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Abstract— In this paper we consider the problem of comput-
ing finite-horizon quadratic optimal controls for a network of
interconnected heterogeneous linear systems. We assume that
the network is isomorphic to an acyclic directed graph and
propose a solution to the problem via dynamic programming.
This yields a finite sequence of smaller problems to be solved.
Each smaller problem is associated with a node (or collection
of such) in the network graph. It involves only local informa-
tion and information from neighbours. As such, the solution
algorithm lends itself to a distributed implementation. We
numerically compare the performance of the proposed solution
with computing the finite-horizon optimal controls by solving
the global problem without exploiting structure.

I. INTRODUCTION

The areas of distributed control and optimisation have been
the subject of renewed interest over the last few years, and
much effort has been invested in solving numerous practical
problems in the aforementioned areas through implementing
systems that take advantage of ubiquitous computing and
networking capabilities. Smart-grids [1], water distribution
networks [2], [3], and supply chains [4] are just a few
examples of such problems.

In this paper, we consider the problem of quadratic control
in a network of heterogeneous coupled linear systems. For
networks with coupling over a directed acyclic graph, we
propose a way to decompose the problem of computing
the optimal input sequences for each node over the finite
horizon. The decomposition is such that the computation
can be distributed across the network, without requiring each
node to maintain a global model of the system. Indeed, only
local model information is required at each node, specifically,
model information at each nodes and the information about
that of those nodes that are coupled with it. Information
that passes in sequence between neighbours (i.e. individual
nodes in a path graph) is also required. The exchange of
information is not part of an iterative process. It completes
in a finite number of steps equal to, at most, twice the number
of sub-systems or neighbourhoods. See [5], [6] for a review
of techniques for distributing the computation associated
with quadratic control. We compare the computational effort
required by our proposed method with solving the global
optimisation problem directly via numerical examples.

As mentioned above, we limit our results in this paper to
those networks that are isomorphic to acyclic directed graphs,
and particularly focus on the networks with underlying
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rooted trees. We later extend it networks isomorphic to other
types of acyclic graphs. Moreover, the contributions of this
paper can be seen in the light of the recent works where
the problem of controller design in spatially-varying inter-
connected systems are considered and it is desired to obtain
computationally efficient methods to obtain such controllers,
e.g. see [7]-[9] and references there-in.

The inspiration behind the network topology and the
coupling that we initially consider in this paper comes
from the problem of controlling irrigation networks. An
irrigation channel is composed of a set of interconnected
pools that are separated by flume gates that can locally
impose flow. Off-takes points for the supply of water to
farms or secondary channels are located at the downstream
end of pools. Hence, the interconnection resembles a rooted
tree. For more information one may refer to [2], [10].
Furthermore, the different classes of graphs we study can be
used to model many other physical systems. For example,
the distribution section of an electrical grid can be modelled
as a tree or a tree-like graph [11]. Cactus graphs can be
used to model the relationships among genomes [12], and
the importance of tree graphs in designing stable multi-agent
formations under quantised communication is established in
[13]. The problems considered subsequently are relevant to
the application of receding horizon control techniques to
network systems of these kind.

The outline of this paper is as follows. After introducing
the notation used in this paper, we state the required pre-
liminaries and the problem formulation in Section II. Then
we address the problem described in Section II for a class
of acyclic graphs in Section III. We present some simulation
results and comparisons in Section IV. Concluding remarks
and future research directions come in Section V.

Notations: In this paper capital letters are used to denote
linear operators, small latin letter and greek letters represent
vectors and scalars, and capital calligraphic letters represent
sets, except for the well-known set R. The cardinality of a set
A is denoted by |.A]. Indices indicate a variable that is local
to a subsystem with the same index, and the superscript * is
used to indicate the optimal value of a variable with respect
to a cost function. For integer variables ¢ = a : b means the
same as i = a,a+1,...,b for integers a and b. We write A >
0 (A > 0) if A is Hermitian positive (semi)definite, and we
write AT and A~! meaning the (conjugate) transpose and the
(pseudo)inverse of A, respectively. By x(¢) and z(t; : t2) we
mean the value of variable x at time ¢ and the concatenation
of values of variable x at times ¢t = t; : to, respectively.
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II. PRELIMINARIES AND PROBLEM FORMULATION

Consider n interconnected discrete-time systems in set
V = {1 :n} where each system ¢ € V is described by

where z;(t) € RP, u;(t) € R™, v;(t) € R®?, A; € RP*P,
B; e RP*™ ), € RP*S, for some positive integers p, m, s,
x;(tg) = &;, and

vi(t) = Z Uiu (t) + Z X (t) )

leN; leN;

where U;; and Xj; are coupling matrices of appropriate
dimensions and describe the interconnection between ¢ and
the systems in some given set ;™ (the graphical interpre-
tation of this is given below.) and we assume that for any
interconnection between ¢ and ! only one of U; or Xj; is
nonzero. Additionally, we define NV;* = {l|i € A" }. Let
G be either a directed or undirected non-empty graph. A
path is a non-empty graph P = (Vp,Ep) C G of the form
Vp = {Z}i€:1 and &, = {(313]2—1—1)}16:_11 , where {jlv T >jk}
is a permutation of {1, --- , k}. The vertices jo,- - , jr_1 are
the inner vertices of P. Furthermore, every sequence of edges
that form a closed path in G and do not visit the same node
twice, except the start/end node, is called cycle. A graph
without any cycle is in turn termed acyclic.

The network of systems described by (1) and (2) can be
modelled as a directed graph G = (V, £) where the vertices
of the graph are the (sub)systems, an edge connects two
vertices if they are coupled, i.e. £ = {(I,%)|l,i € V,l €
N}, N is the set of in-neighbours of i and Nt is the set
of out-neighbours of ¢. The standing assumption throughout
this paper is that G is acyclic, and , initially, |N,”| = 1. Later
we will comment on the situations where each ¢ might have
more than one in-neighbour.

Moreover, given 7 > 1 for each system ¢ for t =ty + 1:
to + 7, we have

ui(to:to+7—1)
zilto+1:to+7)=[Gi H; Lj| |vi(to:to+7—1)

&
3)
A, 0 .0 A
AN A ... 0 ‘
. ,and L; = | . For
ATTIA; ATTRA; LA A

ease of notation we use z;, u;, and v; instead of x;(to+ 1 :
to+7), ui(to : to+7—1), and v;(to : to+7—1), respectively.
Thus, (3) becomes

u;
v;=[Gi H; Li] |vi. “4)
&i

The main problem we consider in this paper is given below.

t=ty

t=1p+1

t=to+7—2 |

t=to+7—1:

Fig. 1. The spatial and temporal interdependence of the systems in a path.

Problem 1: Consider the aforementioned interconnected
systems. Given 7 > 1, define

n to+1
1
f(ulv-“vun):az Z filui(t))
i=1t=to+1
1 n to+T1

=320 D @ Qua(t) + uild) Re(t)ui()
%)

i=1t=to+1
for known Q;(t) > 0 and R;(¢t) > 0. Furthermore, let
vo(t) = 0, for all ¢ > 0. Compute u}, i = 1 : n, to minimise
(5) subject to (2) and (4).
Moreover, we define (); and R; to be block diago-
nal matrices with blocks Q;(to),...,Qi(to + 7 — 1) and
Ri(to),. .., Ri(to + 7 — 1), respectively.

III. DISTRIBUTED FINITE-HORIZON OPTIMAL CONTROL
FOR CLASSES OF ACYCLIC DIRECTED GRAPHS

In this section we address Problem 1 for different classes
of directed acyclic graphs. The first class of networks we
consider are those that can be represented by a directed path.

A. Directed Paths

We initially consider the case where N, = {i — 1} and
N = {i+1}. This assumption renders the above-mentioned
graph to be an elementary path from ¢ to n. Additionally, we
write U; and X; meaning U;;_1 and X;;_; respectively.
We denote this path by P = (V,€) where V = {i}l,
and &€ = {(4,i + 1)|5,i + 1 € V}. We also consider
different coupling scenarios via different configurations of
(2). However, before continuing further, we comment on
the way that the principles of dynamic programming are
employed in this paper. Fig. 1 depicts the way that systems
in the aforementioned path are interconnected spatially and
temporally for time ¢t = ty : tg + 7 — 1. Each system i at
time ¢ directly influences itself at time ¢ + 1 and system
i+ 1 at time ¢. That is, there is both temporal and spatial
causality. The more conventional way of calculating the
optimal inputs would be to characterise the optimal inputs of
the subsystems at temporal stage ¢ = to+7—1 and apply the
dynamic programming principle to characterise the optimal
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inputs at each preceding temporal stage. Proceeding in this
way would yield a solution algorithm, which would not
lend itself to distributed implementation, in that each node
would need access to global network model information and
at each stage of the computation all-to-all communication
would be required. Thus, instead of this temporal treatment
of the interconnected systems, one can apply the dynamic
programming principle spatially. Such an application of the
dynamic programming enables each systems ¢ to calculate
its optimal input via its locally available information and
information that is acquired from neighbours only. Moreover,
even if the ability to efficiently perform calculations in a
distributed fashion would not be of importance, for the
situations where 7 < n, such a spatial view result in much
smaller problems, and hence more efficient algorithms, than
the more conventional temporal approach.

1) Coupling Through Control Signals: In this sub-section
we consider the scenarios that the intersystem coupling is
through the control inputs of the neighbouring systems. First
we consider the case where v;(t) = U;u;—1(t). Without loss
of generality one can assume U; to be the identity matrix as
for the case where it is not equal to identity (1) becomes

:L‘i(t + 1) = All‘l(t) + Biui(t) + EiUiui,l(t),
and equivalently for E; = E;U;

We state the main result of this section.
Proposition 1: Consider n systems where each system ¢
is described by

zi(t + 1) = Aswi(t) + Biui(t) + Eiui—1(t).

Let u} be the concatenation of u}(to),. ..
¢ =1:n. Then u* = [uf,...
and

uf = —(G QiGi + Ri + Riy1) ™!
(Gl QiHiui—1 + G QiLi& + rit1)

R, =H, (Qi—QiGi(GiTQiGi+Ri+Ri+1)71G;Qi)Hi’

suy(to +7 — 1),

*] is the minimiser of (5),

7un

ri = HQ;Li&
— H'QiGi(G] QiGi + Ry + Riy1) MG QiLi& +1iy1),
where §n+1 =0and rpy; = 0.

Proof: The proof is a consequence of applying standard
dynamic programming principle. First define

n to+T1

Sup) = Y filw(t)

I=i t=to+1

9i(ui, - -
Checking the KKT conditions for system n yields the optimal
input that minimises gy, (u;):
U = ~(Gn QuGn + Rn) ' Gy Qu(Hptin—1 + Lun).
Evaluating g,,(u,,) at u} we obtain

gn(un)\u; = urzflﬁnunfl + 2”7—5717"71 + Tn

where

o = 1 (Qu — QuGn(GlQuGr + ) "G Qu ) Ha,

and ~, is a constant. Applying the dynamic programming
principle we obtain

uf =— (G} QiGi + Ri + Riy1) "G QiHu;—y
— (G QiGi + Ri + Rit1) (G QiLi& + rit1)

Ry = H] (Qi ~ QiGi(G] QuGi+ Ri+ Rin) G Qi) H;

Ty = HiTQiLigi_
HQ:Gi(G] QiG; + R + Rit1) " HG] QiLi& + ri11).

|
Proposition 1 and its proof shed some light on the nature of
calculations and information required to obtain the optimal
control input to minimise (5). The optimal control input u}
can be constructed through access to the local values G;, H;,
L;, Q;, R;, and receiving values R,-H and r; 41 from system
i+ 1 and w;—; from system i — 1.

2) Coupling Through States: In this section we consider
the case where v;(t) = X;x,_1(t). Similar to the previous
section, without loss of generality, we assume X is identity.
We state the main result of this section.

Proposition 2: Consider n systems where each system ¢
is described by

JCi(t + 1) = Ail‘i(t) + Biui(t) + Eixi_l(t).
Let u} be the concatenation of u}(tp),. ..

i=1:n. Then u* = [uj,...
and

Juf(to + 7 — 1),
,ur] is the minimiser of (5),

uf = —(G} QiG; + Ry) ™
(G] QiHiwi—1 + G} QiLi& + G qis1)

Q=17 (@ - QGACT QG+ R) GO,

Qi=Qi+ Qi1
g =H (@z ~ QiGi(G] QG + Ri)ilGIéi)Lifi
+ (HZT — H] Q:Gi(G] Q:G; + Ri)_lGiT@i)Qi—i-la

where @n =Q; and g, =0
Proof: Similar to the proof of Proposition 1 the proof is
a consequence of applying standard dynamic programming
principle. We have omitted the proof for the sake of brevity.
|
Again similar to the previous case, the optimal control input
u} can be constructed through access to the local values G;,
H;, L;, Q;, R;, and receiving values @i 11 and g;y1 from
system ¢ + 1 and x;_; from system ¢ — 1.
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Fig. 2. An example of systems under heterogeneous coupling.
TABLE 1
DIFFERENT COUPLINGS OF 4.
Case I Case 11 Case I Case IV
Vi1 Uip1u; Xiy1x; Uirru;  Xiqp1x;
Vi Uiui—1  Xipizi—1  Xyzio1r Usui—

3) Heterogeneous Coupling: We conclude this section by
commenting on situations where the couplings in a system
are not of the same type. An example for such scenarios is
shown in Fig. 2 where v;11 = U;11u; and v; = X;2,1.
Different coupling arrangements for system ¢ are described
in Table I. Note that Cases I and II can be addressed by
applying the results of the previous two subsection directly.
In what follows we present the solution for calculating u}
for Cases III and IV.

Case III: : Let g;y1(wit1,...,uy) evaluated at u}, | be

T T
9i+1(ui+17 s ,Un)|u;+1 =u; Rip1u; +2u; rip1 + Yig1

Then it is easy to check
u: = *(G:QiGl + R; +Ei+1)71
(GiQiH;xi—1 + GiQiLi& + 1iq1).

Moreover, g;+1(%it1,--.,u,) evaluated at u} is

Git1(Uig1, - Up) = 90;21@1%1‘—1 + 233111(11‘ + Y-

lutia
where

Q,=H,' (Qi —-QiGi(G QiGi + R; +Ei+1)_1G;‘rQi>Hi
and

¢ =HQ;L& -
—HQ:Gi(G] QiGi + Ri + Ris1) 1G] QiLi& + riy1).

Case IV: : Similar to the previous case, let g;41(to, 7)
evaluated at u},; be

A T
Git1(Wit1, - - ,un)\ufﬂ =; Qiy1%i + 225 Gip1 + Vi1

Then it is easy to check

uf = —(G] QiGi+R:) " (GiQiHiui 1+GiQi Li&i+G] qivn).

where Q; = Q; + Q,41. Moreover, g;(to, ) evaluated at u}
is

T B T -
7un)\u* = U¢71Riui71 + 2“;‘717“2’ + Y-

i+1

Git1(Uig, -
where
Q,=H/ (Qi —QiGi(G QiGi + R, +§i+1)_1G;‘rQi)Hi
and

¢ = H'Q;L& -
—HQ:Gi(G] QiGi + Ri + Ris1) N (G QiLi& + riy1).

43 33 23

Fig. 3. A sample rooted tree and three paths with vertex sets V; =
{11,21}, V2 = {12,22,23}, and V3 = {13, 23, 33,43}.

B. Rooted Trees

The systems considered in Section III-A can be modelled
as a directed path from 1 to n. We now consider the case
where systems 1 : n form a rooted tree with 1 as its root.
A rooted tree is a directed graph such that the underlying
undirected graph has no cycles and all the edges point
away from the root, that is the vertex with in-degree equal
to zero. The graph described above is also known as an
arborescence. Each vertex with an out-degree more than 1
is called a fork and each vertex with an out-degree equal
to zero is termed a leaf. We can partition the rooted graph
into directed paths connecting a fork to a leaf, a fork to
another fork, and the root to the first fork, all without going
through an intermediate fork. For all the systems ¢ forming
a rooted tree graph |[N;"| =1 and |N;"| > 1. Fig. 3 depicts
a possible interconnection topology and the corresponding
paths. The problem of finding the optimal control signals to
minimise (5) then becomes applying the results obtained in
the previous section directly to the nodes that are not forks
and indirectly to the forks. In the next two subsection we
formalise the solution for two different types of coupling
considered earlier.

1) Coupling Through Control Signals: Having in mind
the same spatial take on applying the dynamic programming
principle as in the previous section, we formally characterise
the optimal control input of each system ¢ for the case where
the systems form a rooted tree in the following proposition.

Proposition 3: Consider n systems where each system ¢
is described by

zi(t +1) = Aixi(t) + Biui(t) + Eyu,;-(t).

where i~ € N, . Let u} be the concatenation of
uf(to),...,uf(to+7—1),i=1:n. Then u* = [uf,..., u)]
is the minimiser of (5), and

* _
u; =

— (G] QiGi + Ri + Ri) " (G QiHiu;- + G Q;Li&; + 1)
where R; = Sien+ Bi 7o = > p+ 7 If i is not a leaf
Ri=H/ (Qi — QiGi(G{ QiGi + R; + Ei)_lG:Qi)Hh

Ty = HiTQz'Lz‘fi
— H]Q:Gi(G] QiGi + Ri + R) " (G QiLi&i + 71)

and if 7 is a leaf éz =0, and 7; = 0.
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2) Coupling Through States: For the case where the
coupling is through states we have the following result.

Proposition 4: Consider n systems where each system ¢
is described by

where i~ € N, . Let uf be the concatenation of
uf(to),...,ul(to+7—1),5=1:n. Then u* = [u},..., u}]
is the minimiser of (5), and

—(G7QiGs + Ry
(G;r@iHixi— + Gl QiLi&i + G @)

where Q; = Q; + Sien+ Qi @ = D jen+ @ If i is not a
leaf Q;, = H,;” (@z - éle(GzTész + Ri)ilG;‘r@i)H

=H; (@z — QiGi(G] QiG; + Ri)ilG;@i)Lié‘i
+ (HzT — HQ:Gi(G QG + Ri)_lGiTQvi)Qi-i-h

and if 7 is a leaf @i =@, and ¢; = 0.

3) Heterogeneous Coupling: One can consider the case
where not all the inter-system couplings are of the same
nature. For example the case where a fork system ¢ has two
out-neighbours, ./\/jJr = {j,1}, and influences one of them
through its input signal and other one through its state, i.e.,
v;(t) = Uju;(t) and v(t) = Xjx;(t). The procedure to
compute the optimal input signal at each of the systems,
while not identical, is similar to the ones introduced earlier
and we omit them for brevity.

C. n-Neighbour Graph

First, we define the graph that describes the network we
consider in this section. We call the directed graph G =
(V, &) an n-neighbour graph if N,” = {i—1,... ,max(1,i—
1)} for a positive integer 7. Assuming that the interconnec-
tion graph is an 7m-neighbour graph we address Problem 1
in this section. For the sake of brevity, we consider the case
where the inter-system couplings are achieved via control
inputs, for the interconnection graph described above it is
easy to check that each system ¢ is described by

[N
=1

To be able to address Problem 1 we form n = [n/vﬂ
augmented systems. If » mod nn # 0 then each system
7 > 2 is described by

Zi(t+1) = A;7;(t) + Bju

x()T7

u(t) + Ejuj_1(t)  (6)

i1 ()], w(t) =

where Z;(t) = |
Uiry—1(1) )T, A; —dlag(A

[Ui(t)T7..., '7A’L'+?7*1)’
B; 0 . 0
_ Ei1Uiq1s Bii1 0
B, = . : .
Eivn-1Uitn-1, Fitng-1Uitn-1,i+1 Bitn—1

and
EiU; i—n EiU;i—nt1 EU; i1
o 0 Eit1Uit1,i—nt1 Ei1Uit1,i-1
E; = . .
0 0 Eiyn-1Uitn-1,-1

For the augmented system 1 we have Z;(t) =

L:Cl(t)T,...,xp(t)T]T, ai(t) = [ul(t)T,...,up(t)T]T,
A1 = diag(Al,...7Ap),
B, 0 ... 0
E2U2’1 By 0
i~ : : ) e
EU,1 EU,» ... B,

and E; = 0. For the case where n mod 7 = 0, (6) describes
all j = 1 : n augmented systems. Assuming that all agents
7 in an augmented system j as described above have a local
model of the augmented system j, i.e. exchange information
with all the other systems in j, and receive information from
the augmented system j + 1 one can apply the results from
Section III-A to obtain u} for ¢ = 1 : n that minimise (5).
Following similar steps one can compute the optimal control
input for the case where the systems are coupled via state
variables.

D. Rooted Cacti

We start this section by defining the class of networks
we consider here. An undirected graph is a cactus if any
two cycles have at most one common vertex. We extended
this definition to directed graphs in what follows. We call
an acyclic directed graph a rooted cactus if there is only
one vertex with zero in-neighbours and if the underlying
undirected graph is a cactus. An example of a rooted cactus
is depicted in Fig. 4(a). We form n augmented systems as
described in what follows. All systems ¢ that belong to the
same cycle in the underlying undirected graph are considered
to form one augmented system. For the case where a system
belong to two undirected graphs, it is considered to be a
part of the augmented system where its in-neighbours are a
member of. Moreover, if a system is not a member of a cycle
in the undirected graph then it does not form a larger augment
system with any other system. Additionally, it is assumed
that the systems form an augmented system have full access
to the other systems forming the same augmented system.
An example for which systems form augmented systems is
given in Fig. 4(b). The interconnection graph after forming
the augmented systems is depicted in Fig. 4(c). It is easy
to show that after forming the augmented systems described
above the network of such augmented systems is isomorphic
to a rooted tree. Thus, one can apply the results presented
in Section III-B to solve Problem 1.

IV. NUMERICAL EXAMPLES
Initially we consider 20 coupled systems where

xi(t+1) = Az;(t) + Bu;(t) + Eu;—1(t), i=1:n
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(a) (b) (©

Fig. 4. An example for a rooted cactus network, and augmented systems.

|
]

Fig. 5. The trajectories of 20 systems coupled through control inputs.
1 0.5 0 0

where A = L 0 , B = 1 , B = [0.5},anduo(t)—0.

Additionally, @Q;(t) = (1) (1) , Ri(t) = 1, and 7 = 20,

i =1:n,t =1ty : ty+ 7. The state trajectories of the

systems after applying the inputs computed as described in
Proposition 1, coincide with the trajectories obtained form
solving the problem in a direct way without exploiting
structure, to minimise (5) as depicted in Fig. 5. In the
next scenario to demonstrate the efficiency of the method
outlined here we compare the average time required to
calculate the optimal inputs, for paths of 10 different lengths
— from 10 to 100. The average time required for all the
systems to calculate their optimal inputs verses the length
(size) of the path is depicted in Fig. 6. It can be seen
that the method proposed here computes the optimal control
inputs more than 10 times faster for the smaller number
of systems and 100 times faster for longer paths than a
direct computation where a global static optimisation prob-
lem over the finite-horizon is solved. To conform with the
guidelines of reproducible research the Octave/Matlab
file to generate the results presented above can be found at
http://eemensch.tumblr.com/d_l1gr_dp.

V. CONCLUDING REMARKS

In this paper, we proposed a computationally efficient
method to calculate optimal control inputs in a networks
of linear systems with underlying acyclic graphs and made
comparisons with other types of solutions where a global
problem needs to be solved at each system. We note that
the results obtained here are immediately applicable to the
scenarios where the signals are corrupted by i.i.d. noise vari-
ables. Moreover, the spatial decomposition idea introduced
is applicable to the case where the systems have nonlinear
dynamics, or in the presence of constraints albeit not so ex-
plicitly. This in turn facilitates applying the computationally

22
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=
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o
c
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> .
< 01 Proposed Solution

0.01

10 20 30 40 50 60 70 80 90 100
Number of the systems in the path
Fig. 6. The average time required to calculate the control inputs for the

paths of different lengths using the proposed distributed scheme and the
case where the global problem is solved.

efficient methods proposed here to address the problem of
distributed model predictive control in the networks with the
same classes of underlying graphs. For a recent review of
the computational aspects of distributed MPC one can refer
to [14].
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