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Abstract—An efficient global optimization method based on 
multi-unit extremum seeking has been proposed recently for 
noise-free nonlinear continuous static, scalar systems. Herein, a 
monotonically decreasing offset is introduced between the 
inputs of two identical units and the estimated gradient by 
finite difference is controlled to zero by an integrator. This 
paper is the extension of the mentioned algorithm to globally 
optimize scalar objective functions with the presence of noise. 
The algorithm is applied on several noisy global optimization 
test problems to show the capability of this methodology.  
 

I. INTRODUCTION 

 
The global optimization of a nonlinear function in the 
presence of noise is a challenging though an interesting 
problem. The effect of stochastic noise can be demonstrated 
in an optimization problem in different ways. For example, 
the imperfect convergence of a numerical simulation can 
severely affect the calculation of the objective function [11]. 
Noise can produce bias and topographical inaccuracy in the 
objective function evaluation, affecting the accuracy and 
convergence of the optimization problem. The continuous 
increase of computational power during recent years has 
renewed the interest in global optimization of noisy 
functions. 
 
Stochastic approximation methods are usually applied for 
local optimization of noisy functions. For global 
optimization of such problems a combination of a stochastic 
approximation method with a random multi-start algorithm 
may be employed [15]. A recursive algorithm which uses a 
switching method between the stochastic approximation and 
the random search is proposed in [7]; a good switching rule 
and an efficient method to reduce the noise effect is the key 
point when using such a combination. A stochastic globally 
optimizing neural network called a “noise annealing neural 
network” is another attempt to solve the nonlinear 
constrained global optimization problems in the presence of 
noise [2]. This method is an extension of the canonical 
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nonlinear programming neural network. Another alternative 
is based on a statistical model of an objective function. In 
this framework, the objective function of a mono-variable 
optimization problem is modeled as a standard probability 
model (Wiener process) which is corrupted with independent 
Gaussian noise [3]. Finally, a novel Monte-Carlo technique 
based on a black-box approach has been proposed by 
Ramani et al. [12]. This method is based on optimizing the 
parameters of an arbitrary denoising algorithm by assessing 
the true mean-squared-error (MSE) from the measured noisy 
data.  
 
Extremum-seeking methods use different gradient estimation 
strategies for their convergence [1,8,10]. These schemes 
typically find the local optimum by controlling the gradient 
to zero. The multi-unit optimization method is a real-time 
extremum seeking control strategy where the gradient is 
computed based on the finite difference between a set of 
parallel units which operate with input values differing by a 
constant, pre-fixed offset [13]. The estimated gradient 
converges to zero by an integrator. On the other hand, a 
global extremum-seeking method for a restricted class of 
noise-free scalar maps has been proposed by Tan et al. [14] 
where a sinusoidal temporal perturbation with a pre-fixed 
amplitude is added to the input and its amplitude is reduced 
to zero. Here, the gradient is obtained as a correlation 
between the inputs and the outputs. As an alternative Azar et 
al. [6] proposed a deterministic global optimization method 
for a general class of noise-free scalar systems based on 
multi-unit extremum seeking control where the pre-fixed 
offset between the inputs of two identical units is reduced to 
zero. Simultaneously, the gradient evaluated using the finite 
difference between two units operating with decreasing 
offset is controlled to zero by an integrator. The units are 
assumed to be identical meaning that there is no difference 
between the operating curves of their static maps. The 
comparison of the global optimization of scalar systems by 
multi-unit extremum seeking using genetic algorithms, 
simulated annealing and DIRECT algorithms showed better 
results for the multi-unit method in terms of fewer numbers 
of function evaluations. 
 
DIRECT (DIviding RECTangles) is a deterministic global 
optimization algorithm based on a space-partitioning scheme 
for bound-constrained problems. A simple adaptation of this 
algorithm for noisy functions has been developed by Deng et 
al. [4]. In this method, multiple function evaluations are 
replicated at each point and an average is taken to reduce 
functional uncertainty. Bayesian sample information is 
employed to determine appropriate numbers of replications. 
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This paper discusses the extension of the global optimization 
of scalar systems by multi-unit extremum seeking control to 
handle noisy objective functions. In the noise-free global 
optimization by multi-units, the offset between the inputs 
and the estimated gradient can be decreased to zero linearly, 
exponentially or in any other manner [6]. In the proposed 
algorithm, it is shown that the global optimum of a noisy 
function can be obtained if the gains of the adaptation laws 
for the offset and estimated gradient are changed adaptively. 
The noise considered in this study is Gaussian noise. The 
key contribution lies in formulating the adaptation law of the 
offset between two units to increase the replication of 
function evaluations adaptively where the values of their 
objective functions are sufficiently close.  Accordingly, an 
average is taken to reduce functional uncertainty produced 
by noise. Furthermore, the algorithm is automatically 
relaxed when the values of the objective function of two 
units are sufficiently far. Therefor, there is no need to 
replicate multiple function evaluations even if the impact of 
noise is significant. The proposed method is suitable for 
mono-variable black-box (i.e. simulation-based) 
optimization problems when the function is observed with 
noise. Black-box models describe process behavior when 
closed-form equations are not available. This method only 
requires the sampled data from the objective function 
assuming that it is corrupted by Gaussian noise. It does not 
need any information about the functional form of the noise-
free objective function. 
 
The outline of the paper is as follows. Section II provides an 
overview of global optimization using multi-unit extremum 
seeking controllers for the unconstrained noise-free scalar 
systems. Section III presents the extension of the method to 
optimization of scalar systems in the presence of noise. In 
section IV, the established algorithm is applied on a number 
of noisy global optimization problems and the effects of 
different parameters on the convergence of the method are 
outlined. The conclusions of the paper are presented in 
section V. 

II. GLOBAL OPTIMIZATION USING MULTI-UNIT EXTREMUM 

SEEKING CONTROL FOR NOISE-FREE SCALAR SYSTEMS 

 
The global optimization using multi-units is an extremum 
seeking technique that estimates the gradient by the finite 
difference of the outputs of two identical units where the 
inputs differ by a decreasing pre-fixed offset Δ. An integral 
controller then forces the gradient to zero converging to a 
local optimum of the objective function [13].  The extension 
of the local extremum seeking control using multi-units to 
global optimization of the noise-free static nonlinear and 
continuous scalar systems was developed by Azar et al. [6]. 
The main idea is to decrease the offset to zero 
monotonically. The schematic is presented in figure 1. 

 
Figure 1. Global extremum-seeking control with multi-units  

(noise-free systems) 

 
The update equations and adaptation laws for global 
optimization (maximization) of a scalar and continuous 
function f(u) are given by, 
 

,a bu u u u                       (1)               

     0, (0)u k sign f u f u u u

          (2)               

0, (0) 0k

        .              (3)    

              
Depending on the rate of convergence k, the offset Δ 
decreases to zero monotonically. Δ can be decreased to zero 
in any predefined fashion; the exponential adaptation has 
been considered here. However, the absolute value of its 
dynamics must be equal to the absolute value of the 
dynamics of u. This way, the dynamics of each unit is 
formulated in a way that at each instant, the movement of 
each unit is towards a better local operating point on the 
nonlinear map f(u). The basic condition for this algorithm to 
converge to the global optimum is |u0 -u**| 0. u0 is the 
initial input value and u** is the global optimum of the 
nonlinear map. Since the location of u** is not known a 
priori, the above condition will be satisfied by choosing an 
initial value large enough for 0. The proof of convergence 
for this algorithm has been provided using the mathematical 
contradiction formalism [6]. This algorithm was also 
extended to constrained problems where a switching control 
strategy is employed [5]. 

III. CONSTRUCTION OF THE ALGORITHM  FOR GLOBAL 

OPTIMIZATION OF NOISY SCALAR SYSTEMS 

 
Consider the global optimization of a noisy scalar, static, 
non-convex continuous, nonlinear function as follows, 

                   
max [ ( ) ( )]

.

N

u R
y f u F

st L u U

 


   

 
            (4) 

f(u) is an unknown noise-corrupted function and is 
considered as a black-box. The function y = f(u)  may have 
multiple local maxima, um

*, m = 1,2, …, n, but a unique 
global maximum, u**. ζ(ω) is a random variable which 
affects the sampled output response of the function f(.) [9]. 
FN is the notation for noisy functional value of f(u). L and U 
are the lower and upper bounds for the input u, respectively.  
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A. Schematic diagram 

In this paper, the noise-free global optimization algorithm 
using multi-units is modified to achieve global optimization 
of noisy scalar functions. The schematic of the noise-
corrupted extremum seeking control is presented in Figure 2. 
The proposed strategy is explained in the following sections.  

 
Figure 2. Global extremum-seeking control with multi-units (noisy systems) 

B. Adaptive offset value Δ 

The main contribution lies in the fact that the offset 
parameter between the two units is reduced to zero based on 
the tangent hyperbolic function. In the new algorithm, the 
adaptation laws are based on the same equations (2), (3), and 
the adaptation gain is given by, 

                            ba FFk tanh                     (5) 

Fa and Fb are the noise-filtered functional values of Fa
N and 

Fb
N respectively and will be introduced in the next section. k 

determines the rate of convergence of Δ and α is a 
coefficient which effects this rate of convergence. The larger 
the adaptation gain k, the smaller will be the time constant of 
the system. α and η are two prefixed tuning parameters 
which affect the precision of the algorithm. The larger the 
value of α, the faster will be the integration. However, 
regarding the simplicity of the algorithm α = 1 is chosen in 
the rest of this paper. ε is a certain small positive value.  The 
smaller the difference between Fa and Fb, the smaller is their 
Tangent hyperbolic, and k more closely approximates the 
Sign function. The Sign function belongs to the tangent 
hyperbolic family:  from Figure 3, the Sign function is just a 
special case of the tangent hyperbolic function (η=∞). 
Depending on the “Lipschitzian” characteristic of the static 
maps, the adaptation laws may introduce stiffness in the 
integration process. The stiffer the integration, the more time 
would be required for convergence and the more samples 
would be required. An alternative solution to overcome this 
stiffness is to use another tuning parameter η.  

 
Figure 3. Tangent hyperbolic function  

The lower the value of η, the faster will be the integration. 
However, a low value of η might lead to a situation where 

the global optimum is missed and the algorithm converges to 
a local optimum. It will be demonstrated that the number of 
noisy function evaluations and the convergence speed of the 
system depend on the relaxation of the adaptation law for the 
integration of offset value Δ. The numbers of replications of 
function evaluation depends on the stiffness of the objective 
function, the tuning parameters of the algorithm and the 
impact of the noise.  

 

C. Noise filtering 

The noise-filtered functional values of Fa and Fb are 
described as follows, 
 

( 1)
( 1) ( 1)2

N
aj a j

a j b j
aj

N
aj

F F
if F F

F

F otherwise


 

 
  

 

           

(6) 
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F
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
 

 
  

 

           

(7) 

 
j is an indicator that shows the number of function 
evaluations or sampling in the integration of the adaptation 
laws.  In other words, Faj

N and Fbj
N are the sequential noisy 

function values (j=1,2,…). Fa0 = Fa1
N, Fb0 = Fb1

N and ε is a 
certain small positive value.  After each sampling of certain 
parts of the nonlinear curve, its average with the previous 
samples is computed. Therefore, a better approximation of 
the real functional value is considered by averaging the 
outputs. In this way the impact of the noise on the objective 
function is reduced. The key point here is that the averaging 
of the noisy samples is not a continuous part of the algorithm 
at every given sample of the nonlinear curve. However, the 
averaging of the samples is automatically done only from 
certain functional values where the outputs of the two units 
are very close. This method of averaging prevents an 
excessive number of function evaluations in the algorithm.  
Note that the location of the mentioned segments can vary 
depending on the initial value of the offset parameter 0. The 
offset value Δ evolves depending on the difference value 
between two noise-filtered functional values. Similar to the 
noise-free scenario, the length of step taken by the inputs is 
determined not by the gradient but by the variation of the 
offset parameter (Δ). The key difference in optimization of 
noisy functions is that the offset parameter does not decrease 
just monotonically exponentially. In the proposed algorithm, 
Δ varies adaptively based on the tangent hyperbolic of the 
difference value between two noise-filtered outputs. If this 
difference is greater than ε, it would not be worth taking 
further function evaluations. In this case, the same noisy 
functional value is used in the adaptation gain (5). Therefore, 
the dynamics of the unit with a better noisy function value 
remains zero until the other one arrives at a better operating 
point. The offset value between the inputs of two units keeps 
shrinking continuously. As soon as the difference between 
the noise-filtered objective functions becomes smaller than 
ε, the convergence rate of the offset value Δ slows down. 
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This rate of slowdown is controlled by varying the gain 
parameter k. When the difference between Fa and Fb 
becomes smaller than ε, Δ decreases slower, and thereby 
more function values are sampled from the two units and the 
more averaging occurs using these samples. This reduces the 
uncertainty of the noisy function.  

D. Convergence to the global optimum 

The proposed algorithm follows the spirit of noise-free 
global optimization. With the modifications to the noise-free 
algorithm, it can be shown that no preconditions on the 
nonlinear noisy function are required to achieve the global 
maximum except for continuity. Similarly, the initial 
condition and the initial value of the offset parameter should 
be chosen such that the global maximum lies in the initial 
interval [ub(0), ua(0)]. Note that the proof of convergence to 
the unconstrained noisy global optimum is based on the fact 
that the global maximum always lies within the interval 
[ub(t), ua(t)] for all t. The proof of the algorithm follows the 
argument of the scalar case in [6].  Although the existence of 
noise in the system makes the context of the algorithm 
different, however, the proof is quite similar. In noise-free 
algorithm, it can be shown that the global optimum cannot 
be removed from the interval [ub(t), ua(t)]. As the offset 
interval shrinks to zero, since the feasible global optimum is 
trapped in the interval, both units converge to the global 
optimum. For noisy systems, because of presence of noise, it 
generally cannot be guaranteed that the above scheme is 
indeed global. However, in the limiting case, it can be shown 
that this algorithm is capable of avoiding the local noisy 
optima and converging to a small neighborhood of the global 
optimum. 

IV. ILLUSTRATIVE EXAMPLES 

Example 1: Consider the following nonlinear static map 
(shown in Figure 4) with a unique global maximum at u** = 
1.68 and several local optima at other points [6].  

        80412)(sin643)( 2324  uuuuuf            (8) 

 
Figure 4. Static noisy nonlinear map for example 1 

 
Gaussian noise with zero mean value and variance of 40 and 
10 affect the outputs of units a and b respectively. The 
proposed global optimization algorithm is applied to 
optimize this nonlinear noisy system. The initial inputs u0 = 
0.1 and 0 = 3 were considered such that the global 

maximum along with several other local maxima lie in the 
interval. The parameters used were α=1,  = 1,  = 0.01. The 
time evolution of the input u and  are shown in Figure 5. 
The offset parameter  evolves depending on the difference 
between functional values Fa and Fb. The slower  
decreases, the more function evaluations are required by the 
algorithm. It is interesting to see that most of the function 
evaluations of the nonlinear noisy curve occur when Fa-Fb is 
smaller than (Figure 4). These are the areas where the noise 
filtering is more concentrated by the algorithm. This is an 
advantage as long as the algorithm relaxes at unimportant 
segments of the nonlinear curve.  

 
 Figure 5. Evolution of the inputs for example 1 

 
The evolution of the inputs to the two units, ua and ub are 
shown in Figure 6. Similar to the noise-free algorithm [6], 
most of the time only one input evolves and the other, which 
has a higher objective function value, is maintained constant. 
By comparing Figure 5 and 6, it can be seen that in time 
intervals where Δ remains almost constant (such as 2 < t < 
4), ua and ub remain constant and more function evaluations 
are required from the noisy system. These are the intervals 
where the noise filtering or averaging algorithm is more 
active. Note that the integration time (t) is the time horizon 
over which the algorithm is integrated.  

 
Figure 6. Evolution of ua and ub 

 
Example 2: Consider the following 6th-order polynomial 
[14] which has 3 maxima at u = -0.8985, u = 0.5, u = 0.8951, 
with u = -0.8985 being the global maximum. Note that the 
maxima are very close in this example. 
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Similar to example 1, Gaussian noise with zero mean value 
and variance of 0.01 and 0.02 affect the outputs of units a 
and b, respectively.  The key inequality condition |u0 -u

**|   
0 is satisfied by choosing u0 = 0.01 and 0 = 1. The initial 
condition of u is chosen intentionally to be closer to the local 
maxima and further away from the global one. The other 
parameters used were α=1,  = 10,  = 0.01 which results in 
the proposed algorithm converging to the global maximum 
at u** = -0.8985. The static map is depicted in Figure 7.  

 
Figure 7. Static nonlinear map of example 2 

 
Figure 8 shows the evolution of the offset value Δ and the 
gain value k. It can be seen that in the time interval (8 < t < 
18), the rate of change of Δ increases suddenly because of a 
rapid change in its adaptive gain k. This is attributed to the 
relaxation of the algorithm in this interval. On the other 
hand, in the time intervals t < 8 and t > 18 the rate of change 
of the offset parameter slows down. As a result, more 
function evaluations are required from the noisy system 
when the algorithm converges to the global optimum (Fig 7).  

 
Figure 8. Evolution of Δ and its adaptive gain k for example 2 

 
Example 3: Consider the sum of exponentials in (10) [14]. 
This example has two local maxima at u = 0 and u = 15. The 
global maximum is at u = 15. 

         
22 )15(51

1

2.01

1

)(   uu eeuf                   (10) 

The static map is given in Figure 9. The Gaussian noise 
which affects the outputs of units a and b has zero mean 
value and the variance of 0.02 and 0.03, respectively.  The 
proposed noisy extremum seeking algorithm successfully 
converges to the global maximum with the following 
parameters: α=1,  = 1,  = 0.1, u0 = 3 and 0 = 25.  

 
Figure 9. Static nonlinear map of example 3 

In this example, both the noise-free algorithm (presented in 
section II) and the proposed algorithm were applied. The 
evolution of the offset parameter Δ using the noise-free 
algorithm is always monotonically exponential whereas 
using the noisy algorithm its rate of change varies depending 
on the adaptive gain k (Figure 10).  

 
Figure 10. Evolution of Δ for noisy and noise-free algorithms in example 3 

 
The evolution of the unit inputs ua and ub for both algorithms 
is depicted in Figure 11. It can be seen that the noisy 
algorithm (red line) converges to the global optimum of the 
system at u** = 15 whereas the noise-free algorithm (blue 
dotted line) converges to another point. Both algorithms are 
independent from the input initial conditions. 

 
Figure 11. Evolution of ua

**, ub
** for noisy algorithm and ua, ub for noise-

free algorithm in example 3 

Example 4: The last example is a nonlinear system which 
has several equal valued and symmetric local optima [6].  
This example has a global maximum that occurs at u** = 0 
where its derivative is discontinuous. 
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)sin(3)( uuuf                                 (11) 

The mean value of the Gaussian noise which affects the 
outputs of the two units was zero with variances of 10 and 
20. The optimization and control parameters were: α=1,  = 
1,  = 0.1, u0 = -10 and 0 = 30. The extended noisy 
algorithm converges to the global optimum despite of 
discontinuous derivatives. It can be seen from Figure 12 that 
the most number of function evaluations and sample 
averaging are required at the global optimum by the 
algorithm.  

 
Figure 12. Static nonlinear map of example 4 

An appropriate choice of  is crucial in converging to the 
global optimum. If a low value of   is chosen, i.e.  = 0.1, 
the algorithm is mislead and converges to an optimum which 
is not global (u = 0.7947). Using a large value =100 leads 
to the larger number of function evaluations (N=168) in 
contrast to (N=102) in the former case with =1. Increase in 
the number of function evaluations can be attributed to the 
increase in stiffness of the integration of the offset parameter 
Δ. If too small a value of  is chosen, then the global 
optimum will be missed. As a result, a low value of η 
indicates that the adaptation gain k is less sensitive to the 
difference of functional values between the two units. Thus, 
the value of η should be chosen as a compromise between 
the sensitivity of the algorithm to its stiffness and integration 
time. Figure 13 shows the evolution of f(u), Fa

N and Fa for 
example 4 in a given time interval. It can be seen that most 
of the time, the noise-filtered function Fa (blue line) is closer 
to the real function f(u) compared to the noisy function 
evaluation Fa

N (red dotted line). Here, the variance of the 
Gaussian noise has been decreased 100 times (i.e. 0.1 and 
0.2) in order to show this effect more clearly.  

 
Figure 13. Evolution of f(u) and Fa

N and Fa in example 4 

V. CONCLUSION 

The model-free, unconstrained global optimization of 
nonlinear static and scalar systems using the multi-unit 
method was extended to noisy systems where the offset 
parameter between the inputs of the two units was 
systematically reduced to zero. The main contribution of the 
proposed strategy was to change the rate of change of the 
offset parameter adaptively instead of monotonically in the 
noise-free algorithm. Furthermore, a noise filtering 
algorithm was used in order to reduce the impact of the noise 
and functional uncertainty. The next steps of this research 
framework are to develop the proposed algorithm to multi-
input and constrained noisy optimization problems. 
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