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Abstract— It is well known that a large terminal set leads
to a large region where the MPC problem is feasible without
the need for a long prediction horizon. This paper proposes a
new method for the enlargement of the terminal set. Contrary
to existing approaches, the method uses the convex hull of a
trajectory as the basis for the construction. This trajectory
may be any feasible trajectory of the system terminating in an
invariant set around the origin and is not restricted to consist
only of equilibrium points. The method is applied in an MPC
scheme where the terminal set is calculated at initialization.

I. INTRODUCTION

The terminal set is a crucial design parameter in stabilizing
MPC. Usually, it is an invariant set for the closed loop
consisting of the system and a linear controller. Satisfaction
of the terminal constraint guarantees that the predicted trajec-
tory can be extended by a convergent trajectory. However, the
inclusion of a terminal constraint limits the region where the
MPC problem is feasible, and, in turn, the region of attraction
of the closed loop system. The reason for this is that the
terminal constraint requires that the terminal set is reached
in a number of steps equal to the prediction horizon. Clearly,
a larger terminal set leads to a larger region of attraction for
a fixed horizon length.

There exist many approaches to the problem of enlarging
the region of attraction for terminal set MPC. In [1], a con-
tractive time-varying terminal constraint is proposed, where
the terminal set for a given sampling instant is not necessarily
invariant itself, but is a subset of the one-step controllable set
of the terminal set at the next sampling instant. The authors
of [2] propose an approach where the unstable states of the
system are constrained to the set of states which can be
controlled to the terminal set in a fixed number of steps.
The authors of [3] propose to constrain the terminal state to
a set of states which are controlled to the terminal set in a
fixed number of steps by a local controller.

A simple method of achieving a large terminal set is
to use a detuned local control law with the drawback of
loosing local optimality [4]. Interpolation based MPC is
a way to tackle the dilemma of having a large terminal
region with local sub-optimality on the one hand and a small
terminal region with guaranteed local optimality on the other
hand. Instead of using only one terminal set based on one
linear feedback law, the terminal set in interpolation based
MPC is defined as the convex hull of multiple terminal sets
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based on different controllers. Some of these controllers may
be tuned for local optimality, others for a large region of
attraction. See, e.g., [4]–[6]. The resulting local controller
is a convex interpolation of multiple linear feedback laws
and is consequently nonlinear. These approaches extend the
region of attraction while maintaining some level of local
optimality.

In [7] it was shown that the convex hull of states on a tra-
jectory that terminates at the origin is control invariant. The
control law guaranteeing invariance is a convex combination
of the inputs associated with the states on the trajectory.

Based on this insight, we propose an enlarged terminal
set defined as the convex hull of multiple sets which are
scaled and translated instances of one invariant kernel set.
The translations are defined by the states on a trajectory
terminating in a non-translated set around the origin. Refer
to Fig. 1 for an illustration.
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Fig. 1. The enlarged terminal set XE is defined as the convex hull of
several translated and scaled instances of some invariant set XT , where the
translations are defined by a trajectory of the system.

The terminal cost function on this set is defined as an
interpolation between the values of a cost function defined on
the translated sets. Similarly, the local controller is defined
as an interpolation of controllers defined on the translated
sets.

In contrast to the interpolation approaches in [4]–[6], the
individual sets between which the interpolation takes place
are not required to contain the origin and are not required to
be invariant under the individual feedback laws.

Note that a similar approach was pursued in [8]. Therein,
a control strategy is presented where the control input is
calculated by finding an interpolation between precomputed
trajectories that minimizes the resulting interpolated cost.
However, a potentially very large number of trajectories
has to be computed offline in order to guarantee that the
measured state can be expressed as a combination of the
starting points of these trajectories. Furthermore, the method
to compute the cost proposed in [8] requires a number of
calculations that grows exponentially with the number of
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precomputed trajectories.
Another approach related to the one in this work was pre-

sented in [9], where the steady state is an additional decision
variable and the terminal state is required to be contained in
an invariant set around this steady state, effectively making
the union of infinitely many invariant sets around points in a
set of equilibria the terminal set. This concept was extended
for example in [10]–[12] to nonlinear systems. In contrast,
the terminal set proposed in this paper is constructed from
states on trajectories which are not necessarily equilibria.

The enlarged terminal set presented in this paper shares
some properties with the tubes employed in tube MPC
and especially with the tubes in [13] which are based on
homothety. That is, similar to tube MPC, the local controller
ensures that the system state remains in a tube around a
predicted trajectory. Compare also [14] and [15] which use
similar concepts in the context of linear parameter varying
systems and ellipsoidal sets.

As in the interpolation approaches in [4]–[6], we expect
little loss of local optimality for the MPC scheme as the
invariant set based on the linear (optimal) controller is
contained in the terminal set. A rigorous sub-optimality
estimate is, however, beyond the scope of this work.

Based on this new type of terminal set, we propose an
MPC algorithm where the terminal set is calculated online
at initialization. While this calculation requires itself the so-
lution of an MPC problem, the horizon of the MPC problem
solved at every time step may have a far shorter horizon,
greatly reducing the computational burden thereafter.

The remainder of the paper is organized as follows. The
introductory section concludes with a few notes on notation.
In Section II the problem setup and basic assumptions are
presented. In Section III the construction of the terminal
set and the terminal cost function is described. Further it
is shown that this terminal set and terminal cost function
can be used to construct a stabilizing MPC scheme. In
Section IV the MPC scheme with online calculation of the
terminal constraint is presented. Section V contains some
notes on convexification. In Section VI the complexity and
optimality of the algorithm are discussed. In Section VII the
effectiveness of the approach is demonstrated in an example.
Section VIII concludes the paper.

Notation: For sets Y,Z ⊂ Rn, a scalar a ∈ R and a matrix
A ∈ Rm×n define aY = {ay|y ∈ Y}, AY = {Ay|y ∈ Y},
and the Minkowski set addition Y⊕ Z = {y + z|y ∈ Y, y ∈
Y}. Let convh(Y) denote the convex hull of Y. Let 1 denote
a column vector of ones of a dimension that is clear from
the context.

II. SETUP AND DEFINITIONS

We consider discrete-time linear systems of the form

xk+1 = Axk +Buk (1)

subject to the constraints

xk ∈ X ⊂ Rn, uk ∈ U ⊂ Rm, (2)

for all k ≥ 0. Define the kernel set XT ⊂ Rn, the kernel
controller κT (x) := Kx with K ∈ Rm×n, the kernel cost
function VT (·) : Rn → R and the stage cost function l(·, ·) :
Rn × Rm → R. The goal is to asymptotically stabilize the
origin of (1) while satisfying (2).

For the remainder of this work the following assumptions
are required to hold:

Assumption 1: The sets X, XT and U are convex, com-
pact, have a non-empty interior and contain the origin in their
interior.

Assumption 2: It holds that XT ⊆ X and KXT ⊆ U.
Further, it holds that the set XT is positively invariant for
the dynamics (A+BK), that is (A+BK)XT ⊆ XT .

Assumption 3: The stage cost l(·, ·) is positive definite and
convex, that is, for all x, y ∈ Rn, all u, v ∈ Rm and all
λ ∈ [0, 1] it holds that l

(
λx + (1 − λ)y, λu + (1 − λ)v

)
≤

λl(x, u) + (1− λ)l(y, v).
Assumption 4: The kernel cost function VT (·) is positive

definite and convex. Further, for all x ∈ XT it holds that
VT
(
(A+BK)x

)
≤ VT (x)− l(x,Kx).

Assumption 5: There exists a real number r ≥ 1 such that
for all scalars c ≥ 0, all x ∈ Rn and all u ∈ Rm it holds
that VT (cx) ≤ crVT (x) and l(cx, cu) ≤ crl(x, u).

Remark 1: Assumption 5 is trivially satisfied for posi-
tively homogeneous functions of degree r, e.g., for functions
defined by vector norms with r = 1 and for quadratic
functions with r = 2.

Remark 2: From Assumptions 3, 4 and 5 it follows that
for all scalars c ≥ 0, all x, y ∈ Rn and all u, v ∈ Rm it
holds that

VT (x+ cy) = VT

(
(1 + c)

(
1

1 + c
x+

c

1 + c
y

))

≤ (1 + c)rVT

(
1

1 + c
x+

c

1 + c
y

)
(3)

≤ (1 + c)r−1
(
VT (x) + cVT (y)

)
,

where in the last line the convexity of VT (·) was exploited.
Similarly, it holds that

l
(
x+ cy, u+ cv

)
≤ (1 + c)r−1

(
l(x, u) + cl(y, v)

)
. (4)

III. CONSTRUCTION OF THE ENLARGED TERMINAL SET
AND THE TERMINAL COST

The enlarged terminal set XE is defined as the con-
vex hull of instances of the set XT which are trans-
lated by the states on the trajectory (x?

M ,u
?
M−1) =

((x?0, . . . , x
?
M ), (u?0, . . . , u

?
M−1)) of system (1) and scaled by

the factors c?M := (c?0, . . . , c
?
M ). See Fig. 1 for an example

of such a terminal set.
The set of valid trajectories is given by

D?
M :=

{
(xM ,uM−1)

∣∣xM ∈ XT , ∀i = 0, . . . ,M − 1 :

(xi, ui) ∈ X× U, xi+1 = Axi +Bui
}
. (5)

In order to guarantee XE ⊆ X, satisfaction of the input
constraints for the local controller and invariance of XE , the
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constraints

ci ≥ 0 i = 0, . . . ,M (6a)
ci ≤ ci+1 i = 0, . . . ,M − 1 (6b)

{x?i } ⊕ ciXT ⊆ X i = 0, . . . ,M − 1 (6c)
{u?i } ⊕ ciKXT ⊆ U i = 0, . . . ,M − 1 (6d)
{x?M} ⊕ cMXT ⊆ XT (6e)

are imposed on the scaling factors. Summarizing, the con-
straint set for the scaling factors is defined as

DS
M (x?

M ,u
?
M−1) :=

{
cM | (6a) to (6e) hold

}
. (7)

Remark 3: By the definition of D?
M and the assumptions

on the involved sets, there always exists a cM such that
inequalities (6a) to (6e) are satisfied (that is ci = 0 for all i).

For (x?
M ,u

?
M−1) ∈ D?

M and c?M ∈ DS
M (x?

M ,u
?
M−1) the

enlarged terminal set XE is defined as

XE := convh

(
M−1⋃
i=0

{
{x?i } ⊕ c?iXT

}
∪ XT

)

=

{
x ∈ Rn

∣∣∣∣∣∃λi, λ̄ ≥ 0,

M−1∑
i=0

λi + λ̄ = 1,

∃x̂i, x̄ ∈ XT : x =

M−1∑
i=0

λi (x?i + c?i x̂i) + λ̄x̄

}
, (8)

which is based on the definition of the convex hull as the
union of all convex combinations of states contained in
the argument of convh(·). The following lemma allows the
reduction of the numbers of variables in the description of
XE by aggregating the variables x̂i into one single variable x̂.

Lemma 1: It holds that

XE =

{
x ∈ Rn

∣∣∣∣∣∃λi, λ̄ ≥ 0,

M−1∑
i=0

λi + λ̄ = 1,

∃x̂, x̄ ∈ XT : x =

M−1∑
i=0

λi (x?i + c?i x̂) + λ̄x̄

}
. (9)

Proof: Let λi ≥ 0 and x̂i ∈ XT be given. For the case
that

∑M−1
i=0 λic

?
i = 0, choose x̂ = 0. Otherwise, choose

x̂ =

∑M−1
i=0 λic

?
i x̂i∑M−1

i=0 λic?i
. (10)

The fact that XT is convex and contains the origin implies
that in both cases it holds that x̂ ∈ XT . Furthermore, it
holds that

∑M−1
i=0 λic

?
i x̂i =

∑M−1
i=0 λic

?
i x̂. It follows that

every state contained in the set (8) is also contained in the
set (9). On the other hand, if λi and x̂ ∈ XT are given,
choose x̂i = x̂, i = 0, . . . ,M −1 to obtain

∑M−1
i=0 λic

?
i x̂i =∑M−1

i=0 λic
?
i x̂. Hence, every state contained in the set (9) is

also contained in the set (8).
Therefore, the sets (8) and (9) are identical, which com-

pletes the proof.

The λi, λ̄, x̂ and x̄ are not necessarily unique for a given
x ∈ XE . Define the set that contains all possible parameter-
izations p := (λ, λ̄, x̂, x̄) =

(
(λ0, . . . , λM−1), λ̄, x̂, x̄

)
as

ΓM (x) :=

{
(λ, λ̄, x̂, x̄) ∈ RM× R× Rn× Rn

∣∣∣∣∣λi, λ̄ ≥ 0,

M−1∑
i=0

λi + λ̄ = 1, x̂, x̄ ∈ XT , x=

M−1∑
i=0

λi (x?i + c?i x̂) + λ̄x̄

}
.

(11)

It holds that XE = {x ∈ Rn |ΓM (x) 6= ∅}. From the
definition of XE and c?M it follows that XE ⊆ X.

For given (x?
M ,u

?
M−1) ∈ D?

M and c?M ∈
DS

M (x?
M ,u

?
M−1), any x ∈ XE and a p(x) ∈ ΓM (x),

the terminal controller is defined as

κE(x) :=
M−1∑
i=0

λi (u?i + c?iKx̂) + λ̄Kx̄. (12)

As κE(x) is a convex combination of inputs contained in U,
it holds that κE(x) ∈ U for any p(x) ∈ ΓM (x). Finally, for
any p(x) ∈ ΓM (x), the terminal cost is defined as

VE(x) := (1 + c?M−1)r−1
M−1∑
i=0

λi

(
M−1∑
j=i

l(x?j , u
?
j )

+ VT (x?M ) + c?i VT (x̂)

)
+ λ̄VT (x̄). (13)

Lemma 2: The function VE(x) is positive definite in the
sense that for all x ∈ XE and any p(x) ∈ ΓM (x) it holds
that VE(x) ≥ 0 and VE(x) = 0 implies x = 0.

Proof: The first statement follows from the positive
definiteness of VT (·) and l(·, ·). For the second statement,
consider that VE(x) = 0 implies by the positive definiteness
of VT (·) and l(·, ·) that λi(x?i + c?i x̂) = 0 for all i =
0, . . . ,M − 1 and λ̄x̄ = 0. Hence, VE(x) = 0 implies
x =

∑M−1
i=1 λi (x?i + c?i x̂) + λ̄x̄ = 0.

For simplicity, we omit the implied dependence of κE(x)
and VE(x) on p(x). We are not interested in the specific
choice of p(x), but only in the existence of a p(x) such that
the enlarged terminal set XE and the terminal cost function
VE(·) satisfy the standard assumptions used to establish
asymptotic stability in terminal set MPC. That is, the terminal
set is positively invariant for the closed loop system with
the terminal controller and the terminal cost is a Lyapunov
function defined on the terminal set. This is expressed in the
following lemma.

Lemma 3: For an x ∈ XE let κE(x) and VE(x) be
given and denote x+ = Ax + BκE(x). There always
exists a p(x+) ∈ ΓM (x+) such that VE(x+) − VE(x) ≤
−l
(
x, κE(x)

)
.

The interested reader is referred to [16] for a proof of this
statement.
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IV. ONLINE CALCULATION OF THE TERMINAL SET AND
MODEL PREDICTIVE CONTROL SCHEME

In this section we present a control scheme where the
enlarged terminal set is computed online at initialization.
This terminal set, defined by {x ∈ Rn |ΓM (x) 6= ∅}, is then
used for all sampling instants in the MPC problem P0

N (x)
with an horizon length N which yields the control input.

For given (x?
M ,u

?
M−1) ∈ D?

M and c?M ∈
DS

M (x?
M ,u

?
M−1), the decision variables for

the MPC problem are (xN ,uN−1, p) =(
(x0, . . . , xN ), (u0, . . . , uN−1), (λ0, . . . , λM−1), λ̄, x̂, x̄

)
,

taken from the constraint set

D0
N (x) :=

{
(xN ,uN−1, p)

∣∣x0 = x, p ∈ ΓM (xN ) (14)

∀i = 0, . . . , N − 1 : (xi, ui) ∈ X× U, xi+1 = Axi +Bui
}
.

The MPC problem P0
N (x) takes the form

minimize
(xN ,uN−1,p)

N−1∑
i=0

l(xi, ui) + VE(xN ) (15)

subject to (xN ,uN−1, p) ∈ D0
N (x),

with the solution denoted by (x0
N ,u

0
N−1, p

0). The control
input resulting from the solution of the MPC problem is
κ0(x) = u00(x) and the closed loop system is defined by
xk+1 = Axk +Bκ0(xk).

Lemma 4: Let Assumptions 1 to 5 be satisfied. Let further
problem P0

N (x) be feasible for a given x ∈ X. Then P0
N (x+)

is feasible for x+ = Ax+ Bκ0(x). Furthermore, the origin
of the closed loop system is asymptotically stable.

Proof Sketch: The proof follows from Lemma 3 and
standard arguments in MPC, see for example [17]. Due to
space limitations, only a sketch of the proof is given here.
The interested reader is referred to [16] for a detailed proof.

Given a solution of P0
N (x), use the local controller to

extend the solution trajectory by the input κE(x0N ) and
the state Ax0N + BκE(x0N ). By Lemma 3, this state is
contained in the terminal set XE and there exists a p

(
Ax0N +

BκE(x0N )
)
∈ ΓM

(
Ax0N +BκE(x0N )

)
such that VE

(
Ax0N +

BκE(x0N )
)
−VE

(
x0N
)
≤ −l

(
x0N , κE(x0N )

)
. This implies the

claimed recursive feasibility property and a decrease of the
optimal cost, which in turn implies asymptotic stability of
the origin. �

The question remains how to compute (x?
M ,u

?
M−1) and

c?M which are needed to define ΓM (x). In the following, one
possible approach is shown.

The trajectory (x?
M ,u

?
M−1) is chosen as the end piece of

the solution of an initial MPC problem P̃L(x) with horizon
length L, which will be defined below. The parameter M is
chosen such that M ≤ L. Define the constraint set

D̃L(x) :=
{

(xL,uL−1)
∣∣x0 = x, ∀i = 0, . . . , L− 1 :

(xi, ui) ∈ X× U, xi+1 = Axi +Bui, xL ∈ XT

}
. (16)

For all x ∈ Rn it holds that D̃L(x) ⊆ D?
L. Define the

optimization problem P̃L(x) by

minimize
(xL,uL−1)

L−1∑
i=0

l(xi, ui) + VT (xL) (17)

subject to (xL,uL−1) ∈ D̃L(x).

Given a solution (x̃L, ũL−1) of P̃L(x), choose

(x?M−i, u
?
M−i) = (x̃L−i, ũL−i), i = 1, . . . ,M (18)

and x?M = x̃L. It holds that (x?
M ,u

?
M−1) ∈ D?

M .
The scaling factors c?M are calculated by solving the

optimization problem PS
M

(
(x?

M ,u
?
M−1)

)
defined by

minimize
cM

−
M∑
i=0

ci (19)

subject to cM ∈ DS
M (x?

M ,u
?
M−1).

Summarizing, the algorithm reads as follows.

Algorithm 1 MPC with Online Terminal Set Calculation at
Initialization

1: obtain initial state x
2: solve problem P̃L(x) and obtain (x̃L, ũL−1)
3: calculate (x?

M ,u
?
M−1)

4: solve problem PS
M

(
(x?

M ,u
?
M−1)

)
and obtain the scaling

factors c?M
5: solve problem P0

N (x) and obtain u0
N−1

6: apply u = u00 to the system
7: wait for next time instant
8: obtain current state x
9: go to 5.

The following lemma gives a relation between the different
trajectory lengths L, M and N that guarantee the initial
feasibility of P0

N (x).
Lemma 5: If N ≥ L − M and P̃L(x) is feasible, then

P0
N (x) is feasible.

Proof: For N ≤ L define the candidate trajectory(
xc
N ,u

c
N

)
:=

(
(xc0, . . . , x

c
N ), (uc0, . . . , u

c
N−1)

)
and choose

(xci , u
c
i ) = (x̃i, ũi), i = 0, . . . , N − 1 and xcN = x̃N . By

assumption it holds that M −L+N ∈ [0,M ] and by (18) it
holds that xcN = x̃N = x?M−L+N ∈ XE and, hence, P0

N (x)
is feasible. For N > L define the candidate trajectory(

xc
N ,u

c
N

)
(20)

:=
(
(x̃0, . . . , x̃L, (A+BK)x̃L, . . . , (A+BK)N−Lx̃L),

(ũ0, . . . , ũL,Kx̃L,K(A+BK)x̃L, . . .

. . . ,K(A+BK)N−L−1x̃L)
)
.

As it holds that (A+ BK)ix̃L ∈ XT for all i ≥ 0, it holds
that P0

N (x) is feasible.
Remark 4: There are many alternative ways to obtain

(x?
M ,u

?
M−1). For example, one could drop the constraint

x̃0 = x in P̃L(x) and replace it by an additional term in
the cost that penalizes the distance between x̃0 and x. This
would allow a reduction of the number of decision variables
in P̃L(x), as the states at the beginning of the trajectory
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(x̃L, ũL−1) are discarded anyway. Another option would
be to extend the trajectory (x̃L, ũL−1) by states and inputs(
(A+BK)i+1x̃L,K(A+BK)ix̃L

)
, i = 0, . . . , L̂, for some

L̂ ≥ 0, which are contained in XT and KXT , respectively.
This would allow for non-zero c?i in the case that x̃L lies on
the boundary of XT .

V. CONVEXIFICATION

In this section we briefly discuss how the the constraints
and cost functions involved in the optimization problems
PS
M

(
(x?

M ,u
?
M−1)

)
and P0

N (x) can be convexified under the
assumption that the sets X,U and XT are polyhedral. Let

X = {x ∈ Rn|Hxx ≤ 1} (21a)
U = {u ∈ Rm|Hux ≤ 1} (21b)

XT = {x ∈ Rn|HTx ≤ 1} = convh

(
hV⋃
j=1

vj

)
, (21c)

with matrices Hx ∈ Rhx×n, Hu ∈ Rhu×m, HT ∈ RhT×n

and where vj are the hV extreme points of XT . Note that
the constraints (6c) to (6e) are, by the convexity of XT ,
equivalent to

Hx(x?i + civj) ≤ 1 (22a)
Hu(u?i + ciKvj) ≤ 1 (22b)
HT (x?M + cMvj) ≤ 1 (22c)
i = 0, . . . ,M − 1, j = 1, . . . , hV ,

which are linear inequalities in cM .
The constraint x =

∑M−1
i=1 λi (x?i + c?i x̂)+λ̄x̄ is, however,

non-convex. By replacing p = (λ, λ̄, x̂, x̄) and ΓM (x) in
P0
N (x) with p′ = (λ, λ̄, x̂′, x̄′) and

Γ′M (x) :=

{
(λ, λ̄, x̂′, x̄′) ∈ RM× R× Rn× Rn

∣∣∣∣∣ (23)

λi, λ̄ ≥ 0,

M−1∑
i=0

λi + λ̄ = 1, x̂′ ∈
M−1∑
i=0

λic
?
iXT ,

x̄′ ∈ λ̄XT , x =

M−1∑
i=0

λix
?
i + x̂′ + x̄′

}
,

the constraint is made convex.
Lemma 6: For any fixed x, the sets Γ′M (x) and ΓM (x)

are equivalent in the sense that{
x ∈ Rn

∣∣Γ′M (x) 6= ∅
}

=
{
x ∈ Rn

∣∣ΓM (x) 6= ∅
}
. (24)

The interested reader is referred to [16] for a proof of this
statement.

Note that x̂′ ∈
∑M−1

i=0 λic
?
iXT can be written as HT x̂

′ ≤∑M−1
i=0 λic

?
i 1, which is a linear inequality. The cost function

of the MPC problem P0
N (x) contains terms of the form

λ̄VT (x̄) which are non-convex. Consider now two cases.
Case a): The functions l(·, ·) and VT (·) are infinity norms,

that is l(x, u) = ‖Pl(x
T, uT )T ‖∞ and VT (x) := ‖Px‖∞

for matrices Pl ∈ Rpl×(n+m) and P ∈ Rp×n with full
column rank. This implies that l(·, ·) and VT (·) are positively
homogeneous of degree 1 such that Assumption 5 holds with

equality and r = 1. In this case, problem P0
N (x) is redefined

as Pa
N (x) with Γ′M (x) instead of ΓM (x) and the redefined

terminal cost function

V a
E (x) :=

M−1∑
i=0

λi

(
M−1∑
j=i

l(x?j , u
?
j ) + VT (x?M )

)
+ VT (x̂′) + VT (x̄′) (25)

instead of VE(x).
Case b): The functions l(·, ·) and VT (·) are quadratic,

that is l(x, u) = xTQx + uTRu and VT (x) = xTPx for
positive definite matrices Q, R, and P . This implies that
l(·, ·) and VT (·) are positively homogeneous of degree 2 such
that Assumption 5 holds with equality and r = 2. In this case
problem P0

N (x) is redefined as Pb
N (x) with Γ′M (x) instead

of ΓM (x) and the redefined terminal cost function

V b
E(x) := η (26)

instead of VE(x), subject to the additional constraint η − d
∑M−1

i=0 λiJi x̂′T x̄′T

x̂′ 1
d

∑M−1
i=0 λic

?
iP
−1 0

x̄′ 0 λ̄P−1

 ≥ 0,

(27)

where Ji :=
∑M−1

j=i l(x?j , u
?
j ) + VT (x?M ) and d :=

(1 + c?M−1). The decision variables for Pb
N (x) are

(xN ,uN−1, p
′, η).

Both Pa
N (x) and Pb

N (x) are convex optimization problems
and can be solved efficiently.

Lemma 7: The redefined problems Pa
N (x) and Pb

N (x)
with Γ′M (x) instead of ΓM (x) and V a

E (·) or V b
E(·) respec-

tively instead of VE(x) are equivalent to problem P0
N (x)

in the sense that if a trajectory is optimal for one of the
problems it is also optimal for the other problems.

Proof Sketch: Due to space limitations, only a sketch of
the proof is given here. The interested reader is referred to
[16] for a detailed proof.

By Lemma 6, for a given xN and a p′ ∈ Γ′(xN ) there
always exists a p ∈ Γ(xN ) and vice versa. This implies that
a trajectory that is feasible for one of the problems must
also be feasible for the other problems. The equivalence of
the cost functions can be checked by evaluating the cost
function of one problem for the trajectory that is a solution
of one of the other problems. As these values are identical it
follows that none of the problems can have a solution with a
lower objective function that the other problems and, hence,
a trajectory that is optimal for one problem is also optimal
for the other problems. �

VI. COMPLEXITY AND OPTIMALITY

The main advantage of the proposed MPC algorithm is
the enlargement of the feasible region without an increase
in length of the prediction horizon. On the other hand,
additional decision variables have to be included in the
optimization problem to describe the enlarged terminal set.

We consider here the case when only the predicted inputs,
and not the predicted states, are decision variables, that is,
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the predicted states are expressed as functions of the initial
state and the predicted inputs.

In Table I, the numbers of decision variables and con-
straints for the MPC problem Pa

N (x) are compared to those
of a “standard” MPC problem P̃L(x), which, by Lemma 5,
has the same feasible region as Algorithm 1 if N ≥ L−M .
Here, L is the prediction horizon of the initial MPC scheme,
M is the length of the trajectory used to define XE and N is
the prediction horizon of the MPC scheme used to calculate
the control input. As the cost is positively homogeneous
of degree 1, only linear inequality and equality constraints
appear.

In Table II, a similar comparison for the case of a quadratic
cost function is shown, which involves an LMI constraint
and an additional decision variable η as indicated in (26)
and (27).

TABLE I
NUMBER OF DECISION VARIABLES AND CONSTRAINTS FOR A

STANDARD MPC PROBLEM P̃L(x) AND THE PROPOSED MPC PROBLEM

Pa
N (x) FOR INFINITY NORM COST FUNCTIONS

P̃L(x) Pa
N (x)

number of decision
variables

Lm Nm+M + 1+ 2n

number of inequality
constraints

Lhu+(L−1)hx

+ hT

Nhu + (N − 1)hx

+M + 1 + 2hT

number of equality
constraints

0 1 + n

TABLE II
NUMBER OF DECISION VARIABLES AND CONSTRAINTS FOR A

STANDARD MPC PROBLEM P̃L(x) AND THE PROPOSED MPC PROBLEM

Pb
N (x) FOR QUADRATIC COST FUNCTIONS

P̃L(x) Pb
N (x)

number of decision
variables

Lm Nm+M + 2+ 2n

number of inequality
constraints

Lhu+(L−1)hx

+ hT

Nhu + (N − 1)hx

+M + 1 + 2hT

number of equality
constraints

0 1 + n

number of decision
variables in the LMI
constraint

0 2n+M + 2

dimension of the LMI
constraint

0 (2n+1)× (2n+1)

From Table I it can be seen that the MPC scheme Pa
N (x)

has less decision variables and constraints than the standard
MPC scheme P̃L(x) if m and hu are large and L is large
compared to N . The reason for this is that the inputs u?

M−1
are not used in the definition of the terminal set XT and
only the scalars λi, λ̄ and the variables x̂ and x̄ are added
as decision variables.

The initialization procedure in Algorithm 1 consist of
solving P̃L(x) and PS

M

(
(x?

M ,u
?
M−1)

)
once. For linear con-

straints PS
M

(
(x?

M ,u
?
M−1)

)
is a linear program with M + 1

variables and hV (M(hx + hu) + hT ) constraints. Note that
the convex hull which defines the enlarged terminal set XE

is never computed explicitly, i.e., neither the extreme points
nor the hyperplanes defining XE have to be computed.

We expect that our proposed MPC scheme maintains local
optimality, as for any state x ∈ XT the parameter p(x) can be
chosen such that VE(x) = VT (x). The factor (1+c?M−1)r−1

distorts the cost. However, it can be chosen arbitrarily
close to 1 by choosing a small c?M−1. For a positively
homogeneous cost of degree r = 1 it also reduces to 1. We
expect that the performance of the trajectory (x?

M ,u
?
M−1)

affects the performance of the entire MPC algorithm. A
rigorous examination of the sub-optimality of the approach
is, however, beyond the scope of this work.

Solving the initial problems offline in a parametric fashion
or acquiring (x?

M ,u
?
M−1) and c?M in an other efficient way

would further increase the efficiency of the approach.

VII. SIMULATION RESULTS

To illustrate the approach, the proposed method is applied
to a double integrator. Let the system matrices be given by

A =

[
1 1
0 1

]
and B =

[
0.5
1

]
, (28)

and the state and input constraint sets by U = [−1, 1] and
X = [−20, 20]× [−20, 20], such that n = 2,m = 1, hu = 2
and hx = 4. The feedback matrix K defining the kernel
controller is chosen as the solution of the LQR problem (A+
BK)TP (A+BK)− P = −(Q+KTRK) with Q = [ 1 0

0 1 ]
and R = 1.

The kernel set XT is determined as the maximal admissi-
ble set, calculated with the algorithm in [18], for the dynam-
ics (A + BK). After simplification (using, e.g., the Multi-
Parametric Toolbox [19]) and rounding to two decimals, the
kernel set XT can be represented by the matrix

HT =


0.43 1.03
−0.43 −1.03
−0.11 0.18

0.11 −0.18

, (29)

such that hT = 4.
We define the stage cost as l(x, u) = xTQx + uTRu

and the kernel cost as VT (x) = xTPx. For these functions,
Assumption 5 holds with r = 2.

The horizon lengths are chosen as L = 10, M = 9,
N = 1 and the initial state is x0 = (20, 0)T at the
boundary of the state constraint set. In Fig. 2 the region
X̃L is shown, where P̃L(x) and in turn the whole algo-
rithm is feasible. Additionally, the sets XT and XE and
the trajectory x?

M are depicted. The scaling factors become
c?M = (0.00, . . . , 0.00, 0.74, 0.93) after rounding to two
decimals.

Remark 5: For one particular set XE , problem P0
N (x) is

feasible for all x ∈ X̃L for any N ≥ L. However, P0
N (x)

might be feasible for much lower N , depending on the
particular initial condition. As stated in Lemma 5, for the
initial condition at which XE was constructed, feasibility is
ensured for any N ≥ L−M .

In Fig. 3 trajectories of the closed loop system for the
control law u = κ0(x), resulting from P0

N (x) are shown for
different initial conditions and the respective minimal values
for N such that P0

N (x) is feasible, but with the same terminal
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0

5

X̃L XEXT

x1

x 2

Fig. 2. Feasible region X̃L for the problem P̃L(x), sets XT and XE , and
the trajectory x?

M (circles).

set XE calculated at x0 = (20, 0)T . For comparison, the
trajectory of the closed loop system for a controller resulting
from the standard MPC problem P̃L(x) is shown for the
initial condition x0 = (20, 0)T . This trajectory is almost
identical to the trajectory generated by P0

N (x) for the same
initial condition and N = 1.

−20 −10 0 10 20

−5

0

5

N = 1
N = 2

N = 7
N = 10

XE

x1

x 2

Fig. 3. Trajectories of the closed loop system for the controller resulting
from P̃L(x) (gray, solid) and from P0

N (x) (black, dashed).

The terminal set can be further enlarged by applying
the procedure to obtain XE for multiple trajectories with
different initial conditions and then taking the convex hull
of all resulting enlarged terminal sets. The formal details of
this approach are under development.

VIII. CONCLUSION AND OUTLOOK

In this paper a method to construct a terminal set from
a given trajectory was proposed. This makes it possible
to achieve a large terminal set based on a nonlinear, and
possibly optimal, feedback law. This in turn makes it possible
to have a large region of attraction of the closed loop
system while keeping the number of decision variables and
constraints low. As shown in the example, there is very
little loss of performance when compared to a standard MPC
scheme.

Further research will address the offline parametric so-
lution of the terminal set construction problem. This will
make solving the problems P̃L(x) and PS

M

(
(x?

M ,u
?
M−1)

)
online unnecessary, further reducing the computational bur-
den. Another topic to be addressed is the estimation of the
sub-optimality of the MPC algorithm.
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“Model Predictive Control for changing economic targets,” in Proc.
4th IFAC Nonlinear Model Predictive Control Conf., Noordwijkerhout,
The Netherlands, 2012, pp. 384–391.
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