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Time-varying generalisations of the gap and v-gap metrics
induce the same topology in continuous time

Sei Zhen Khong and Michael Cantoni

Abstract— Recent robust stability analysis results for linear
time-varying feedback interconnections are based on a time-
varying generalisation of the v-gap metric. The causality of
closed-loop mappings is dealt with explicitly, rather than via
well-posedness assumptions as is common in the literature.
Here, an alternative time-varying gap metric is defined. It is
shown that this gives rise to corresponding robust stability
results. It is also established that the time-varying gap metric
induces the same topology as the generalised v-gap metric,
this being the coarsest under which closed-loop stability and
performance are both robust properties.

Index Terms— linear time-varying systems, robustness, v-gap
metric, gap metric, strong graph representations

I. INTRODUCTION

In perturbation theory, the ‘aperture’ or ‘gap’ between
linear manifolds, is known to be a useful quantification of
distance [1]. The gap metric was introduced to the systems
and control literature in [2], and has since been developed as
an important tool in the study of robust feedback stability for
various classes of linear systems [3], [4], [5], [6]. In [7], [8],
Vinnicombe took a profound departure from the traditional
setting of studying robustness of systems on the semi-infinite
time axis with the gap metric and introduced the so-called v-
gap metric on systems effectively defined on bi-infinite time,
coupled with a frequency-domain winding number condition
which ensures closed-loop causality [9]. He showed that for
finite-dimensional linear time-invariant (LTI) systems, the v-
gap metric leads to the least conservative robust stability
conditions, in addition to admitting a classical frequency-
domain interpretation [8].

The v-gap metric was recently generalised in [10] to causal
linear time-varying (LTV) systems which admit normalised
strong graph representations; the winding number condition
is replaced by a more general Fredholm index condition.
Some well-known feedback robustness results from [8] were
shown to hold with respect to a generalised definition of
closed-loop stability, defined over finite-energy signals with
arbitrary forward semi-infinite time support. An important
feature of this framework is the preservation of the notion
of system causality via feedback, without which closed-loop
stability is arguably ill-defined [11], [9]. It also avoids the
so-called Georgiou-Smith Paradox [12], [9].

The gap metric for LTV systems was introduced much
earlier in [4] within a continuous-time setting, involving sig-
nals defined on the fixed semi-infinite time axis and without
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explicitly considering causality. It is also developed in [13],
[5] within a discrete-time setting. The apparent benefit of
working in a discrete-time setting is that sharper results can
be derived and exploited. For instance, since the inverse of a
lower triangular matrix is also lower triangular, invertibility
of causal systems is equivalent to causal invertibility. This
property entails a well-defined notion of closed-loop stability
for causal discrete-time systems. On the other hand, such a
property is absent in the continuous-time setting.

This papers provides a generalised definition of the gap
metric that is consistent with the closed-loop stability frame-
work of [10] for continuous-time LTV systems with closed
graphs over forward semi-infinite signals with arbitrary start
time. In particular, it is shown that a sufficient robust stability
condition in [10] also holds for this alternative time-varying
gap metric. The main difference to that in [4] is that causality
of the closed-loop operator is guaranteed here. For time-
varying systems which admit strong graph representations,
it is established that the gap and v-gap metrics induce the
same topology, as in the LTI case [8]. Specifically, this is the
weakest topology in which perturbations within a sufficiently
small neighbourhood do not result in feedback instability and
the corresponding closed-loop mappings vary continuously
in the induced-norm topology.

The paper evolves along the following lines. First, some
preliminaries on operator theory are covered in the next
section to facilitate the definition of the generalised v-gap
metric. Strong representations of system graphs and closed-
loop stability are examined in Section III. In Section IV,
an alternative LTV gap metric is defined and shown to give
rise to a corresponding robust stability result. Finally, the
topological equivalence of the generalised v-gap and gap
metrics is established in Section V.

II. BASIC OPERATOR THEORY

The notation is defined and a few useful results from
operator theory gathered in this section. To be specific, the
relavant theory of Fredholm, Toeplitz, and Hankel operators
on Hilbert spaces is summarised. The notion of causality,
which is important in the development of this paper, is also
discussed.

Let H1,Hs be Hilbert spaces. Consider a linear operator
X : dom (X) C H1 — Hz. The image and kernel of X are
denoted respectively img (X) := {w € Ha : w = Xv; v €
dom (X)} and ker (X) := {v € dom (X) : Xv = 0}.

Consider a bounded operator X : H; — Ho; ie.
HX) = sup, s [Xollg/lloll, < oc. Let 1(X) =
inf, 0 [|Xv|24, /[|v]ls, > 0. The Hilbert adjoint, denoted
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X* : Hoy — H1, is uniquely defined by the equation
(Xv, w)yy, = (v, X w)y, Vv € Hy, w e Ha

and 5(X) = 5(X*). It holds that img (X)* = ker (X*)
and ker (X*)" = climg (X), where cl denotes closure and
given W C Ha, the orthogonal complement W+ := {u €
Ha : (u, w)y, = O0Vw € W}, which is closed. The
restriction of X to V C H; is denoted X|y; this is bounded.
If for every bounded sequence {vyp} C H; there exists a
subsequence of {Xuvy} that is convergent in Hs, then X
is said to be compact. Henceforth, the Banach space of all
bounded operators from H; to Hso is denoted £ (H1, Hz).

Definition 2.1: An operator X € Z(H;,H2) is of Fred-
holm type if both dimker (X) and dim ker (X*) are finite,
where dim denotes the dimension of a subspace. In this case,
the Fredholm index of X is defined to be

ind(X) := dimker (X) — dim ker (X*).

Note that img (X) is necessarily closed [1]. Moreover, a
bijective X is necessarily Fredholm with

ind(X) = dimker (X) = dimker (X*) = 0.
The following properties of Fredholm operators are well-
known; e.g. see [14, Chapter XI].
Lemma 2.2: Let X € g('HhHg) and Z € X(HQ,H?,)
be Fredholm operators. The following hold:
(i) X* is Fredholm and ind(X") = —ind(X);

(if) ZX is Fredholm and ind(ZX) = ind(Z) + ind(X);
(i) if Y € L (H1,Hz) is such that y(X) > F(Y), then
X +Y is Fredholm and ind(X + Y) = ind(X);

In the subsequent stability analysis, continuous-time finite-
energy signals are of primary concern. Define the Hilbert
space

L3 i={6:R>R™ | 9]z = (9,0)] < oo},

where (u, v), := [*_u(t)Tv(t) dt. Also define the follow-

oo
ing two subspaces:

L} = {¢pe L} | ¢(t) =0Vt e R\1};
L?i- = U,er L[QT,OC)'
For a linear operator X : dom (X) ¢ L3 — L3, define its
graph as
Y(X):={[¥]:uedom(X) and y = Xu};
Y.(X) :=94(X)N L, ),
and its inverse graph as
¢'(X):={[¥]:y € dom (X) and u = Xy};
G/(X) :=9"(X)N L, ).

In the sequel, open-loop systems are considered to be
possibly unbounded operators that map from a domain in
Lﬁ_ to Lf_, which is dense in L]%g. Note that

Ly =L} ., ®L{ VT €R,

where @ denotes orthogonal sum. The orthogonal projections

from L? onto L%_OO,T), respectively L[QTVOO), are denoted I,
respectively I — I1., where I denotes the identity operator.
Given a bounded X : L} — L3 and a 7 € R, the
corresponding Toeplitz (a.k.a. Wiener-Hopf) operators
T,.(X):=(I- HT)X|L[2 ) and B, (X) := HTX|L?7 )
and Hankel operators

H,(X):= (I-I)X|gz _ and J,(X) = T, X| 2

7,00)
are also relevant in the subsequent analysis. In particular,
these operators play an important role in v-gap metric
based stability analysis of time-varying feedback systems in
conjunction with the theory of Fredholm operators [10]. Note
that T, (X)* = T,.(X"). The projections II, and I — II
give rise to the following characterisation of causality.

Definition 2.3: An operator X : dom (X) ¢ L2 — L2
is causal if given any 7 € R and [;] € IL,¥9(X) C
L{ . w = 0 implies v = 0. When dom (X) = L.
this is equivalent to IL.XII, = IL. X V7 € R, whereas if
IT. XII, = XIIL,Vr € R instead, then X is anti-causal.
Note that an X € Z (L3, L3) is causal if, and only if, X*
is anti-causal.

Lemma 2.4 ([10, Lem. 2.6]): Let X, Y € .Z(L%, L3).

(i) If X is causal then T, (X) = X‘L[i o and T,(X) is
causal for all 7 € R;

() TA(YX) =T, (Y)T(X)+H-(Y)J,(X)Vr € R.
If X is causal or Y is anti-causal, then T, (YX) =
T,.(Y)T,(X),Vr €R;

(iii) If X is causal, then 5(X) = sup 5(T(X)).

TER

III. FEEDBACK STABILITY

A. Feedback interconnection

dy
Ye ~ Yp
C P
Ue _ uP
dy

Fig. 1. Standard feedback configuration

The main object of study here is the feedback intercon-
nection illustrated in Fig. 1, denoted [P, C], where

dy = Ye + Yp, dy = Up + Ue, Yp = Pup» ue = Cye, (1)

and P : dom(P) ¢ L% — L% and C : dom(C) C
Li — Li are two causal linear operators. Note

)) C L[zryoo) and

that by causality, img (P|dom(P)ﬁL[2
1mg (C‘dom(C)ﬂL[Zf’m)) - L[2T,oo)'

Definition 3.1: The feedback interconnection [P,C] is
said to be internally stable if for all 7 € R the operator

F.(P,C):=[{ I;H(dom(c)xdom(P))ﬁLz

[7,00)
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has an inverse on L[2¢,oo)’ with sup, g 7(F,(P,C)™!) <
0.

Lemma 3.2 ([10, Thm. 3.4]): If [P,C] is stable in the
sense of Definition 3.1, then F Lis necessarily causal for
every 7 € R.

Remark 3.3: Lemma 3.2 illustrates that causality of the
closed-loop mapping is encapsulated in the definition of
feedback stability. In other words, causality is a property that
is preserved through feedback interconnections that are stable
in the generalised sense of Definition 3.1. This is consistent
with the viewpoint in [11], [9], where it is argued that a
proper definition of closed-loop stability must incorporate
causality, or a so-called ‘arrow of time’.

Remark 3.4: In Definition 3.1, bounded invertibility of
the open-loop operator F,(P,C) is required on a singly
infinite space L[2T7oo), for all possible ‘initial times’ 7 € R.
A necessary condition is that the truncated graphs ¥, (P)
and ¢/ (C) are closed subspaces of L[QTyoo) [15, Thm 6.2][4,
Prop. 1]. Invertibility over the doubly infinite LDZQ is not
considered as this gives rise to the so-called Georgiou-Smith
paradox [12], [16]. This viewpoint is consistent with the
‘behavioural’ theory of [17], where system behaviour is
effectively defined on doubly-infinite time-axis while closed-
loop stability requires boundedness mappings of signals of
semi-infinite support.

For causal linear operators P and C such that the feedback
interconnection [P, C] is stable, for all 7 € R let

Ly, e)js(0) = |4t | € Loy =[] € % (P)
=[] F-P.C) 7 +[§ 6]

| A i Hy} eLf . —[%]e¥(C)
=[§ 4] F-(P,C)" +[§9].

The notation reflects that these are parallel projection op-
erators onto and along the restricted graphs ¢.(P) and
¢’ (C) [4], [18], [6]. Define

)

-1
bP,C — (ilelﬁ’y (H@T(P)Vﬂ(c))) if [P, C] is stable;

0 otherwise.

Note that bp ¢ < 1. As seen later, this is a measure of robust
stability and nominal performance.

B. Strong graph representations

The definition of the v-gap metric and the corresponding
robust stability results in [10] are underpinned by the fol-
lowing assumptions. These concern the existence of ‘strong
graph representations’ for causal linear systems. Several
classes of systems satisfy the assumptions, including finite-
dimensional LTV state-space systems, distributed-parameter
time-invariant systems, and generic periodic systems with
finite-dimensional ‘realisations’; see [10], [19] for more
details.

Assumption 3.5: Given a causal operator P
dom (P) C Li — Li, there exist causal operators

N,M,N,M,X,Y,X, Y e Z(L% L32) satisfying the
following properties:
1) the double Bezout identity

ERIIEEIREE S FE S
2) 4,(P) = 9(P) N L}, = img(T,(G)) =
ker (TT(G)> for all 7 € R, where

G [i‘ﬂ and Gi= [-M K]
are respectively called right and left strong graph
representations for P, respectively.

The term ‘strong’ in part 2 of Assumption 3.5 is borrowed
from [15] to emphasise that right (resp. left) graph represen-
tations have left (resp. right) bounded causal inverses. In this
paper, graph representations are always taken to be strong.

Remark 3.6: By the properties of strong graph represen-
tations in Assumption 3.5 and Lemma 2.4(ii), it follows that

T, (G) has a causal left inverse T,(Z), and T, (G) has a

causal right inverse T.(Z), where Z := [y x| and Z :=
[’;( . Note that the left-bounded-invertibility of T.(G)
implies ¥4, (P) = img(T,(G)) is a closed subspace [I,
Thm. IV.5.2], as is necessary for feedback stabilisability [15,
Thm. 6.2][4, Prop. 1]; see Remark 3.4. Moreover, note that
GG = 0 and GZ + ZG = I, whereby it holds that
img (G) = ker (é)

Assumption 3.7: G*G = I and GG~ = L ie. strong
right and left graph representations can be taken to be
normalised.

The following assumption is important in the derivation
of the robust feedback stability result in terms of the v-gap
metric in [10].

Assumption 3.8: H.(G) and H,(G) are compact for all
TeR.

C. Characterising feedback stability

By convention, throughout this paper G := [{}] denotes
a normalised strong right graph representation for P and
G = [-m N] a normalised strong left graph representation.
On the other hand, the notation K := [¥] and K :=
[-T V], is adopted for the strong right and left (inverse)
graph representations for C; i.e. 4/(C) = img (T,(K)) =
ker (TT (K))

The stability of the feedback interconnection [P, C| can
be conveniently characterised in terms of strong right and
left graph representations for P and C. The following result
can be found in [10, Thm 3.6] and [19, Thm 3.2.19].

Lemma 3.9: Given causal operators P and C, suppose
that Assumption 3.5 holds, then the following are equivalent:

1) [P,C] is stable;

2) y(KG) > 0 and T, (KG) is boundedly invertible for

all 7 € R;
3) 7(GK) > 0 and T,(GK) is boundedly invertible for
all 7 € R;

for every 7 € R.
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4) I:{G has a bounded causal inverse;
5) GK has a bounded causal inverse.

Moreover, when [P,C] is stable, for all 7 € R,
Oy p)jv:c) =  T-(G)T-(KG)'T,(K) and
Oy, o)« ) = T-(K)T-(GK) 'T,(G). Suppose
further that Assumption 3.7 holds, then the robust

performance margin
bp,c = 7(KG) = 7(GK) > 0.

IV. A TIME-VARYING GENERALISATION OF THE

GAP METRIC
Let
C o X :dom (X) C | X is causal and ¢4, (X)
T LT - LY is closed in L[QTyoo) vreR

The standard gap distance between two systems P; € C and
P, € C is defined to be

30(P1,P2) =7 (Mg, p,) — Myy(py)) »

where Ty, (p,) : L[Qopo) — % (P;) denotes the orthogonal
projection [1], [3], [4], [5], [6]. In line with the time-varying
nature of the dynamical systems concerned in this paper,
define

0-(P1, Py) =7 (Ily, (p,) — Iy, (p,)) < 1.
Note [1]
5, (P, Py) = max{g;(Pl,Pg),gT(PmPl)} ,
where the directed gap
6-(P1,P) = (g, (b)) My, ()

=7 (Mg, p,) (g, (p.))*) 3)
21 — 22

= sup inf
l[z1]]2

71 €9, (Py) £2€9-(P2)
6.(P1,Py) < 1, then 6,(Py,Py) = 46,(P1,Py) =
(P2, Py) [1].

Definition 4.1: Let the time-varying generalisation of the
gap metric on C be defined as

d(Py,Py) :=supd (P, P2) < 1.

Theorem 4.2: Given a gfﬁﬂe feedback interconnection

[P1, C], suppose bp, ¢ > 6(P1,Py), then [P, C] is stable.

Proof:  According to Definition 3.1, it needs to be
established that

If
5,

(i) F-(P3,C): (dom (C)xdom (P))NL, o) = Lf, )
is invertible for all 7 € R; and
(i) sup,cg ¥(F,(P2,C)~!) is finite.
For any 7 € R, first note that [4, Eq. (25)]
_ -1 . . H$1 - 302||2
II / = inf inf ——2%
V(Mg eoloye) = b ol AP

Furthermore, invertibility of F,(P,C) is equivalent to [4,
Prop. 2]

G(P1)+9,(C) = If ., and 4.(P1)n%(C) = {0},

which is in turn equivalent to codim(¥,(P1) +%/(C)) =0
and dim(%,(P1) N ¢/(C)) = 0, where codim denotes
the co-dimension of a subspace. By the hypothesis and
the definition of bp, c, application of [1, Thm. 4.18 and
Thm. 4.24] yields that codim(¥4,(P2) + 4/(C)) = 0
and dim(¥,(P2) N ¢/(C)) = 0, which is equivalent to
F,(P3,C) being invertible, again by [4, Prop. 2]. Hence
(1) holds. An alternative proof to (i) is given in the necessity
proof of [4, Thm. 3].

To see that (ii) is true, note that for any 7 € R, the
inequality in [6, Prop. III.1] implies

_ —1 _ —1
7 (Mg, @y))9:c)) =7 (Mg, @y)9:(0)  —07(P1,P2),

where Ilg (p,)|9(c) 1s well-defined by (2) since
F,(P,,C) is invertible. Taking the infimum on both
sides over all 7 € R then results in

. —1
i‘éufﬂ (g, p,)w:(c)) = bp,,c —0(P1,P3) >0,

from which it follows by (2) again that
sup¥(F, (P2, C)™1) < o0, i.e. (ii) holds. |
TER

Remark 4.3: The time-varying gap metric in Defini-
tion 4.1 resembles that in [13], [5] for discrete-time systems
defined over signals on the semi-infinite time axis, where
a generalisation of Georgiou’s formula [20] is derived via
Arveson’s distance formula and inner/outer factorisations in
nest algebras not known to hold in continuous time.

V. THE GRAPH TOPOLOGY

This section shows that the gap metric defined in the
previous section and the v-gap metric from [10] induce the
same topology on the class of linear systems which admit
normalised strong graph representations. Following [10], a
generalised v-gap is now defined for possibly LTV and
infinite-dimensional systems, in terms of normalised strong
graph representations.

Definition 5.1: Denote by S the set of causal operators
for which all of Assumptions 3.5, 3.7, and 3.8 are satisfied.

Note that by Remark 3.6, S C C defined at the beginning
of Section IV. Throughout, G, € Sand G; € S denote
normalised left and right strong graph representations for
P;, respectively, and K and K those for C € S.

Definition 5.2: The v-gap metric 6, : S X § — [0,1] is
defined as

7(G2Gy) if for all 7 € R,
T, (G5G;) is Fredholm
6,(P1,Ps) := and ind(T,(G5G1)) =0
1 otherwise.

That the v-gap is a metric is shown in [21]. By [10, Cor.
4.3], Theorem 4.2 also holds with 4(-, -) replaced by d,(-, )
for systems in S. In general, the gap and the v-gap between
two systems are not equal, even when they are LTI; see [8,
Chapter 7].
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The following result is important in establishing the topo-
logical equivalence of the gap and v-gap metrics. Let

Q is boundedly invertible
with Q, Q! causal '

Lemma 5.3: Given any P1,Ps € S, it holds that

6(P1,P2) < éfg@’?(cq - G2Q).

Remark 5.4: The inequality of Lemma 5.3 can actually
be shown to be an equality for LTI systems [20] (i.e. the
Georgiou’s formula) and discrete-time LTV systems [13],
[5]. The LTI result [20] exploits the commutant lifting the-
orem [16] for shift-invariant operators and the discrete-time
result [5] makes use of matrix representations of systems
and the Arveson’s distance formula for discrete nest algebras.
These are not known to be hold for continuous LTV systems,
as are considered in this paper.

Proof: [of Lemma 5.3] It suffices to show the above
inequality with §(P, P3) replaced by ¢, (P4, Ps) for every
T €eR.

Using (3), Lemma 2.4(i), Assumptions 3.5 and 3.7,

Q= {Q e Z(I2,12)

- G -G
0,(P1,P2) = sup inf 1G1n 2022
vleLﬁ_’O@) “261‘[27,00) ||U1||2
< sup |Givr — G2Qui|2
T weL? [[o1]]2
< |G1v1 — G2Qua |2
= SsSup s
neL? [v1ll2

for all Q € Q. Thus, &, (P, Ps) < infqeg¥(G1 — G2Q).

The proof is complete if §,(P1,P2) < 1, since then the
two directed gaps are equal. Thus suppose d,(P1,P2) =
1, but §,(Pq,Ps) = P_)/(H(gT(PQ))LHgT(Pl)) < 1. The
latter implies that ¢, (P1) N %, (P2)t = {0}, as other-
wise 6,(Py,Py) = 1. Since ker (Mg, @ )le. @,))") =
ker ((ng(P2)|gr(P1))) = %’F(Pl) N %T(PQ)J—, it follows
that dim ker ((Ily_(p,)|«, p,))*) = 0. Recall from [4, Prop.
3] that 0,(P1,P2) < 1 is equivalent to the invertibility of
Ily (p,)|«, (p,)- The latter is in turn equivalent to

Iy (p,)ly, p,) is Fredholm with
dim ker (H%(pl)|%(p2)) =0 and 4)
dim ker ((H%(Pl)kﬁf(Pg))*) =0.
Therefore, the hypothesis 0,(P1,P2) = 1
implies either H%(pl)\%(m) is not Fredholm or

dimker (Ily_(p,)|y, (p,)) # 0. Now, when there exists a
Q € Q such that 9(G1 — G2Q) < 1, it is shown below that

ITy (p,)ly, p,) is Fredholm with

: )
ind(Ily, (p,)lv, (p,)) =0 VT €R,

leading to a contradiction. As such, the hypothesis that
0;(P1,P2) = 1 and 6,.(P1,P3) < 1 implies ¥(G; —
G2Q) > 1 for any Q € Q. In this case, it is apparent
that

0(P1,Py) < inf (G — G

( 1, 2)_(5%(@’7( 1 2Q),

as required.
The remainder of the proof establishes (5). Note that
F(G1 — G2Q) < 1 implies

¥(G1—-G2Q) = 7(GI(G1—-G2Q)) = y(I-G]G2Q) < 1.

Consequently, as GiG2Q = I — (I — G]G2Q),
v(G1G2Q) > 0 and T,(G]G2Q) is Fredholm with
ind(T,(G;G2Q)) = 0Y7 € R, where the latter holds by
Lemma 2.2(iii). Because Q has a bounded causal inverse,
v(G1G2Q) > 0 implies 7(G]Gz) > 0. Moreover, T-(Q)
is boundedly invertible, hence for all 7 € R, ind(T,(Q)) =
0 and Fredholmness of T,(G]G2Q) = T.(G]G2)T,(Q)
implies that of T,(G]Gz). Applying Lemma 2.2(ii) again,
it follows that

0 = ind(T, (G} G2Q)) = ind(T, (G} Gy)) + ind(T-(Q))
= ind(T,(G]G2)) VT € R,
as claimed. [ |

The following generalises the LTT result of [§, Thm. 7.5].
Define the maximal robustness margin

bopt (P) = sup

CeS: [P,C] is stable

bp’c.

Theorem 5.5: Given any P1,P5,C € S, the following
inequality holds:

5,(P1,P2) <46(P1,Py) < M
bopt (Pl)

Proof: First we show 0, (P1,P2) < §(P1,P2) by mim-
icking aspects of [8, Section 7.2]. Note that if §(P1,P2) =
1, the inequality is trivially true, and hence we assume
d(P1,Py) < 1. This implies §.(P1,P3) < 1 for all 7 € R,
whereby (4) holds. Observe that 4, (P;) = img (T, (G;)) by
Assumption 3.5, Ily_p,) = T,(G1)T-(G]) by Assump-
tion 3.5 and Lemma 2.4(ii) because G is normalised (cf.
Assumption 3.7), and v(T-(G1)) > 0 (cf. Remark 3.6). It
follows as in [8, Section 7.2] that

T,(G])T,(Gz) is Fredholm <=
ITy (p,)lw, (p,) is Fredholm,
in which case
ind(T-(G1Gz)) = ind(Ily, (p)le, p.,))
where Lemma 2.4(ii) has been exploited. As such, (4) implies

that T, (G} Gz) is Fredholm and ind(T,(G]G2)) = 0 for

all 7 € R, whereby (SV(Pl,Pg) = ’?(GQG1)

Now note that ITiy,zc,) = G;G; and ILecot =
G:Gi, since G:él + G;G; = I by the properties of
normalised strong graph representations [10, Eq. 3.2]. Using
again Assumption 3.7,

0,(P1,P2) = 3(G2G1) = 7(G, G261 GY)
= f_y <Himg(G2)L Himg(Gl)) .
Since the v-gap is a metric [21], it follows by the same lines

5,(P1,Ps) = 6,(Ps, P1) = 7 (Himg(cl)mimg(@?)) .
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Comparing this with the directed gap expressions in (3) it
follows that

5,(P1,P2) = 7 (Mimg(cy) — Mimg(cy))

_ . . (6)
=3(G1G] — G2G3);
see also [8, Section 7.2]. Given any v € LH%, note that
TEr_nOO(I —II,)v=v
in || - ||2. As such, since G; : L3 — L2 is bounded and

hence continuous, it follows that for any v € L%,
lim GiI-TL)G(I-IL)v = G,Gjv. (D)
Moreover, recall that
6:(P1,P2) = (Mg, (p,) — My (p,))
=7 (GiI-TL)Glzs |~ Go(I-TL)Gilre ).

2
[r,00

||G1(I — HT) TU — GQ(I — HT)G;U,HQ S (S(Ph P2)

Thus, for any 7 € R and u € L{, ) with [Juf2 <1,

Combining this with (7) and (6) yields
6, (P1,P2) =5 (img(cy) — Mimg(as)) < 0(P1, Py),

as desired.
6, (P1,P2)

Now note that 6(P,P3y) < Ty is trivially satisfied
if §,(P1,P2) > bops(P1). Thus, consider §,(Pq1,Ps2) <
bopt (P1), whereby there exists C € S such that [P, C] is
stable and bp, ¢ > 9, (P1,P2), whereby [P2, C] is stable.
Let A, :=1Ilg, (P2)[|%2(C) _HgT(Pl)Hg,’(C)' It can be shown
that A, = H(ﬁ.,'.(C)H(fT(Pl)HgT(PﬁH%’.(C) [6, Thm IIL.2].
From Lemma 3.9 , it follows that

A, =T, (Go)T,(KG2) ' T, (K)-

T,(G1)T,(KG,) 'T,(K) (8)
=T, (K)T,(GK)'T,(G,G,)T,(KG5) ' T, (K).
9)

Define ~ _
Q = (KGl)ilKGg S Q;

see Lemma 3.9. It follows from (8) and Lemma 2.4(ii) that
A, = (T.(Gy) — T,(G1Q))T,(KG2) ' T, (K).
Comparing this with (9) and applying Lemma 2.4(iii) yields

~ ~ o, (P, P
3G — G1Q) £ 7((GK))3(GrGa) = 27T
Applying Lemma 5.3 gives
o, (P, P
(P, P2) <9(G2 — G1Q) < %
P,,C

Since this inequality holds for any C € S satisfying bp, ¢ >
3, (P1,P2), one can choose a sequence {C,}72; € S such
that bp, ¢, — bopt(P1) as n — oo to arrive at

0,(P1,Py)

0(P1,P2) < ;
( ! 2) bopt(Pl)

see [22] for a use of the same argument above. [ ]

Remark 5.6: The inequality in Theorem 5.5 shows that
the gap and the v-gap metrics are equivalent on S, since
bopt(X) > 0 for any X € S by Assumption 3.5. They
generate the same topology, which is often termed the graph
topology in the literature [4], [8], [6]. It can be shown as in
the LTI case [23], [8] that this is the coarsest topology with
respect to which both feedback stability and performance are
robust properties [19, Section 3.3].
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