section 2].

3) Define the “R-composition” V, : R™ — R as

Va(z) :=1— Ra(x). ®)

It follows from the properties of the “R-functions”, see
Appendix VIII, that V, is positive definite (Lemma 6), and
that Ly, = Ly, N Ly, for all ¢ > 0 (Lemma 7).

Therefore, since we want Ly, = X to be the desired
domain also for V,, we have to scale function V5 so that
Ly, D Ly, and hence

Ly, =Ly, NLy, =Ly, = X.

The function V,, namely the merging of V; and V5, (given
from Standing Assumption 1), will be used as a candidate
CLF later on. Whenever V, is a CLF, we will emphasize
its construction via the R-composition by referring V, as
Control Lyapunov R-Function (CLRF).

We then present the expression of VV, as a function of
VVi and VV5. It follows from the proof of [19, Theorem 1]
that

VVA(x) = p(9) [per (0, 2)VVi(z) + c2(d, 2) VVa(2)]

(6)
where ¢, ¢z : Ryg X R® = R5 are defined as
—¢R(2)
=1 7
Cl((,b,x) + \/¢2R1(1‘)2 +R2($)2 ( a)
ea(6,) : _fa(v) (7b)

S PR Rt

Since ¢ > 0, we notice that functions ¢;(z)s are continuous
whenever R (z) and Ry (z) are not simultaneously 0, i.e. in
the set intLy, . Therefore V, is differentiable in the interior
of Ly, [18]. Instead, it follows from the proof of Lemma 6
that, independently from ¢ > 0, we have Ly, = {z € X|
Va(z) =1} = {z € X | max{Vi(z), Va(z)} = 1}, therefore
V), is not differentiable on its boundary.

We also notice that in the set intCy,, the shape of the
level sets of V, does depend on the parameter ¢, which
plays the role of a trade-off between the shape of V; and
the one of V5. Namely, in light of [19, Proposition 2], we

o0 + .
have V,(x) 23 Va(z) and V(x) ma Vi(x), point-

wise in intLy, . Moreover, according to Lemmas 8, 9, 10,

¢—00 ¢—07T
we have VV)(z) — VVa(z) and VV,x(z) — VVi(2)
uniformly on compact subsets of intLy;, .

IV. UNIVERSALITY FOR STABILIZABILITY OF LINEAR
DIFFERENTIAL INCLUSIONS

We now show that the class of CLRFs is a universal
class of functions for the stabilizability (stability) of LDIs
(1), namely that stabilizability (or stability) of LDIs (1) is
equivalent to stabilizability by means of a Lyapunov function
in that class [7]. We recall that polyhedral functions [28],
[29], [27], smoothed polyhedral functions of the kind

Vo(z) = ||Fzf3,, (8)
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where F©' € R®*™ is full-column rank [7], the max of
quadratics [9] and the convex hull of quadratics [8] are
universal classes of homogeneous functions for the stabiliz-
ability of LDIs (1). In the following, we indeed show that
homogeneity is not necessarily required.

In the following result, we consider V, as the R-
composition of Vi = V,, (8) and any V5 (homogeneous, of
degree two).

Theorem 1: Let Ly, D Ly,. Then there exists ¢ > 0 such
that V (5) is a CLF for (1).

Since V, is differentiable in intLy, (and also including
the boundary 0Ly, whenever Ly, D Ly;), this class of
functions allows the derivation of explicit formulas for the
stabilizing controller [7]. Roughly speaking, for ¢ small
enough, Theorem 1 presents a universal CLF, which is
smooth and non-homogeneous. This latter degree of freedom
(note that Theorem 1 is independent from V5) can be
eventually exploited to “improve” closed-loop performances,
while a-priori fixing the desired domain of attraction [19].

V. RESULTS ON THE CONTROL-SHARING PROPERTY
UNDER CONSTRAINTS

As shown in [19, Figure 1], the inner shape of V, is a
trade-off between the ones of V; and Vs, depending on the
choice of the parameter ¢. In this section we address (neces-
sary and sufficient) conditions such that any ¢ is admissible
for V, being a CLF. Therefore we consider positive definite,
radially unbounded, smooth functions V : X — R>( such
that

Ly =Ly, =X,

and having the gradient VV of the kind
VV(x) =71 (2)VVi(z) + 72(2) VVa(z), 9)

for some continuous functions 7;,y2 : R® — R>o. We call
these functions “gradient-type merging” candidates.

Remark 1: Unlike [18], we here particularize the defini-
tion of gradient-type merging candidates by introducing the
property that £y = Ly, = X. Because of the state constraint
x € X, we impose that the external shape of the merging
function V' is the same of V7, i.e. that Ly = Ly;,.

A. Equivalence results on the control-sharing property

We now present the main theoretical results on the equiva-
lence between the control-sharing property under constraints
and the existence of merging CLFs.

Theorem 2: If Vi and V3 have the control-sharing property
(under constraints » € X, u € U), then any gradient-type
merging V' (9) is a CLF.

Theorem 3: Assume that B; = B for all ¢ € [1, N]. Then
the following statements are equivalent for (1).

1) Any gradient-type merging V (9) is a CLF.

2) Vi and V5 have the control-sharing property (under

constraints z € X, u € U).

It is worth mentioning that the control-sharing property does
not always hold even for unconstrained LDIs [18]. The same
negative result holds true for linear systems, but with the
remarkable exception of two-dimensional systems [18].

B. Control-sharing via Linear Matrix Inequalities

Let us now present an LMI condition, exploited later
in Section VII, which is sufficient for CLFs Vj(z) =
(=7 Q1z, ..., 2T Qs2) Hzp, with p > 0 large enough, Q; = 0
for all j € [1,s], and Va(x) = 2" Px, with P = 0, to share
an unconstrained common controller.

Theorem 4: ([18])
V1 and V5 have the control-sharing property if there exist
n >0, Ajr >0, K € R™*", fori=1,2,..., N, and
7,k =1,2,..., s, such that

(A; + BiKy) " Qr + Qi(Ai + BiKy,) <

—2Qu+ 3 Mgk (Q5— Q) (100)

j=1

(Ai + B;Ky)" P+ P(A; + BiKy) <

— 2P+ Nijk(Q; —Qr) (10b)

j=1
forall s € [1,N], k € [1,s].

To include control constraints, the LMI (10) can be, for
instance, augmented with linear bounds on the variables Kj.

Remark 2: Theorem 4 is less restrictive than [19, Theo-
rem 2], because condition (10) relies on a piecewise-linear
common controller, rather than a linear common controller
as in [19, matrix conditions (11)].

VI. CONSTRAINED LOCALLY-OPTIMAL CONTROL DESIGN
VIA “MERGING INSIDE”

Given a robust CLF V; with a “large” DoA, and a
“locally-optimal™* control law x5 : X — R™, satisfying the
input constraints only in a neighborhood of the origin and
associated to a CLF V5, we consider the problem to find
a unique differentiable CLF V' with the same DoA of Vi,
together with the local optimality induced by V5.

For simplicity, we consider (1) with B; = B for all
i € [1,N]. The general case can be addressed using the
arguments of [7, Section V].

Let X; = L, /oy C X = Ly,, for some o; € (0,1],
be the largest level set of V7 in which the control-sharing
property under constraints (between V7 and V) holds true.

Assumption 1: Functions V; and Vb hgve the control-
sharing property under constraints z € X; = L(v,/0,)
u € U. Associated with V5 there is an “optimal” control

4“Locally-optimal” is intended with respect to some optimality criterion
not explicitly stated here for sake of generality.
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law ko : X — R™ such that ky(x) € U for all z in a
neighborhood of the origin.

Let us now scale V5, but without relabeling it, such that
Ly, D Xy = L(v, /ey’ in order to get the merging function
Vi, hence merging V; /oy and Vs, such that Ly, = X;.

It follows from Theorem 2 that, under Assumption 1, Vi,
is a CLRF for (1) under constraints z € X;, u € U.

We now need to consider the set X\ X;. Since the “shape”
of V, is the same of Vi on 0X;, we propose the following
function V' : X — Rsq as candidate “merging-inside”
function.

_ (@) = p(@)-Vi(x)/o1+c ifzeX\Xy
V@”‘{vm@) V() o e X,
(1)

where ¢ (:=1— p(¢)¢) is a constant such that Vex(z) =
Vine(z) for all x € 0X;.

Proposition 5: Suppose Assumption 1 holds. Then the
merging-inside function V' (11) is a differentiable CLF on
X.

Since both V; and V), grow quadratically, it follows from
[19, Section 4.2] that there exists 7 > 0 such that the convex-
valued mapping of admissible (constrained) controls

max VV(z)(A;x+ Bu) +nz'2 <0

i€[1,N]
) (12)
is non-empty for all € X. Therefore we propose the control
law

U(z) = {u€U|

k(z) := argmin {||v — ko(z)|| | v € U(z)} . (13)
Remark 3: Similarly to [18], it can be proved that the

control law K (13) associated with V' (11) satisfies the

constraints in X and is locally optimal. Moreover, by using

the arguments in [30, Chapters 2, 4], it can be proved that

it is continuous provided that 9 is continuous as well.
VII. APPLICATION TO THE PERTURBED CONSTRAINED

DOUBLE INTEGRATOR SYSTEM

As an illustrative example, we consider the perturbed
linear system

. 0 1 0
x—[o O}x—k[l]u—kd, (14)
where |u| <2, ||d||,, <0.1.
The objective is to make the set L[| Fz||_ ,1], where

1 0 3/2
01 1

controlled invariant® under random time-varying disturbance
d € D, stabilizing = whenever d vanishes, with quadratic

SPractically, for any given “tolerance” & > 0, we have to impose the set
inclusion: Ly, 2 X1 + £B.

6We use such F' for sake of simplicity. The largest controlled invariant
set (up to an arbitrary precision) can be computed by using the algorithm
proposed in [31], [32].

performance cost

Juwyzéw@ﬁfguw+mwﬁmu»m,(w)

characterized by weights Q = I, R = 10.

Three control strategies are simulated. The first is the
standard LQ control, namely based on the unconstrained-
optimal Quadratic CLF (QCLF) V,(z) = x' Px (Figure
1), where P > 0 is the unique solution of the Algebraic
Riccati Equation (ARE) ATP+ PA+Q - PBR'BTP =
0, associated with the unconstrained-optimal linear state
feedback ka(z) ;== —R™!BT Pz.

The second control strategy is a slight modification of
the control law (13), in order to guarantee the set X to be
controlled invariant even under the worst-case perturbation.
In particular, we indeed define the following set of admissible
controls.

max VV(z) (A + Bu) +nz 'z

i€[1,N]

amyz{ueu

+V1(z) max VV; (z)d < 0} . (16)
deD

We consider the merging CLRF V,, built by merging the
previous functions V; and V5, with ¢ = 10. Since, for d = 0,
LMI (10) is feasible on Ly, = X, when the disturbance d
vanishes, this choice guarantees the same controlled invariant
set of V4 (z) and the local optimality given by Va.

The third control strategy consists in the control (13)
with admissible controls (16), but associated with the robust
smoothed PCLF V;(z) = ||F x||§p, for integer p sufficiently
large, rather than V. This smoothed PCLF solves the robust
constrained stabilization problem, but it does not address
optimality. As a consequence, especially for unperturbed dy-
namics, the achieved closed-loop performances (in terms of
closed-loop cost J (15)) are quite “far” from the constrained-
optimal ones.

Figures show the controlled state trajectory, starting from
an xo close to the “worst-case” vertex. The disturbance d
used in the simulation initially takes random values in D =
[—0.1,0.1)%; then it vanishes.

The proposed control (13), together with the merging CLF
VA, guarantees a larger domain of attraction with respect
to the use of the optimal QCLF. Furthermore, it improves
the control performances of the robust smoothed PCLF, in
terms of faster convergence, smoother control signal and less
closed-loop performance cost J (15).

VIII. CONCLUSION

The problem of merging two control Lyapunov functions
is considered important because when constraints, robustness
and optimality are of concern simultaneously, a single control
Lyapunov function is typically suitable for one of these goals,
but ineffective for the others.

For the class of constrained linear differential inclusions,
we have proposed a class of universal non-homogeneous
smooth control Lyapunov functions. Since previous results
show how to combine control Lyapunov functions if these
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Fig. 1. The LQ control does not guarantee the fulfillment of the state
constraints.

Fig. 2. A merging CLF solves the robust constrained stabilization problem
with locally-optimal performance (for vanishing disturbances).

share a common control in a suitable region of the state
space, we have shown the equivalence between the control-
sharing property under constraints and the existence of
merging control Lyapunov functions. We also have shown
a constructive procedure, which we call “merging inside”, to
handle the case in which the control-sharing property holds
only in a restricted domain of the state space.

The constrained, locally-optimal, stabilization of perturbed
linear systems under vanishing disturbances has been ad-
dressed as an application of the provided theoretical results.

APPENDIX: TECHNICAL PROPERTIES OF THE
R-COMPOSITION

The following results, established in [18], are further
exploited in this paper.

Lemma 6: ([18])
V) is positive definite.

Lemma 7: ([18])
CV/\ =Ly, N Ly,.

Lemma 8: ([18])
V'V, converges to V'V, uniformly on compact sets in intLy, ,
as ¢ — oo. Namely, for any J € (0,1) we have

IVVA(z) = VVa(2)]| = 0.

lim max
p—o0 :EGL(V/\/J)

Lemma 9: ([18])
V'V, converges to VV; uniformly on compact sets in intLy, ,
as ¢ — 0". Namely, for any ¢ € (0,1) we have

(IVVA(z) — VVi(2)|| = 0.

lim max
»—0Tt QZ‘E[,(V/\ /8)

Lemma 10: ([18])
Assume that Ly, D Ly,. Then VV, converges to VV;
uniformly on Ly, , as ¢ — 07. Namely, we have
lim  max ||[VVa(z) — VVi(z)| = 0.

¢—0t TELV,

APPENDIX: PROOFS
A. Proof of Theorem 1

Proof: Since V, has been scaled so that Ly, D Ly,,
we have Ly, = Ly, from Lemma 7.

As V, is a (homogeneous) CLF, there exists 7 > 0 and a
piecewise-linear v : X — U such that for all x € X we have
max;e(1,n) VVp(2) (4ix + Bu(z)) < —nz ' .

According to Lemma 10, the gradient VV,, converges to
V'V, uniformly on Ly, = Ly, , namely we can claim that for
any ¢ > 0 there exists ¢ > 0 such that VV,(z) = VVx(z)+
v(z)T, where v : R® — R" is such that maxger,, [[v(z)] <
€. We can indeed write

max {VVx(z) (Aiz + Bu(x))} =

i€[1,N]

_g{lla?\(f] {VV,(z) (Aiz + Biu(z)) —v(z) " (Aiz + Biu(z))}

< . )
< max (VVy(e) (A + Bau(e))) +

-
max {o(e)T (A + Bru(z)}
We can now choose € > ||v(z)|| such that for all z € Ly, we
have max;c1, vy {v(2) " (Aiz + Biu(z))} < Zaz'z, there-
fore we finally get max;cy n) VVa(2) (A + Biu(z)) <
—2z Tz forall x € Ly, [

B. Proof of Theorem 2

Proof: By assumption, V; and V» have the control-
sharing under constraints z € X, u € U. Since the controlled
set X is a level set of the candidate CLF V, i.e. X = Ly, =
Ly, then the proof immediately follows from [18]. [ ]

C. Proof of Theorem 3

Proof:  The implication (2) = (1) follows from
Theorem 2, therefore we have to prove the claim (1) = (2).
Fix arbitrary 7;, 72 > 0 and define

i*(x) = argiér[lla)j\cf] (M VVi(2) + 12 VVa(x)) (4;2) .

Now, by assumption we have the Lyapunov condition
max;e(, N (11 VVi(z) +7%VVa(2)) (Air + Bu) < 0, that,
in view of the definition of ¢*(x), is equivalent to

(MmVVi(z) +72VVa(2)) (A myz + Bu) <0 (17)

Finally, we define f(x) := A;«(;)2 and we prove that (17) is
equivalent to the fact that V; and V5 have the control-sharing
property.
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We notice that (17) is equivalent to

max inf (a1 VVi(z) + a2 VVa(z)) (f(z) + Bu) <0
(0417012)6./4 uelU
(18)

where A := {(a,8) € R>og xR | a+ 8 =1}.

Since A is compact and U is closed, and the function
in (18) is linear in both (o, s) and u, we can exchange
“max” and “min” [33, Corollary 37.3.2] to get the following
equivalent condition.

max  inf (e VVi(2) + aaVVa(2))(f(z) + Bu) =

(ar,a2)€A weU

(a1 VV1 () + aaVVa(2))(f(z) + Bu) =

inf max
u€lU (a,a2)€A

ilelufJ (aﬂgeA{alvvl(I)(f(I) +Bu) +

aaVVa(z)(f(z) + Bu)} < 0 <~
irelg max {VVj(z)(f(x) + Bu),

VVa(2)(f(x) + Bu)} < 0. (19)

The last inequality, which follows from the fact that a;, g €
[0,1] and a1 + a3 = 1, is equivalent to the existence of a
common controller, which is constrained in U. |

D. Proof of Proposition 5

Proof: From Theorem 2 we have that, under Assump-
tion 1, V5 merging Vi /o1 and Vs, is a CLF for (1) under
constraints z € X1, u € U.

Now, to exploit the fact that V7 is a CLF on the whole
X (Standing Assumption 1) and hence also on X \ X;, we
notice that 0X; = {z € R" | Vi(z) = 01} = {& € R" |
Ri(z) :=1—Vi(x)/o1 = 0}. So for Ry(x) = 0 we have
c1(¢,z) = 1 and c2(¢, x) = 0 from (7). Therefore, from (6),
we get that VV,(z) = p(¢)9pVVi(z)/oq for all x € 0X;.
This means that VV (11) is continuous on X. |
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